Growth Theory of Subharmonic Functions 



Vladimir Azarin 



Abstract. In this course of lectures we give an account of the growth theory of 
subharmonic functions, which is directed towards its applications to entire functions 
of one and several complex variables. 
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1. Preface 

This book aims to convert the noble art of constructing an entire function with 
prescribed asymptotic behavior to a handicraft. This is the aim of every Theory. 

For this you should only construct the limit set that describes the asymptotic 
behavior of the entire function, i.e., you should consider the set U[p, a] of subhar- 
monic functions (that is, {v is subharmonic : v(re % ^) < ar p }) and pick out the 
subset U which characterizes its asymptotic properties. 

How to do it? The properties of limit sets are listed in §3. All the standard 
growth characteristics are expressed in terms of limit sets in §§3.2,3.3,5.7. Examples 
of construction are to be found in §§5.4-6.3. 

So you can use this book as a reference book for construction of entire functions. 

Of course, you need some terms. All the terms are listed on page 315-320. 
That is it. 

If you want to study the theory, I recommend to solve the Exercises that are 
in the text. Most of them are trivial. However, I recommend to do all of them by 
the moment that they appear trivial to you. 

A few words about the history of this book. It arose from a course of lectures 
that I gave in the Kharkov University in 1977. After some time, under the pressure 
and with active help of Prof.I.V.Ostrovskii, a rotaprint edition (Edition of KhGU)of 
this course appeared: the first part in 1978, the second one in 1982. Math. Review 
did not notice this fact. 

From that time lots of new and important results were obtained. Part of them 
were presented in Chapter 3 of the review [GLO] . 

In 1994, when I started to work in the Bar-Ilan University and obtained a 
personal computer, my first wish was to study typing on it in English. This was 
the first impulse for translating this course to English (there are no more than 5 
copies of this book in the world, I believe, one of them being mine). I continued 
this project while working in Bar-Ilan (1994-2006) but there was no much time for 
this. And now I have finished. 
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2. Auxiliary information. Subharmonic functions 
2.1.Semicontinuous functions 

2.1.1. Let x £ M. m be a point in an m-dimensional Euclidean space, E a Borel set 
and f(x) a function on E such that f(x) ^ oo . 

Set 

(2.1.1.1) M(f, x, e) := sup{/(x') : \x - x'\ < s, x' e E} 

The function 

f*(x) := limM(/,x, £ ) 

is called the upper semicontinuous regularization of the function f(x). 

In the case of a finite jump, the regularization "raises" the values of the func- 
tion. However, there is no influence on f*(x), if f(x) tends to — oo "continuously". 

Proposition 2. 1.1.1 (Regularization Properties). The following properties hold: 

(rgl) /(x)</*(x); 

(rg2) (a/)*(x)=a/*(x); 

(rg3) (f*r(x) = r(xy, 

(h + f2T(x)<r 1 {x) + r 2 (x)- 

(rg 4) (max(A, f 2 ))*(x) < maxf/J,/*)^); 

(min(/i,/ 2 ))*(a;) < min(/ 1 *, / 2 *)(x); 

These properties are obvious corollaries of the definition of /* (x) . 
Exercise 2.1.1.1 Prove them. 

2.1.2. The function f(x) is called upper semicontinuous at a point x if f*(x) — 
/(*)• 

We denote the class of upper semicontinuous functions on E by C + (E). 
The function f(x) is called Zower semicontinuous if —f(x) is upper semicon- 
tinuous (notation / e C~{E) ). Examples of semicontinuous functions are given 

by 
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Proposition 2.1.2.1(Semicontinuity of Characteristic Functions of Sets). 

Let G C M m be an open set. Then its characteristic function \g is lower semi- 
continuous in R m . Let F be a closed set, then \f is upper semicontinuous . 

The proof is obvious. 
Exercise 2.1.2.1 Prove this. 

Proposition 2.1.2.2(Connection with Continuity). If f e C+ n C~ , then f 
is continuous. 

The assertion follows from the equalities 

f*(x) = limsupj/Or') : \x - x'\ < e}; -(-f)*(x) = UmM{f(x') : \x - x'\ < e}. 

Proposition 2.1.2.3(C + -Properties). The following holds 

(C+ 1) / e C+(E) => af e C+(E), for a>0 

fi,h h + / 2 , max(/i,/ 2 ), min(/ 1 , / 2 ) e C+ . 

These properties follow from the properties of regularization (Prop. 2. 1.1.1). 
Exercise 2.1.2.2 Prove them. 

Let G be an open set. Set Ga '■= {x € G : f(x) < A}. 

Theorem 2.1.2.4 (First Criterion of Semicontinuity). One has f e C + if 

and only if Ga is open for all A € R. 

Proof. Let f(x) = f*(x), x e G. Then {f(x) < A} {f*(x) < A} =^> 
{M(f, x,e) < A} for all sufficiently small e. Thus the neighborhood of x 
V E . X :— {x' : \x — x'\ < e} is contained in Ga- 

Conversely, since the set Ga is open for A = f(x ) + 5, we have 
f*(xo) < f{ x o) + 8 f° r an y <5 > 0, hence for 6 = 0. With property (rgl) of 
Prop.2. 1.1.1 this gives f*{x a ) = f(x ). □ 

Let F be a closed set. Set F A := {x e F : f(x) > A}. An obvious corollary of 
the previous theorem is 
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Corollary 2.1.2.5. One has f e C + if and only if F A is closed for all A. 
Exercise 2.1.2.3 Prove the corollary. 

We denote compacts by K. Set M(f, K) = sup{/(x) : x e K}. 

Theorem 2.1.2.6(Weierstrass). Let K C W n be a compact set and f e C+(K). 
Then there exists x € Ksuch that f(xo) = M(f, K), 

i.e., / attains its supremum on any compact set. 

Proof. Set K n :={xeK : f(x) > M(f, K) - 1/n}. 

The K n are closed by Cor. 2. 1.2. 5, nonempty by definition of M(f,K). Their 
intersection is nonempty and is equal to the set 

K max :={xeK :f(x)>M(f,K)}. 

It means that there exists xq in K such that f{x^) > M(f, K). 
The opposite inequality holds for any x in K. □ 

Exercise 2.1.2.4 Why? 

The following theorem shows that the functional M(f, K) is continuous with 
respect to monotonic convergence of semicontinuous functions. 

Proposition 2.1.2.7(Continuity from the right of M(f, K)). 
Letf n €C+(K), f n lf, n = 1,2,3... . 
ThenM(f n ,K) lM(f,K). 

Proof. It is clear that lim M(f n ,K) := M exists. 

n^oo 

Set K n := {x e K : f n (x) > M}. The intersection of the closed nonempty 
sets K n is nonempty and has the following form: f]K n = {x : f(x) > M}. So 

n 

M(f,K)>M. 

The opposite inequality is obvious. □ 

Exercise 2.1.2.5 Why? 
In the same way one prove 



Proposition 2.1.2. 8(Commutativity of inf and M( )). Let {f a e C + (K),ae 
(0;oo)} be an arbitrary decreasing family of semicontinuous functions. Then inf M(f a , K) 

a 

M(inf f a ,K). 

a 

Exercise 2.1.2.6 Prove this proposition. 

Theorem 2.1.2.9(Second Criterion of Semicontinuity). / e C + (K) iff there 
exists a sequence f n of continuous functions such that f n J. /. 

Sufficiency. Let /„ e C+(K), f n } /.Set K A := {x e K : f n (x) > A}. This is a 
sequence of non-empty closed sets. If the set K A := {x : /(a;) > A} is nonempty, 
then K A is closed because f|^,f = K A . Hence / e C+{K) by Corollary 2.1.2.5. 

Necessity. Set f n (x,y) := /(y) - n|x - 

This sequence of functions has the following properties: 
a) it decreases monotonically in n and 



lim f n (x,y) 



f(x), for x = y: 
-oo, /or z 7^ y; 



b) for any fixed n the functions /„ are continuous in x uniformly with respect 
to y, because \ f n (x,y) - f n (x',y)\ < n\x - x'\; 

c) /„ are upper semicontinuous in y. 

Prop. 2. 1.2. 7 and c) imply that lim M y (f„(x,y),K) = M y { lim f n (x,y),K) 

n^oo n— >oo 

b) implies that the functions f n {x) :— M y (f n (x,y), K) are continuous, and a) 
implies that they decrease monotonically to f{x). □ 

2.1.3. We will consider a family of upper semicontinuous functions:{/ t : (eTc 
(0, oo)}. It is easy to prove 

Proposition 2.1.3.1. f t € C + => m£ft(x) € C*+. 
Exercise 2.1.3.1 Prove this Proposition. 

Set fr{x) := sup ft(x). The function fx is not, generally speaking, upper semi- 
continuous even if T is countable and ft are continuous. It is not possible to replace 
sup in the definition of fx by sup, where T is a countable set .However, the fol- 

T To 

lowing theorem holds: 
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Theorem 2.1.3.2(Choquet's Lemma). There exists such a countable set T C 
T, that 

(sup/ t )*(x) = (sup/ t )*(x). 

T T 

Proof. Let {x n } be a countable set that is dense in R m and Ej J. O.Thcn the balls 

f^n,j • — { x • \ x I ^ £ j } 

cover every point x € R m infinitely many times. 

Renumbering we obtain a sequence {if; : I £ N}. For any / there exists, by 
definition of sup, such a point x € if; that 

(2.1.3.1) sup/ T (x) < / T (x ) + 1/21. 
By definition of sup there exists £j such that 

T 

Mx )<f tl (x ) + l/2l. 

Thus 

(2.1.3.2) f T (x ) < sup{/ t! (x) : x e K{\ + 1/21. 

The inequalities (2.1.3.1) and (2.1.3.2) imply that for any I there exists U such that 

(2.1.3.3) sup{/ T (x) : x e K{\ < sup{/ t; (x) : x e K t } + l/l. 
Now set T = {ti}. Evidently ,fT { x ) < fr(x) and thus 

(2.1.3.4) fi o (x) < f* T {x). 
Let us prove the opposite inequality. 

Let x £ R m . Choose a subsequence {K^} that tends to x. From (2.1.3.3) we 
obtain 

fr( x ) ^ limsup sup Jt{x') < 

j^oo x'eKi. 

limsup sup ft,.{ x ') — 

(2.1.3.5) limsup sup f To (x') = fr (x). 
(2.1.3.4) and (2.1.3.5) imply the assertion of the theorem. □ 
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2. 2. Measures and integrals 

2.2.1. Let G be an open set in R m and a(G) a a-algebra of Borel sets containing 
all the compact sets K C G. 

Let /ibea countably additive nonnegative function on a(G), which is finite on 
all K C G. We will call it a measure or a mass distribution. 

Let Go(n) be the largest open set for which \x is zero. It is the union of all the 
open sets G' that /z(G') = 0. 

The set supp /j, := G\Go(^) is called the support of \i. It is closed in G. 

We say that \i is concentrated oni?e c(G) if fj,(G\E) = 0. 

Theorem 2.2.1.1(Support). The support of a measure \i is the smallest closed 
set on which the measure \i is concentrated. 

Exercise 2.2.1.1 Prove this. 

A measure [i can be concentrated on a non-closed set E and then E <s supp /i. 

Example 2.2.1.1. Let E be a countable set dense in G. Then supp [i — G and , 
of course, E ^ G. 

The set of all measures on G will be denoted a A4(G). 

The measure ^f{E) := \x{E n F) is called the restriction of /x onto F € cr(G). 
It is easy to see that fip is concentrated on F and supp/i C F. 

A countably additive function v on cr(G) that is finite for all K C G is called 
a charge. We consider only real charges. 

Example 2.2.1.2 i/ := /ii - /x 2 , Mi>M2 € M(G). 

The set of all the charges will be denoted M d . 

Theorem 2.2.1.2(Jordan decomposition). Let v e A4 d (G). Then there exist 
two sets G + , G~ such that 

a) G = G+(JG-, G+nG- =0; 

b) v{E) > for E C G+; v[E) < /or E <Z G~ . 

One can find the proof in [Ha,Ch.VI Sec. 29] 
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The measures v + := v G + and v~ := v G -, where ^ G +, v G - are restrictions of 
v to G + , G~ , are called the positive and negative, respectively, variations of v. The 
measure \v\ := v + + v_ is called the full variation of v or just a variation. 

Theorem 2.2.1.3(Variations). The following holds: 

v + {E)= sa$v{E'); v~{E) = inf v{E'); v = v+ + v~. 

E'CE E'CE 

The proof is easy enough. 
Exercise 2.2.1.2 Prove this. 

Example 2.2.1.3 Let ip(x) be a locally summable function with respect to 
the Lebesgue's measure. Set v{E) := J E tjj(x)dx. 
Then 

v + {E)= [ iP+(x)dx, v~{E) = [ iP~{x)dx; \v\{E) = j \4>\(x)dx, 

where 

(2.2.1.1) V + (z) = max(0, ip(x)); f (x) = - min(0, ^(z)). 

2.2.2. The function f(x), x € G is called a Borel function if the set 
E A := {f(x) > A} belongs to a(G) for any A in M. 

Let K (e G be a compact set and / a Borel function. Then the Lebesgue- 
Sticltjes integrals of the form J K f + d/j,, j K f~d[i with respect to a measure \x € 
A4(G) are defined, and f K fd\i := f K f + dfi — J K f~d\i is defined if at least one of 
the terms is finite. 

We say that a property holds fi — almost everywhere on E if the set E of x 
for which it does not hold satisfies the condition ^(Eq) = 0. 

We will denote all the compact sets in G as K (sometimes with indexes). The 
following theorems hold: 

Theorem 2.2.2.1(Lebesgue). Let {/„, neN} be a sequence of Borel functions 
on K and g(x) > a function on K ,that is summable with respect to fj, (i.e., its 
integral is finite), \f n (x)\ < g(x) for x in K, and f n — ► / when n — > oo. 
Then lim f K f n dfi = f K fdfi. 
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Theorem 2.2.2.2(B.Levy). Let f n j / when n — > oo, and f be a summable 
function on K. 

Then lirn^ J K f n dn = J K fdfi. 

Theorem 2.2.2.3(Fatou's Lemma). Let f n {x) < const < oo for x in K. 

Then lim sup J K f n d\i < J K lim sup f n d\x. 



The proofs can be found in [Ha,Ch.V, Sec. 27]. 

Let L{p) be the space of functions that are summable with respect to fi. We 
say that /„ -> / in L(ji) if /„, / e L(fj,) and 



Theorem 2.2.2.4(Uniqueness in L(/i)). Let fn^fin L{p) and 

j f n ipdfj, -> J gtpdfi 

for any ip continuous on supp^i. Then \\g — f\\ =0. 

For proof see, e.g, [H6,Th.l.2.5 ]. 

2.2.3. Let 4>(x) be a Borel function on G. The set supp <j) :— {x : (f>(x) ^ 0} is 
called the support of <p(x). A function <f) is called finite in G if supp <fi <s G 

We say that a sequence [i n e M converges weakly to fi e M if the condition 
J 4>dfi n —> J <j)du holds for any continuous function <p. 

We will not show the integration domain, because it is always supp (f>. 

The weak (it is called also C*-) convergence will be denoted as A. 

Theorem 2.2.3.1(C*-limits). If fj,„ ^> [i, then for E e cr(G) the following asser- 



n 



n 




tions hold 



lim sup/i„ (E) < jji(E); 



o o 



lim inf > n(E); 



o 



where E is the interior of E, E is the closure of E. 
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Proof. Let x~e ^ e the characteristic function of the set E. It is upper semicontinuous. 
Thus there exists a decreasing sequence ip m of continuous functions finite in G that 
converges to Xe as m ^ oo. Then we have 



The proof for E is analogous. □ 

Theorem 2.2.3.2.(Helly). Let {/i a : a € A} be a family of measures uniformly 
bounded on any compact set K C G, i.e., 3C = C(K) : n a {K) < C(K), for K <s 



Then this family is weakly compact, i.e., there exists a sequence {aj : otj e A} 
and a measure fi such that fi aj A ^. 

The proof can be found in [Ha] . 

A set E is called squarable with respect to measure /x (/x-squarable ) if 
fi(dE) = 0. 

Theorem 2.2.3.3. (Squarable Ring). The following holds 

sqrl) if Ei,E 2 are /x -squarable, the sets E\ fl E 2 ,Ei U E 2 ,Ei\E 2 are /x - 
squarable; 

sqr2) for any couple: an open set G and a compact set K C G there exists a 
ji-squarable set E such that K C E C G. 

Proof. The assertion sqrl) follows from 




Passing to the limit as n — > oo we obtain 




Passing to the limit as m — > oo we obtain by Th.2.2.2.2 




o 



G. 



d{Ei U£; 2 )|J <9(£i nS 2 )|J 9 ( £; i\^2) C dE 1 UdE 2 . 
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Let us prove sqr2). Let K t :— {x : 3y e if : \x — y\ < i) be a t- neighborhood 
of the if. It is clear that for all the small t we have if <g K t <s G. The function 
a(t) := fJ,{K t ) is monotonic on t and thus has no more than a countable set of 
jumps. 

Let t be a point of continuity of a(i).Then 

n{dK t ) < limMK t+e ) - n{K t _ e )] = 0. 

Thus it is possible to set E := if t for this t. □ 

A family <f> of sets is called a dense ring if the following conditions hold: 
drl) V.Fi, F 2 e $ => iq U F 2 , iq nF 2 e$; 
dr2) Vif , G : if <e G 3F e $ : A" C F C G. 

The previous theorem shows that the class of /z-squarable sets is a dense ring. 
The following theorem shows how one can extend a measure from a dense ring the 
Borel's algebra. 

Let $ be a dense ring and A(F), F6$a function of a set which satisfies the 
conditions 

Al) monotonicity on <f>: iq C F 2 => A(iq) < A(F 2 ); 
A2) additivity on $: A(iq U F 2 ) < A(iq) + A(F 2 ) 
and 

A(iq U F 2 ) = A(iq) + A(F 2 ) if F 1 n F 2 = 

A3) continuity on Vi* 1 G $ and e > there exists a compact set if and an 
open set G D if such that VF' e $ : if C F' C G the inequality |A(F)-A(F')| < e 
holds. 

Theorem 2.2.3.4. (N.Bourbaki). There exists a measure a smc/i that n(F) = 
A(F), VF G$ iff the conditions Al) - A3) hold. 

Theorem 2.2.3.5. (Uniqueness of Measure). Under the conditions Al) - A3) 
the measure is defined uniquely by the formulae: 



(2.2.3.1) 



H(K) = inf{A(F) :Fe$, F D if}; 
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(2.2.3.2) (j,(G) = sup{A(F) : F e FcG}; 

(2.2.3.3) fi{E) = sup{/j,(K) : K C E} = mf{ M (G) : G D E}, 
and every F e $ is fi-squarable. 

For proof see [Bo,Ch.4,Sec 3,it.l0]. The squarability follows from (2.2.3.3). 
The following theorem connects the convergence of measures on any dense ring 
and on the ring of sets squarable with respect to the limit measure. 

Theorem 2.2.3.6. (Set-convergences). If /U„(F) — > n(F) for all F in a dense 
ring $, then /j„(£) — > /i(-E) /or any fi-squarable set E. 

o 

Proof. Suppose E ^ 0. 

Let e > .By (2.2.3.3) one can find a compact set K such that 

(2.2.3.4) n(K) + e > fi(E) = /j,(E). 
One can also find an open set G such that 

(2.2.3.5) /i(G) - e < fj,(E) = fJ,(E). 

By property dr2) of a dense ring one can find F,F' £ <& such that 

K c F c E c E CE c F' c G. 
Thus H n {F) < Hn(E) < Hn(F') and hence 

(2.2.3.6) < lim ^(.E) < lim ^„(S) < /J,(F'). 

n->cx> n^oo 

From (2.2.3.4) and (2.2.3.5) we obtain < fJ,(F') - fi(F) < fj,(G) - n{K) < 2e for 
arbitrary small e. Thus from (2.2.3.6) we obtain 

(2.2.3.7) lim fi„(E) = lim ^ n (E) = fj,(E). 
That is to say that H n {E) — > /z(.E). 

o 

If E 1 = 0, then /i(i?) = by the definition of a squarable set. One can show in 
the same way that fi n (E) — > 0. □ 

Now we connect the weak convergence to the convergence on squarable sets. 
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Theorem 2. 2. 3. 7. (Set- and C*-convergences). The conditions 
(2.2.3.8) A M 

and Hn{E) — » ^(-EO on ^-squarable sets E are equivalent. 

Proof. Sufficiency of (2.2.3.8) follows from Th.2.2.3.1. 
Exercise 2.2.3.1 Prove this. 
Let us prove necessity. 

For any compact set one can find a /z-squarable E such that K C E. Hence 
Hn{K) < n{E) + 1 := C{K) when n is big enough. 

By Holly's theorem (Th.2.2.3.2) there exists a measure fj,' and a subsequence 
fi nj A /u'.By the proved necessity (J,'(E) = fJ,(E) on a dense ring of the squarablc 
sets. Thus // = fi by Uniqueness theorem 2.2.3.5. And thus \i n A jj,. □ 

Denote by 

MG) 

the restriction of ^ on the set E. 

Corollary 2.2.3.8. Let jjb n — > fj, and E be a squarable set for jjb. Then (p n )E — > 
Me- 

Indeed, if E is a squarable set for yu it is a squarable set for \xe- So Th.2.2.3.7 
implies the corollary. 

2.2.4. Let a(M. mi x I"™ 2 ) be the cr-algebra of all the Borel sets, C cr(K m *), i = 
1,2, be dense rings, $ := <&i ® $2 C cr(IR mi x I" 12 ) be a ring generated by all the 
sets of form F\ x F 2 , Fi e $j. 

Theorem 2. 2. 4.1. (Product of Rings). // $ i7 i = 1,2 are dense rings, then 
$i(8)i>2 is a dense ring; if they consist of squarable sets, then <& consists of squarable 
sets. 

Proof. Let K C G C M mi x M" 12 . For every point x e K one can (evidently) find 
F\ x Fi such that x C F\ x F 2 C G. One can find a finite covering and obtain a 
finite union F of sets of such form. Thus F e $1 <X> $2 and F C G. 



fj,(Gr\E) if G n E ^ 
if G n £ = 
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The second assertion follows from the formula: 



d{Fx x F 2 ) = (dF 1 x F 2 ) U {F 1 x dF 2 ). □ 



Let in be a measure on a(R mi ), i = 1,2, and := /ii <g> (U 2 the product of 
measures, i.e., a measure on cr(R mi x l™ 2 ) such that x E 2 ) = /j,i(Ei)/j, 2 (E 2 ) 

for all £j e cr(M mi ), i = 1,2. 

Theorem 2.2.4.2. (Product of Measures). A measure \i\ <x> ^2 * s uniquely de- 
fined by its values on $1 <X> $2- 

The assertion follows from Theorem 2.2.4.1 and Uniqueness Theorem 2.2.3.5. 

Theorem 2.2.4.3.(Fubini). Let f(x 1 ,x 2 ) be a B or el function on R mi x K™ 2 . 
Then 



f(xi,x 2 )d((i 1 ®/x 2 ) = / ^2 / f(xi,x 2 )dfj, 2 = / a> 2 / f(xi,x 2 )dfj, 1 , 



(2.2.4.1) 






i/ at /east one of parts of (2.2.4-1) is well defined. 



The proof can be found in [Ha, Ch.VII, Sec. 36]. 
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2. 3. Distributions 

2.3.1. Let us consider the set T>(G) of all infinitely diffcrentiable functions 

<p(x), xeGd R m . 

It is a linear space because for any constants c\ , c-i 

(Dl) w ,^eI)(G)^ cm i w eP(G). 

It is a topological space with convergence defined by 

( a) supp ip n (Z K <s W n 
for some compact K 
and 

b) (fn — > <p uniformly on K 
k with all their derivatives. 



(D2) <p n 5. ip : t 



We consider some examples of functions ip £ V. 
Denote 



(2.3.1.1) a(t) 



Ce T=^ , for te (-1;1) 
0, /orte(-l;l). 



Evidently a(|ar|) G X>(]R m ) and supp a C {x : |x| < 1}. 
Exercise 2.3.1.1 Check this. 
Let us find C such that 

(2.3.1.2) J a{\x\)dx = a m J a{t)t m - Y dt 
where a m is area of the unit sphere {\x\ = 1}. Set 

(2.3.1.3) a e (x) :=s- m a(^] 



For any e we have a e £ V and supp a e C {x : \x\ < e}. 

Let ip(y), y € K C G be a Lebesgue summable function. Consider the function 

(2.3.1.4) := J ^{y)a e {x-y)dy. 

K 

The function belongs to V{G) for e small enough and its support is contained in 
the e- neighbor hood of K. 
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2.3.2. Let f(x), x e G c K m be a locally summable function in G. The formula 



(2.3.2.1) < /, ip >:= y f{y)<p{y)dy, <p e ©(G) 

defines a linear continuous functional on 2?, i.e., one that satisfies the conditions 
(D'l) < /, ci<pi + c 2 ^ 2 >= ci < /, tpi > +c 2 < /, ip 2 >; 

(D'2) (<p„ ^ =^< /, ip n >^< f,tp> . 



However, (2.3.2.1) docs not exhaust all the linear continuous functionals as 
one can see further. An arbitrary linear continuous functional on V(G) is called 
an L.Schwartz distribution and the linear topological space of the functionals is 
denoted as V'{G). 

Following are some examples of functionals that do not have the form of 

(2.3.2.1) : 

(2.3.2.2) <6 x ,if>:=<p(x) 

This distribution is called the Dirac delta-function. Further, 

(2.3.2.3) <5M,<p>:=<pM{x). 

This distribution is called the n-th derivative of the Dirac delta-function. 

Exercise 2.3.2.1Check that the functionals (2.3.2.2) and (2.3.2.3) are both 
distributions. 

A distribution of the form (2.3.2.1) is called regular. 

Theorem 2.3.2.1.(Du Bois Reymond ). If two locally summable functions fi 
and fi define the same distribution, then they coincide almost everywhere. 

For proof see, e.g., [H/"o, Th.2.1.6]. 

Remark that the converse assertion is obvious. 

A distribution \i is called positive if < fi, <p >> for any (p e T>(G) such that 
<p{x) > for all iel m .We shall write this as fi > in V. 
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Example 2.3.2.1. Let n(E) be a measure in G. Then the distribution 



(2.3.2.4) </j,,ip >:= I ip(x)dfi 

is positive. 

This formula represents all the positive distributions as one can see from 

Theorem 2.3.2.2. (Positive Distributions). Let fi > in V{G).Then there ex- 
ists a unique measure fJ,(E) such that the distribution \x is given by (2.3.2.3). 

For proof see, e.g., [H/"o,Th.2.1.7]. 

2.3.3. Let us consider operations on distributions. 

A product of a distribution / by an infinitely differ entiable function a(x) is 
defined by 

(2.3.3.1) < af, <p >:=</, a<p > . 

It is well defined because aip G V too. 

A sum of distributions fx and / 2 is defined by 

(2.3.3.2) < h + f 2 , V >:=< f u <p> + <f 2 ,<p >, 
and the partial derivative ^J^- is defined by the equality 

(2.3.3.3) < —f,y >:=</,- ^~V>- 

These definitions look reasonable because of the following 

Theorem 2. 3. 3.1. (Operations on Distributions). The sum of regular distri- 
butions corresponds to the sum of the functions; the product of a regular distribution 
by an infinitely differ entiable function corresponds to the product of the functions; 
the derivative of a regular distribution that generated by a differ entiable function 
corresponds to the derivative of that function. 

Proof. We have, for example, 



< 



a • (/), f >■= J f{x)[a(x)<p(x)]dx = J [a(x)f(x)]ip(x)dx :=< (af),tp > 
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For the sum we have 
< (/i) + {h),<P >■=< fi,<p> + < f 2 ,<P >= J fi{x)ip{x)dx + j f 2 {x)ip{x)dx = 
= j \h{x) + f 2 {x)]<p{x)dx =< {fx + / 2 ), tp > . 

Let f(x) have the derivative gf^/- Then 

d , , d 

< t— f, V >■=< /, -^—f > = 

OXk OXk 

f ° 

= J f(xi,x 2 , ...x m )[-—Lp{xi,x 2 , ...x m )]dx 1 dx 2 , ...dx m = 

= J dxi...dxk-idxk+i--dx m J f(xi,x 2 , ...x m )[--^-ip(xi,x 2 , ...x m )}dx k . 
Now we shall do integrating by parts and all the substitution will vanish, because 
tp is finite. So we obtain 

That is to say the derivative of the distribution corresponds to the function deriv- 
ative. □ 

2.3.4. We say that a sequence of distributions /„ converges to a distribution / if 
(2.3.4.1) < /„, tp >^< f,tp> Vtpe V(G). 

Theorem 2. 3. 4.1. (Completeness of V). If the sequence of numbers < f n , <p > 
has a limit for every tp <E T>{G), then this functional is a linear continuous functional 
on T>(G), i.e., a distribution. 

For proof see, e.g., [H6,Th.2.1.8]. 

Differentiation is continuous with respect to convergence of distributions. 

Theorem 2.3.4.2. (Continuity of Differential Operators). If f n — > / inT>(G), 
then £/„ - JL-J. 



Proof. Set in (2.3.4.1) tp := —£^<p. Then 

d . d , d d , 

< -Z—Jn, <P > = < fn, — a V >^< /, — a <P > = < -K—J, V > ■ 

OX k OX k OX k OX k 

□ 

The following theorem shows that the V- convergence is the weakest of the 
convergences considered earlier. 
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Theorem 2.3.4.3. (Connection between Convergences). Let /„ be a sequence 
of Lebesgue summable functions on domain G such that at least one of the following 
conditions holds: 

Gnvrl) f n — ► / uniformly on any compact set K d G and f is a locally 
summable function; 

Cnvr2) f n —* f on any K (s G, satisfying the conditions of the Lebesgue 
theorem (Th.2.2.2.1); 

CnvrS) f n i f monotonically and f is a locally summable function. 
Then f n -> / in V'{G). 

Proof. All the assertions are corollaries of the section 2.2.2 of passing to the limit 
under an integral. 

Let us prove, for example, Cnvr3). Let /„ J. /. Then 

(2.3.4.2) <f n ,ip>= J f n {x)ip(x)dx = J f n (x)<p + (x)dx - J f n (x)<p~ (x)dx 

where ip + and ip~ are defined in (2.2.1.1). 

Both last integrals in (2.3.4.2) have a limit by the B.Levy theorem 
( Th.2.2.2.2), and thus 
(2.3.4.3) 

lim < f n ,ip >= / f(x)ip + (x)dx - / f(x)ip~(x)dx = / f(x)ip(x)dx =< f,ip> ■ 

(2.3.4.3) means that /„ -» / in V. □ 

Exercise 2.3.4.1 Prove Cnvr 1) and 2). 

Theorem 2.3.4.4.(1?' and C* convergences). Let be measures in G. The 

conditions \i n — > \i in V'(G) and \i n A jj, are equivalent. 

It is clear that the first condition is necessary for the second one. The suffi- 
ciency holds, because every continuous function can be approximated with functions 
that belong to T>. For more details see, e.g., [Ho, Th. 2. 1.9]. 

Let a e (x) be defined as in (2. 3. 1.3). For any / e V(D) we can consider the 
function f e (x) :=< f,a e (x + •) > . It is called a regularization of the distribution 
/■ 



21 

Theorem 2.3.4.5. (Properties of Regularizations). The following holds: 

regl) f e (x) is an infinitely differ entiable function in any K <s D for sufficiently 
small e; 

reg2) f € (x) -» / in V'(D) as e | 0; 

reg3) if f n — > / in T>'(D), (f n )e — > fe uniformly with all its derivatives on any 
compact set in D. 

The property regl) follows from the formula 

The property reg2) follows from the assertion 

<t>e(x) ■= J 4>(y)ae(x + y)dy -> <j>{x) in V(D) 

as e | 0. 

For the proof of reg3) see [Ho, Theorem's 2.1.8, 4.1.5]. 
Let us note the following assertion; 

Theorem 2.3.4.6. (Continuity < •,• >). The function 

< f,<p >: V'{G) x V(G) ^ R 

is continuous in the according topology, 

i.e., /„ —> f in V'(G) and ^ in V(G) imply < /„, fa >—>< f,<f>> . 
For proof sec [H6,Th.2.1.8]. 

2.3.5. Let Gi C G. Then X>'(G) C X>'(Gi) , because every functional on V{G) can 
be considered as a functional on T>{G{). 

A distribution / € V{G) considered as a distribution in V{Gi) is called the 
restriction of / to G\ and is denoted / Id • 

Theorem 2. 3. 5.1. (Sewing Theorem). Let G a C R m &e a family of domains 
and in every of them let there be a distribution f a e T>(G a ), such that 



22 

If G ai n G a2 ^ 0, the equality 
(2.3.5.1) f ai \G ai nG a2 = fa 2 \c ai nG a2 

holds. 

Then there exists one and only one distribution f G V '(G) where G = [JG a 

a 

such that f \ Ga = f a . 

In particular, it means that every distribution is defined uniquely by its re- 
striction to a neighborhood of every point. 

Let V(Sr) be a space of infinitely diffcrcntiable functions on the sphere 
Sr := {x : \x\ — R}. The corresponding distribution space is denoted as V'(Sr). 
The sewing theorem holds for this space in the following form: 

Theorem 2.3.5.2.(1?' on Sphere). Let a family of domains Q a cover Sr and in 
every of them let there be a distribution f a € T>(Q a ), such that 
If$l ai n f2 Q2 7^ ,the equality 

(2.3.5.1) f ai \n ai nn a2 — fa 2 \n ai nn a2 
holds. 

Then there exists one and only one distribution f e V(Sr) such that f |q q = 

fa- 

2.3.6. Let 

(2.3.6.1) L:= J2^a h3 (x)^+q(x) 

be a differential operator of second order with infinitely differentiable coefficients 

We will consider only three types of differential operators: one dimensional 
operator with constant coefficients, the Laplace operator and the so called spherical 
operator (see Sec. 2. 4 ). 

For all these operators we have the following assertion which follows from the 
general theory (see, e.g., [Ho, Th.l 1.1.1] ): 
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Theorem 2. 3. 6.1. (Regularity of Generalized Solution). If the equation 
Lu = has a solution u G V(G) 7 then u is a regular distribution and can be 
realized as an infinitely differ entiable function . 

A distribution that satisfies the equation 
(2.3.6.2) Lu = 5 y inV'{G), 

where 5 y is a Dirac delta function (see (2.3.2.2)), is called a fundamental solution 
of L at the point y. 

Every differential operator that we are going to consider has a fundamental 
solution (see, e.g., [H6,Th.l0.2.1]). 

A restriction of the equation (2.3.6.2) to the domain G y := G\y is a homoge- 
neous equation Lu = in V'(G y ). Thus we have 

Theorem 2.3.6.2. (Regularity of Fundamental Solution). The fundamental 
solution is an infinitely differ entiable function outside the point y. 

2.3.7. We will need further also the Fourier coefficients for the distribution on the 
circle . 

Let Z^S* 1 ) be a set of all infinitely differentiable function on the unit circle 
5 1 . The set of all linear continuous functionals over I?(S' 1 ) with the corresponding 
topology (see 2.3.2) is the corresponding space of distributions V^S 1 ) for which all 
the previous properties of distributions holds. 

The functions {e 1 ^, k = 0,±1,±2, ...} belong to V{S 1 ). The Fourier coeffi- 
cients of v G V'{S X ) are defined by 

(2.3.7.1) v{k) :=< v, e^ > . 
The inverse operator is defined by 

(2.3.7.2) < „, g> =— 0(k)<g,e ik 't'>, 

k— — oo 

and the series converges, in any case, for those u that arc finite derivatives of 
summable functions, because Fourier coefficients of g decrease faster then every 
power of x. 
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The convolution of distribution v e V^S 1 ) and g e V{S 1 ) is defined by 

(2.3.7.3.) v* g (</>)=< v,g{4>-») >, 

This is a function from 

The convolution of distributions v\, u 2 € V^S 1 ) is defined by 

(2.3.7.4) < i/i * z/ 2 ,5 >= ^i * (f2 * g)- 
In spite of the view it is commutative and 

j^Ti7 2 (fc) = vi{k) ■ v 2 (k). 
Exercise 2.3.7.1 Count the Fourier coefficients of the functions 

(2.3.7.5) G(re 40 ) = log 1 1 — re l0 | 
for r > 1, r = 1, r < 1; the function defined by 

(2.3.7.6) cos~p((f>) := cos p<j), — tt < <fi <it, p e (0, oo) 
and 27r-periodically extended; the function 

(2.3.7.7) 4>smp<f>, peN 

where </> is the 27r-periodical extension of the function /(</>) = <^>, </> e [0, 27r). 
Exercise 2.3.7.2Denote 

p- 1 r k p ikc/> ~| 

s— }• peN - 

Prove that for every distribution f : 

(2.3.7.9) (P p _i(rp^yV^)(p) = 

The same for the function 

G p (re**) := G(re^) + P p (re^) 

for r < 1. 



(2.3.7.8) 



Pp-itre*) :=5R 
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2. 4. Harmonic functions 



2.4.1. We will denote as A the Laplace operator in 

d 2 d 2 

A := -rr-Ty + ... ■ 



dx\ "' dx 2 m 

We introduce in M. m the spherical coordinate system by the formulae: 

Xi =r sin fa sin fa... sin m -2 5 
x 2 =r cos^o sin sin0 m _ 2 ; 
x 3 =rcos0i sin0 2 ... sin0 m _2; 

x fe =r cos fe _ 2 sin fa- i . . . sin </> m _ 2 ; 

x m =rcos^ TO _ 2 , 

where 



< fa < 2ir; < fa < it, j = 1, m - 2; < r < oo. 

Passing to the coordinates (r,fa,fa, ... fan-2) in the Laplace operator we 
obtain 

. 19 __, d 1 . 



The operator A x o is called spherical, and has the form 

_ y, 2 1 9 n 9 



i=0 

where 

m — 2 m — 2 

n := n sinj n * := j i sin2 n ™-2 ; = !• 

In particular, for m = 2, i.e., for the polar coordinates, 

A - 1— — — — 

r <9r dr r 2 dfa 

A distribution H e V(G) is called harmonic if it satisfies the equation Ai/ = 0. 
The next theorem follows from Theorem 2.3.6.1. 
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Theorem 2. 4. 1.1. (Smoothness of harmonic functions). Any harmonic dis- 
tribution is equivalent to an infinitely differentiate function. 

This function, of course, satisfies the same equation and is a harmonic function 
in the ordinary sense. A direct proof can be found, e.g., in [Ro,Ch.l,§2 (1.2. 5), p. 60]. 

Let f(z), z = x + ly be a holomorphic function in a domain G C C. Then the 
functions u(x,y) :— $if(z) and v(x,y) := ^sf(z) are harmonic in G. In particular, 
the functions r n cos nip and r" sin nip where r = \z\, ip = argz are harmonic. 

Set 

-\x\ 2 -"\ form>3 
log \z\, for to = 2 

(We will often denote points of the plane as z). 

It is easy to check that £ m (x) is a harmonic function for \x\ ^ 0. 

Set 



(2.4.1.1) £ m {x) := 



= f (to 

I 27T, 



(m — 2)cr m , for to > 3; 

for to = 2; 



where cr m is the surface area of the unit sphere in M. m . 

Theorem 2. 4. 1.2. (Fundamental Solution). The function £ m (x — y) satisfies 
in X>'(R m ) the equation 1 

(2.4.1.2) A x £ m (x-y) = e m 6(x-y), 

where S(x) is the Dirac S -function (see 2.3.2). 

Proof. Let us prove the equality (2.4.1.2) for y = 0. Suppose <fi G T>(R m ) and 
supp 4> c K <s R m . We have 

< A£ m , </>>:= J £ m (x)A(j)(x)dx — \im J £ m (x)A<p(x)dx. 

|x|>e 

Transforming this integral by the Green formula and using the fact that is finite 
we obtain 

J £ m (x)A(f>(x)dx = J A£ m (x)4>(x)dx + J £ m ^ds - J (f>^^-ds, 

|a:|>e l^l^e 1^1— e 1^1— e 



1 S m is slightly a little different from the fundamental solution (see, (2.3.6.2)), but this is 
traditional in Potential Theory 
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where ds is an element of surface area and ^ is the differentiation in the direction 
of the external normal. 

Use the harmonicity of £ m . Then the first integral is equal to zero. Further 
we have 



Thus we obtain < A£ m ,<f) >= <j)(0)6 m , and this proves (2.4.1.2) for y = 0. 

It is clear that by changing (j)(x) for (f>(x + y) we obtain (2.4.1.2) in the general 
case. □ 

We will consider now a domain ft with a Lipschitz boundary (Lipschitz do- 
main). It means that every part of <9ft can be represented in some local coordinates 
(x,x'), x e M, x' € M m_1 in the form x = f(x'), where / is a Lipschitz function, 
i.e., 



where M depends only on the whole <9ft and does not depend on this local part. 

Let G(x, y, ft) be the Green function of a Lipschitz domain ft. 

It is known (see, e.g. [Vl,Ch.V,§28] ) that the Green function has the following 
properties: 

(gl) G(x, y, ft) < 0, for (x, y) e O x O; G(x, y, ft) = for (x, y) e ft x 9ft; 




For the third term we have 




1/^) - f(x' 2 )\ < M dn \x[ - x' 2 



(g2) 



G(x,y,» 



) = G(y,x,»); 



(g3) 



G(x,y,» 



) - £ m {x -y) = H(x,y) 



where H is harmonic on x and on y within ft. 



(g4) 



G(x,y, fti) < —G(x,y,fl2) for fti C ft2 



From (g3) follows 
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Theorem 2. 4. 1.3. (Green Function). The equality 

(2.4.1.3) A x G(x, y, ft) = 9 m 5(x - y), 
holds in T>'(Q). 

Let f(x) be a continuous function on cT2. It is known (see, e.g.[Vl,Ch.V,§29]) 
that the function 

(2.4.1.4) H(x,f):= J f(y)-^G(x,y,Q)ds y 

an 

is the only harmonic function that coincides with / on dCl. 
The unique solution of the Poisson equation 

Am = p, u\ d n = f 

for a continuous function p is given by the formula 

(2.4.1.5) u(x, f,p) := J f(y)^-G(x, y, n)ds y + 0" 1 J G(x, y, n)p(y)dy. 

an n 

Let D be an arbitrary open domain. We can define a G(x, y, D) in the following 
way. Consider a sequence fl n of a Lipschitz domains such that 0„ f D. The sequence 
of the corresponding Green functions G(x, y, Sl n ) monotonically decreases. If it is 
bounded from below in some point, it is bounded everywhere while x ^ y (as it 
follows from Theorem 2.4.1.7). It can be shown that the limit exists for any domain 
the boundary of which have positive capacity (see 2.5 and references there). We 
will mainly use the Green function for the Lipschitz domains. 

Let G(x, y, K a ^) be the Green function of the ball K a ^ ■= {\x — a\ < R}. 

Theorem 2. 4. 1.4. (Green Function for Ball). 

f -\x-y\^- m -{ ]y - a ^ R v: ^ f- m , form>3 
G(X,y,K aM ) = I 

I lQ g \cX-l. R \ f° rm = 2 

where y* R :~ a+(y — a) \ y R a ^ is the inversion of y relative to the sphere {\x — a\ = 
R}. 

For the proof see, e.g., [Br],Ch.6,§3 . 



29 

Theorem 2.4.1.5.(Poisson Integral). Let H be a harmonic function in K a .ji 
and continuous in its closure. Then 

(2.4.1.6) H(x) = -^— f H{y) R ds y , x€K(a,R). 

\x — a\—R 

In particular, for m = 2 

2tt 2 2 

H(a + re 1 *) = — [ H(a + Re^)— -dip. 

V ' 2tt J V ; R 2 - 2Rr cos(</> - ijj) + r 2 V 

o 

This theorem follows from (2.4.1.4). 
Theorem 2.4.1. 6.(Mean Value). Let H be harmonic in G C W n . Then 
(2A1.7) H {x) = -^- l f H(y)ds v , 

\x— a\— R 

where x S G ami i? iafcen smc/i i/iai i^(x, i?) <<= G. 

We must only set a := x in (2.4.1.6). 
We can rewrite (2.4.1.7) in the form 



H(x) = — f H(x + Ry)ds y . 

0~m J 



l»l=l 

Theorem 2.4.1.7.(Harnack). Suppose the family {H a ), a e A} of harmonic 
functions in G satisfies the conditions 

(Harl) H a {x) < C(K), for x e K; 

(Har2) H a (x ) > B > -oo, /or x Q e K 

for every compact K g G one? C(K),B are constants not depending on a. 

Then the family is precompact in the uniform topology, i.e., there exists such 
a sequence H an , and a function H harmonic in the interior of K and continuous 
in K such that H an — > uniformly in every K. 

One can prove by using (2.4.1.6) that | grad-ff Q | are bounded on every compact 
set by a constant not depending on a. Thus the family is uniformly continuous and 
thus it is precompact by the Ascoli theorem . 

For details see, e.g., [Br, Supplement, §7 ]. 
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Theorem 2. 4. 1.8. (Uniform and ^'-convergences). Suppose the sequence H n 
satisfies the conditions of the Harnack theorem and converges to a function H in 
V(G). Then H n converges to H uniformly on every compact K <s G. 

Of course, H is harmonic in G. 

Proof. By the Harnack theorem the family is precompact.Thus we must only prove 
the uniqueness of H. Suppose there exist two subsequences such that H\ — + H 1 
and Hi — > H 2 uniformly on every compact K <e G. 

By Connection between Convergences (Theorem 2.3.4.3) H\ — ► i? 1 and — > 
i/ 2 in V. Hence, i? 1 = i/ 2 in V(G). By the De Bois Raimond theorem (Theorem 
2.3.2.1) H 1 = H 2 almost everywhere and hence everywhere because these functions 
are continuous. □ 

Let D be a domain with a smooth boundary dD and let F C dD. Set 



It is called a harmonic measure of F with respect to D. A harmonic measure can 
be defined for an arbitrary domain D by a limit process similar to the one we had 
for the Green function. In this case the formula (2.4.1.4) has the form 



However we can not assert that H(x, f) coincides with / in any point x € D. We can 
only consider it as an operator that maps a function defined on dD to a harmonic 
function in D. 

By (2.4.1.3) we obtain 

Theorem 2. 4. 1.9. (Two Constants Theorem). Let H be harmonic in D and 
satisfy the conditions 




F 




H{x) < A x for x e F; H(x) < A 2 for x e dD\F 
where A\ and A 2 are constants. 
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Then 

H(x) < A x oj{x, F, D) + A 2 uj{x, dD\F, D) for x e D. 

Let y* R be the inversion from Green Function for Ball (Theorem 2.4.1.4). Set 
V* := Vo i' i- e -' the inversion relative to a unit sphere with the center in the origin. 
Let G* :— {y* : y G G} be the inversion of a domain G. 

Theorem 2. 4. 1.10. (Kelvin's Transformation). If H is harmonic in G, then 
(2.4.1.8) H*(y) :=\y\ 2 - m H(y*) 

is harmonic in G* . 

For the proof you must honestly compute Laplacian of iJ*."The computation 
is straightforward but tedious" ([He, Theorem 2.24]). It is not so tedious if you use 
the spherical coordinate system. 

Exercise 2.4.1.1 Do this. 

2.4.2. Denote as Si :— {x° : \x°\ = 1} the unit sphere with center in the origin. A 
function Y p (x°), x° e il C Si is called a spherical function of degree p if it satisfies 
the equation 

(2.4.2.1) A x oF + p(p + m - 2)Y = 0. 
For m — 2 (2.4.2.1) gets the form 

Y"(8)+p 2 Y(8) = 0, 

i.e., 

Y (9) = a cos p9 + b sin p8, 

Spherical functions are obtained if we solve the equation AH = by the change 
H(x) = \x\PY{x°). 

Theorem 2. 4. 2.1. (Sphericality and Harmonicity). Let Y p (x°) be spherical in 
a domain Q, C Si if and only if the functions H(x) — \x\ p Y p (x°) and 
H*(x) = \x\~ p ~ rn+2 Y p (x a ) are harmonic in the cone 

(2.4.2.2) Con(n) := {x = rx a : x° e ft, < r < oo}. 
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If p = k, k > 0, k e Z, and on/?/ in i/iis case, Yfc(ir ) is spherical on the whole Si, 
H(x) is a homogeneous harmonic polynomial of degree k and H* is harmonic in 
R m \0. 

For the proof see, e.g. [Ax] 

The spherical functions of an integer degree k form a finite-dimension space of 
dimension 

,. , (2fc + m-2)(fc + m-3)! 

dim(m,k) = -. — — 

v ' ; (m-2)!fc! 

In particular, d(2, k) = 2 for any k. 

For different k the spherical functions Yk(x°) are orthogonal on Si. In partic- 
ular, for m = 2, it means the orthogonality of the trigonometric functions system. 

Theorem 2.4.2.2. (Expansion of Harmonic Function ). Let H(x) be a har- 
monic function in the ball Kr := {\x\ < R}. There exists an orthonormal system 
of spherical functions Yk(x°), k — 0,oo, depending on H such that 

oo 

(2.4.2.3) H(x) = J2 c kY k (x°)\x\ k , for \x\ < R. 

k=0 

For any such system we have 

(2.4.2.4) Ck = ~kJ H ( Rx °) Y k(x°)ds x o. 

Si 

For proof see, e.g., [Ax,Ch.lO],[TT, Ch.4,§10] . 
Theorem 2.4.2.3. (Liouville). Let H be harmonic in R m and suppose 

(2.4.2.5) liminf R' p max H(x) < oo. 

-R^oo |x|=i? 

holds. 

Then H is a polynomial of a degree q < p. 

Proof. We can suppose H (0) = because H(x) — H(0) is harmonic and also satisfies 

(2.4.2.5) . Let R n — > oo be a sequence for which 

(2.4.2.6) R~ p max H(x) < const < oo 

\x\=R n 
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From (2.4.2.4) wc obtain 

(2.4.2.7) \c k \ < A k R- k J \H(Rx°)\ds Xo , 

Si 

where A k = max Sl |Y" fc (x°)|. 

From the mean value property (Theorem 2.4.1.6) 



J H(Rx°)ds XQ = H(0)a m = 0. 



Si 

Thus 

(2.4.2.8) / \H(Rx°)\ds Xo = 2 / H+(Rx°)ds Xo < 2<r m max H{x). 

J J \x\=R 

Si Si 

From (2.4.2.8) and (2.4.2.7) we have 

(2.4.2.9) |c fe | < 2A k RT k a m max H(x). 

\x\=R 

Set R := R n and k > p. Passing to the limit when n — > oo, we obtain c,t = for 
k > p. Then (2.4.2.3.) implies that if is a harmonic polynomial of degree q < p. □ 
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2. 5. Potentials and Capacities 

2.5.1. Let G(x,y.D) be the Green function of a Lipschitz domain D. We will 
suppose it is extended as zero outside of D. 

Tl(x,fj,,D) :=- J G(x,y,D)dfJL y 

is called the Green potential of /j, relative to D. 
The domain of integration will always be R m . 

Theorem 2. 5. 1.1. (Green Potential Properties). The following holds: 
GPol ) H(x, jjij D) is lower semicontinuous; 

GPo2) it is summable over any (m — 1)- dimensional hyperplane or smooth 
hyper- surface; 

GPo3) AU(;fj,,D) = -6 m fi in V{D); 
GPo4) the reciprocity law holds: 

J ' U(x,fj, 1 ,D)dn2x = J U(x,fi 2 ,D)dn lx . 

GPo5) semicontinuity in \i: if fj, n — > fi in V(R m ), then 

liminf IT(x, fi n , D) > U(x,ii,D). 

n— >oo 

GPo6) continuity in /j, in V: if fi n — > [i, then H(», fi n , D) — ► D) in 

V'(W" 1 ) and in V'(Sr) ,where Sr is the sphere {\x\ = R}. 

Proof. Let us prove GPol). Let N > 0. Set Gx(x,y) :— max(G(x, y), — N), a 
truncation of the function G(x, y). 

The functions Gat are continuous in M m x M m and Gn(x, y) [ G(x, y) for every 
(x, y) when N — > oo. Set 

IIjv(ar, n, D) := — J G N (x, y, D)d^ y . 

The functions Iljv are continuous and IIjv(a;,») T n(x,») by the B.Levy theorem 
(Theorem 2.2.2.2). Then IIjv(a;, •) is lower semicontinuous by the Second Criterion 
of semicontinuity (Theorem 2.1.2.9). 
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Let us prove GPo5). Since Theorem 2.3.4.4. (V and C* convergences) 
Ymi n ^ 00 Xl N (x^ n ,D) = IL N (x,jj,,D). Further Tl(x,fi n ,D) > U N (x, fi n , D), hence 
liminfn^oo H(x, [i n , D) > Un(x, ^i, D) Passing to limit while N — > oo, we obtain 
GPo5) 

The assertion GPo2) follows from the local summability of the function |a;| 2 ~ m 
that can be checked directly. 

Let us prove GPo3). For <f> £ T>(D) we have 

< AIT, <j> >: =< II, Acj) >= - J d[i y J G(x, y, D)A<p(x)dx 

= - J < A X G(; y, D), (p> dfi v = -6 m j <f>{y)dfj, y 
= -6 m < ^,4>> . 

since 

< A x G(;y,D),<f>>=e m <j>(y). 

by Theorem 2.4.1.3. The property GPo4) follows from the symmetry of 
G(x,y,») (property (g2)). 

Let us prove GPo6). Note that integral / \x\ m ~ 1 dx converges locally in R m 
and in M m_1 . From this one can obtain by some simple estimates that functions 
:= / G(x,y,D)i>(x)dx while V G V(R m ) and Q(y) := J Sr G(x,y, D)6{x)ds x 
while 9 £ V(Sr) are continuous on y £ K m . 

Now we have 

< n(. ;/ u„,D),V >= J ^(yW n (y)-> J y(y)dfj,(y) =< IT(», (i, D),tp > . 

Thus the first assertion in GPo6) is proved. The second one can be proved in the 
same way. □ 

Set v := \i\ — fi2, and let II (x, v, D) := U(x, fii,D) — II(x, fi 2 , D) be a potential 
of this charge. Consider the boundary problem of the form 

Am = iii— fi2, in T>'(D) 
(2.5.1.2) u\ aD = f, 

where / is a continuous function. 
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Theorem 2. 5. 1.2. (Solution of Poisson Equation). The solution of the bound- 
ary problem (2.5.1.2) is given by the formula 

u(x) = H(x,f)-e- 1 Il(x,u,D), 

where H(x,f) is the harmonic function from (2.4-1-4)- 

Proof. Since U(x, u, D)\qd = the function u(x) satisfies the boundary condition. 
Using GPo3) we obtain 

Am = AH - [0 m ] _1 AII = /n - /j, 2 . 

□ 

A potential of the form 

V ' J \x-y\ m - 2 
is called a Newton potential. It is the Green potential for D = R m . The potential 

n(z,n) = - J \og\z- CMmc 

is called logarithmic. 

2.5.2. Let K g D.The quantity 

(2.5.2.1) cap G (K,D) := sup (i(K) 

where the supremum is taken over all the mass distributions fi for which the fol- 
lowing conditions are satisfied: 

(2.5.2.2) U(x,ij,,D)<1 



(2.5.2.3) sup Py u C K, 

is called the Green capacity of the compact set K relative to the domain D. 
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Theorem 2. 5. 2.1. (Properties of cape). For cap G the following properties hold: 

capGl) monotonicity with respect to K: 
K\ C K 2 implies cap G (K i , D) < cap G {K 2l D). 

capG2) monotonicity with respect to D: 
K <s Di C D 2 implies cap G (K, Di) > cap G (K, D 2 ) 

capG3) subadditivity with respect to K : 

capc^! U K 2 , D) < cap G {K u D) + cap G (K 2 ,D) 

Proof. The set of all the mass distributions that satisfy (2.5.2.2) for K = K 1 is not 
less than the analogous set for K = K 2 . Thus capGl) holds. 

By the Green function property (g3) (see §2.4.1) —G(x, y, D\) < —G(x, y, D 2 ). 
Thus the set of all \i that satisfy (2.5.2.2) for D = D\ is wider than for D = D 2 . 
Hence capG2) holds. 

Let supp n C K\ U K 2 and let [i\ , yu 2 be the restrictions of n to K\, K 2 respec- 
tively. 

If fi satisfies the (2.5.2.2) for K := K x U K 2 then ni,l*2 satisfy (2.5.2.2) for 
K := K\, K 2 respectively. 
From the inequality 

»(K 1 UK 2 )< f i(K 1 )+ f i(K 2 ) 

we obtain that 

U K 2 ) < cap G (K u D) + cap G {K 2l D) 
for any fi with supp C K\ U K 2 . Thus capG3) holds. 

The equivalent definition of the Green capacity is done by 
Theorem 2.5.2.2. (Dual Property). The following holds 

(2.5.2.4) cap G (K, D) = [inf sup U(x, (J,, D)]^ 1 

A 1 x£D 

where the infimum is taken over all the mass distributions fi such that fi(K) = 1 
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For proof see, e.g., [La,Ch.2,§4 it. 18]. For D = W n , m > 3, the Green capacity 
is called Wiener capacity (c&p m (K)). It has the following properties in addition 
to those of the Green capacity: 

capWl) invariance with respect to translations and rotations, i.e. 

cap m (V(K + x )) = cap m (K), 

where VK and K + xq are the rotation and the translation of K respectively. 

The presence of the properties brings the notion of capacity closer to the notion 
of measure. Thus it is natural to extend the capacity to the Borel algebra of sets. 

The Wiener capacity of an open set is defined as 

cap m (D) := supcap m (if), 

K 

where the supremum is taken over all compact K <s D. 

The outer and inner capacity of any set E can be defined by the equalities 

caFm(£) := inf cap TO (£>); cap (E) := sup cap m (£>). 

DDE m K(lE 

A set E is called capacible if cap m (E) = cap m (E) 

Theorem 2.5.2.3. (Choquet). Every set E belonging to the Borel ring is capaci- 
ble. 

For proof see, e.g., [La,Ch2, Th.2.8]. 

Sets which have "small size" are sets of zero capacity. We emphasize the 
following properties of these sets: 

capZl)If cap m (£>) = 0, j = 1, 2, ... then cap^Uf^) = 0; 

capZ2) The property to have the zero capacity does not depend of type of the 
capacity: Green, Wiener or logarithmic capacity that we define below. 

Example 2.5.2.1. Using Theorem 2.5.2.2 we obtain that any point has zero ca- 
pacity, because for every mass distribution concentrated in the point the potential 
is equal to infinity. The same holds for any set of zero m — 2 Hausdorff measure 
(see 2.5.4). 
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Example 2.5.2.2. Any (m-1)- hyperplane or smooth hypersurface has positive 
capacity, because the potential with masses uniformly distributed over the surface 
is bounded. 

The Wiener 2-capacity can be defined naturally only for sets with diameter 
less then one, because the logarithmic potential is positive only when this condition 
holds. 

Instead, one can use the logarithmic capacity which is defined by the formulae 
(2.5.2.5) capi(K) := exp[-cap 2 ( J FQ] 

for K C {|z| < 1} and 

capj(A") ^t^capiitK) 

for any other bounded K, where t is chosen in such a way that tK C {\z\ < 1}. 
One can check that this definition is correct, i.e. it does not depend on t. 

2.5.3. 

Theorem 2.5.3.1.(Balayage). Let D be a domain such that dD <e M. m ,and supp 
/j, <s D. Then there exists a mass distribution fib such that for m > 3, or for m = 2 
and for D which is a bounded domain, the following holds: 

ball ) IT(x, lib) < Tl(x, /«) for x G D; 

bal2) II(a;, fib) = n(a;, fi) for x £ D; 

balS) supp \ib C dD] 

bal4) n b (dD) = fi(D). 

If m = 2 and the domain is unbounded, a potential of the form 
tl(z,fi) :=- j log|l-z/C|^C- 
satisfies all the properties. 

Proof. We will prove this theorem when dD is smooth enough. For y G D, x G 
R m \D the function \x — y\ 2 ~ m is a harmonic function of y on D. 
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Since \x — y\ 2 ~ m — > as y — > oo we can apply the Poisson formula (2.4.1.4) 
even if D is unbounded. Thus 

(2.5.3.1.) \x-y\ 2 - m =f \x-y'\ 2 - m ^-(y,y')ds y , 

JdD on yl 

where G is the Green function of D. From this we have 

jf \x - y\ 2 - m dv y = \x - y'\ 2 - m ds yl Qf ^-(y, • 
The inner integral is nonnegative, because ^ > for y' e <9£>. Let us denote 




Then we obtain the properties bal2) and bal3). 

The potential II (x, fib) is harmonic in D. Thus the function 

u(x) := U(x, fi b ) - U(x, fi) 

is a subharmonic function (see Theorem 2.6.4.1). Every subharmonic function sat- 
isfies the maximum principle (see Theorem 2.6.1.2), i.e. 

u(x) < sup u(y) = 0. 

yedD 

Thus the property ball) is fulfilled. To prove bal4) we can write the identity 
/ dfi b ,y' = f dfi y f ^-(y,y')dy'. 

JdG JG JdG ° n y' 

The inner integral is equal to one identically, because the function =1, y e G is 
harmonic. Thus bal4) is true. 

Consider now the special case when m = 2, and D is an unbounded domain. 
Since log |1 — z/(\ — > when ( — > oo, we obtain an equality like (2.5.3.1). Repeating 
the previous reasoning we obtain the last assertion for D with a smooth boundary. 

Exercise 2.5.3.1. Check this in details. □ 

For the general case see [La Ch.4,§l]; [Ca,Ch.3,Th.4]. 

Pay attention that the swept potential H(x, fib) is also a solution of the Dirichlct 
problem in the domain D and the boundary function f(x) = U(x, fi) in the following 
sense: 
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Theorem 2.5.3.2. (Wiener). The equality bal2) holds in the points x G dD which 
can be reached by the top of a cone placed outside D. For m = 2 it can fail only for 
isolated points. 

For proof see [He],[La,Ch.4,§l,Th.4.3.] 

The points of dD where the equality bal2) does not hold are called irregular. 

Theorem 2.5.3.3. (Kellogg's Lemma). The set of all the irregular points of dD 
has zero capacity. 

For proof see, e.g., [He], [La,Ch.4,§2,it.lO]. 

One can often compute the capacity using the following 

Theorem 2.5.3.4. (Equilibrium distribution). For any compact K with cap m (K) > 
there exists a mass distribution Xk such that the following holds: 

eql) U(x, A) = 1, x e D\E, cap m (£) = 0; 

eq2) suppX K C dK; 

eq3) \ K {dK) = cap m (K). 

For proof sec [He], [La,Ch.2,§l,it.3,Th.2.3]. 

Let us note that the set E in the previous theorem is a set of irregular points. 
The mass distribution Xk is called equilibrium distribution , and the corre- 
sponding potential is called equilibrium potential. 

2.5.4. Let h(x), x > be a positive continuous, monotonically increasing function 
which satisfies the condition h(0) = 0. Let {Kj} be a family of balls such that their 
diameters dj :— d(Kj) are no bigger then e. 
Let us denote 

m h (E,e) :=m{J2Hld(K])), 

where the infimum is taken over all the coverings of the set E by the families {Kj}- 
The quantity 

m h (E) := \imm h (E,e) 

e— >0 

is called h -Hausdorff measure [Ca,Ch.II] . 
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Theorem 2. 5. 4.1. (Properties of m/j). The following properties hold: 
hi) monotonicity: 

E 1 aE 2 =^ mhiEt) < m h (E 2 ); 
h2) countable additivity: 

m h (UE 3 ) = m h {Ej); E 3 nE i = 0, fori ^ j; E 3 E <j(R m ). 

We will quote two conditions (necessary and sufficient) that connect the h- 
measure to the capacity (see, [La, Ch. 3, §4, it. 9,10]. 

Theorem 2.5.4.2. Let c&pE = O.Then m h (E) = for all h such that 

I ' dr < oo. 

/ y-m— 1 


Theorem 2.5.4.3. Let h(r) = r m ~ 2 for m > 3 and h{r) = (logl/r)" 1 for m = 2. 
If the h-measure of a set E is finite, then cap m {E) = 0. 

Side by side with the Hausdorff measure the Carleson measure(sce, [Ca,Ch.II], 
is often considered. It is defined by 

m c h {E) :=inf 5^/1(0.5^), 

where infimum is taken over all the coverings of the set E with balls of radii O.bdj. 
The inequality m%(E) < irih(E) obviously holds. Let [3 — mescE be the Carleson 
measure for h — r 13 . The following assertion connects the [3 — mesc to capacity. 

Theorem 2.5.4.4. The following inequalities hold 

(3 - mes c E < N{m){cap m {E)fl m - 2 , for m>3, [3>m- 2; 

[3 - mes c {E) < 18cap/(£), for m = 2, [3 > 0, 
where N depends only on the dimension of the space. 
For proof see [La Ch.III,§4,it.lO,Corollary 2]. 
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2.5.5. Now we will formulate an analog of the Luzin theorem for potentials. 

Theorem 2.5.5.1. Let supp /i = K and let the potential IT(x,/i) be bounded on 
K. Then for any 5 > there exists a compact K 1 C K such that jj,(K\K') < S 
and the potential H(x,n') of the measure fi' := \i \k (the restriction of fi to K) is 
continuous. 

For proof see, e.g., [La,Ch.3,§2,it.3,Th.3.6]. Let us prove the following asser- 
tion: 

Theorem 2.5.5.2. Let cap if > 0. Then for arbitrary small e > there ex- 
ists a measure \i such that supp /j, C K, the potential n(x, fi) is continuous and 
H(K) > cap(if) - e. 

Proof. Consider the equilibrium distribution \k on K. Its potential is bounded by 
Theorem 2.5.3.4. By Theorem 2.5.5.1 we can find a mass distribution /i such that 
II(x, /i) is continuous, supp fi C K and [i(K ) > Xk(K) — e = cap(K) — e. □ 



44 

2.6.Subharmonic functions 

2.6.1. Let u{x), x € D C K m be a measurable function bounded from above which 
can be — oo on a set of no more than zero measure. 
Let us denote as 

(2.6.1.1) M(x,r,u):= \^ f u(y)ds y 

VmT J S X<T 

the mean value of u(x) on the sphere S Xjr :— {y : \y — x\ = r}. 

The function M(x,r,u) is defined if S x ^ r C D, but it can be — oo a priori. 

A function u(x) is called subharmonic if it is upper semicontinuous , ^ — oo, 
and for any xefl there exists e = e(x) such that the inequality 

(2.6.1.2) u{x) < M{x,r,u) 

holds for all the r < e. 

The class of functions subharmonic in D will be denoted as SH(D). 

Example 2.6.1.1. The function 

u{x) := -\x\ 2 - m ,x e K m 
belongs to SH(R m ) for m > 3, and the function 

u(z) := log|z|, z e M 2 

is subharmonic in R 2 . 

Example 2.6.1.2. Let f(z) be a holomorphic function in a plane domain D. Then 

log |.f(z) | eSiJOD). 

Example 2.6.1.3. Let / = f(z\, z<i, z n ) be a holomorphic function of z = 
(zi,...z n ). Thenu(xi,yi,...x n ,y n ) := log|/(a;i + iyi, ...,x n + iy n )\ is subharmonic 
in every pair (xj, yj), and, as one can see in future, in all the variables. 

Example 2.6.1.4. Every harmonic function is subharmonic as it follows from 
Theorem 2.4.1. 6.(Mean Value). 
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Theorem 2. 6. 1.1. (Elementary Properties). The following holds: 

shl) ifuE SH{D) then Cu G SH(D) for any constant C > 0; 

sh2) ifu\,u 2 G SH(D), then ui + u 2 , max[ui 7 u 2 ] G SH{D); 

sh3) suppose u n G SH{D), n = 1,2,.. , and the sequence converges to u 
monotonically decreasing or uniformly on every compact set in D.Then u G SH(D); 

sh4) suppose u(x,y) G SH(Di) for all y G D 2 , and be upper semicontinuous 
in Di x D 2 . Let [i be a measure in D 2 such that n(D 2 ) < oo. Then the function 
u(x) := J u(x,y)d[iy is subharmonic in D\. 

sh5) let V G SO{m) be an orthogonal transformation of the space R m and 
u G SH(W n ).Then u(V») G SH(W n ). 

All the assertions follow directly from the definition of subharmonic functions, 
properties of semicontinuous functions and properties of the Lebesgue integral. For 
detailed proof see, e.g., [HK,Ch.2]. 

Theorem 2. 6.1. 2. (Maximum Principle). Letu G SH(D), G C K m andu(x) ^ 
const. Then the inequality 

u(x) < sup limsup u(y), x G D 

x'edD y—*x' ,y£D 

holds, 

i.e. the maximum is not attended inside the domain. 

The assertion follows from (2.6.1.2) and the upper semicontinuity of u(x). For 
details sec [HK,Ch.2]. 

o 

Let K <e D be a compact set with nonempty interior K, and let /„ be a 
decreasing sequence of functions continuous in K that tends to u G SH(D). Such 
a sequence exists by Theorem 2. 1.2. 9. (The second criterion of semicontinuity). 

o 

Consider a sequence {H{x, u n )} of functions which are harmonic in K and 
H \dK— fn- The sequence converges monotonically to a function H(x) harmonic in 

o 

K by Theorem 2.3.4.3. (Connection between convergences), Theorem 2. 4. 1.8. (Uni- 
form and V -convergences) and Theorem 2.6.1.2. The limit depends only on u as 
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one can see, i.e. it does not depend on the sequence /„. This harmonic function 
H (x) :— H(x, u, K) is called the least harmonic majorant of u in K. 
This name is justified because of the following 

Theorem 2. 6. 1.3. (Least Harmonic Majorant). Let u e SH(D). Then for any 



K <s D u(x) < H(x,u,K), x e K. If h(x) is harmonic in K and satisfies the 

o o 

condition h{x) > u(x), x e K, then H(x,u,K) < h(x) 7 x G K. 

For proof sec [HK,Ch.3]. 

2.6.2. Let us study properties of the mean values of subharmonic functions. Let 
M(x,r.u) be defined by (2.6.1.1) and 7V(x, r, u) by 



where uj m is the volume of the ball Kq,i. 

Theorem 2. 6. 2.1. (Properties of Mean Values). The following holds: 
mel) A4(x,r,u) and N{x,r,u) non-decreases in r monotonically; 
me2) u(x) < N{x, •) < M(x, •); 
me3) lim r ^o M(x, r, u) = lim r ^o A/"(x, r, u) —u(x). 

Proof. For simplicity let us prove mel) for m — 2. We have 



Since u(z, 0) := u(z n + ze 1 ^) is a family of subharmonic functions that satisfies the 
condition sh4) of Theorem 2.6.1.1, M(z , \z\,u) is subharmonic in z on any Ko, r - 
By Maximum Principle (Theorem 2.6.1.2) we have 

M(z , ri, it) = ma,xM(z , \z\,u) < max M(z , \z\,u) = M(z , r 2 ,u) 

for n < r 2 . 

Monotonicity of Af(x, r, u) follows from the equality 



o 




M(z , \z\,u) = — 




(2.6.2.1) 
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and monotonicity of A4(x, r, u). 

The property mc2) follows now from the definition of a subharmonic function 
and (2.6.2.1). 

Let us prove me3). Let M(u,x,r) is defined by (2.1.1.1). We have M(x, r, u) < 
M(u,x,r) and M(u,x,r) — ► u(x) because of upper semicontinuity of u(x). Thus 
me2) implies me3). □ 

It is clear from me2) that a subharmonic function is locally summable. From 
me3) we have the corollary 

Theorem 2.6.2.2. (Uniqueness of subharmonic function). If u,v E SH(D) 
and u = v almost everywhere, then u = v. 

Let a(t) be defined by the equality (2.3.1.1), a e (x) by (2.3.1.3). 
For a Borel set E let 

E e := {x : 3y e D : \x - y\ < e}. 

This is the e-extension of E; this is ,of course, an open set. 
For an open set D we set 

D- £ := (J K e 

K'CD 

This is the maximal set such that its e-extension is a subset of D. 

One can see that D~ e is not empty for small e and D~ e f D when e J, 0. 
Therefore for any D\ (s D there exists e such that D\ <<= D~ e . 

For u G SH(D) set 

(2.6.2.2) u e (x) := J u{x + y)a e (y)dy 

which is defined in D~ e . 

Theorem 2.6.2.3. (Smooth Approximation). The following holds: 

apl) u f _ is an infinitely differ entiable subharmonic function in any open set 
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ap2) u e I u(x) while e J. for all x G D. 

Proof. The property apl) follows from sh4) (Theorem 2.6.1.1) and the following 
equality that one can obtain from (2.6.2.2): 

(2.6.2.3) u e {x) = j ' u{y)a e {x-y)dy. 

Exercise 2.6.2.1 Prove this. 

Let us prove ap2). From (2.6.2.2) we obtain 

(2.6.2.4) u e (x)= [ a(s)s m - 1 M(x,es,u)ds 

Jo 

It follows from the property mel) (Theorem 2.6.2.1) that u tl < u t2 while ei < e 2 . 
Now we pass to limit in (2.6.2.4). Using me3) we have M(x, es, u) | u(x). We can 
pass to the limit under the integral because of Theorem 2. 2. 2. 2. Thus 

limu e (x) = / a(s)s m ~ 1 u(x)ds — u(x) 

□ 

Theorem 2.6.2.4. (Symmetry of u e ). Ifu(x) depends only on \x\ then u e depends 
only on \x\. 

Proof. Let V e SO{m) be a rotation of M m .Thcn 

u e (Vx) = J u(y)a e (Vx - y)dy. 

Set y = Vy' and change the variables. We obtain 

u e (Vx) = J u{Vy')a t (V{x-y'))dy. 

Since a £ = a e (|x|) and u = u(\x\), a e (Vy) = a e (y) and u(Vy) — u(y). Thus 
u e (Vx) = u e (x) for any V and thus u € (x) = u e (\x\). □ 

2.6.3. Since a subharmonic function is locally summable and defined uniquely by 
its values almost everywhere, every u e SH(D) corresponds to a (unique) distribu- 
tion 



<u,(f>>:= J u{x)(j){x)dx, (f>GT>'. 
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Theorem 2. 6. 3.1. (Necessary Differential Condition for Subharmonicity). 

IfuG SH(D), then Au is a positive distribution in V'(D). 

Proof. Suppose for beginning that u{x) has second continuous derivatives. By using 
(2.4.1.5) and (2.4.1.6) we can represent u(x) in the form 



where G is negative for all r. Suppose Au(x) < 0. Then it is negative in K X , T 
for some r. Thus the integral in (2.6.3.1) is positive and we obtain that u(x) — 
M(x,r,u) > 0. This contradicts the subharmonicity of u(x). 

Now suppose u{x) is an arbitrary subharmonic function. Then Au e (x) > for 
every x e D when e is small enough. For each x there is a neighborhood D x such 
that every u e defines a distribution from V(D X ). Hence Au e (x) defines a positive 
distribution from T>'(D X ) . Passing to the limit in u e when e J, we obtain in 
T>'(D X ) a distribution that is defined by function u{x). Since the Laplace operator 
is continuous in any D' (Theorem 2.3.4.2), Am > in T>'(D X ). From Theorem 
2.3.5.1 we obtain that Au is a positive distribution in V(D). □ 

The distribution Au can be realized as a measure by Theorem 2. 3. 2. 2. The 
measure (9 m )~ 1 Au is called the Riesz measure of the subharmonic function u. 

Theorem 2.6.3.2. (Subharmonicity and Convexity). Let u(\x\) be subhar- 
monic in x on K^m- Then u{r) is convex with respect to — r 2 ~ m for m > 3 and 
with respect to logr for m = 2. 

Proof. By Theorem 2.6.2.4 u e (x) depends on |x| only, i.e., u € (x) — u € (\x\), and the 
function u e (r) is smooth. Passing to the spherical coordinates we obtain 

Au e = ^§- r r-^(r)>0. 

By changing variables r = e v for m = 2 or r = (—v) 2 ~ m for m > 3 we obtain 
[u e (r(w)]" > 0, i.e., u e (r(v)) is convex in v. 

Passing to the limit on e J, we obtain that u(r(v)) is convex too, as a mono- 
tonic limit of convex functions. □ 



(2.6.3.1) 
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2.6.4. Now we will consider the connection between subharmonicity and potentials. 

Theorem 2.6.4.1. (Subharmonicity of -II). -H(x,(j,,D) e SH(D) 

It is because of GPol) and GPo3) (Th.2.5.1.1). 
The following theorem is inverse to Theorem 2.6.3.1. 

Theorem 2.6.4.2. (Sufficient Differential Condition of Subharmonicity). 

Let Au e V'{D) be a positive distribution. Then there exists u\ e SH(D) that 
realizes u. 

Proof. Set ii := 6^- Au. Let Hi g O g D and U(x,fi(i) be the Newtonian (or 
logarithmic) potential of fi |n . By GPo5) (Th.2.5.1.1) the difference H := u + H is 
a harmonic distribution in T>' '(^i). Hence there exists a "natural" harmonic function 
Hx that realizes H (Theorem 2.4.1.1). Thus the function m := Hi - II e S.ff (Oi) 
and realizes u in T>'(il). Since and Oi can be chosen such that a neighborhood 
of any x e D belongs to fli, the assertion holds for D. □ 

By the way, we showed in this theorem that every subharmonic function can 
be represented inside its domain of subharmonicity as a difference of a harmonic 
function and a Newton potential. Thus all the smooth properties of a subhar- 
monic function depend on the smooth properties of the potential only because any 
harmonic function is infinitely differentiable. 

The following representation determines the harmonic function completely. 

Theorem 2.6.4.3. (F.Riesz representation). Let u e SH(D) and let K be a 
compact Lipschitz subdomain of D. Then 

u{x) — H(x, u, K) — II(x, /!„, K) 

where /j, u is the Riesz measure of u and H(x, u, K) the least subharmonic majorant. 
Proof. We can prove as above that the function H{x) := u{x) + U(x, fi U7 K) is 

o 

harmonic in K. Since H{x) > u(x) we have H{x) > H{x,u 1 K). So we need the 
reverse inequality. 
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Let us write the same equality for u e that is smooth. 

u e := H(x, u e ) - IL(x, n U€ , K). 
Passing to the limit as e J. we obtain 

u(x) = H(x, u, K) — limll(x, fi Ue , K), 

ej.0 

and the potentials converge because other summands converge. By Gpo5) lim^o n(x, [i Ut , K) > 
U(x, fi u , K). Hence H{x) < H(x, u, K) □ 

2.6.5. In this item we will consider subharmonic functions in the ball Kr ■= K ,r 
which are harmonic in some neighborhood of the origin and write u G SH(R). 
Set 

M(r,u) :— max{u(x) : \x\ = r} 

H{r,u) := ^ u (K r ) 
M(r, u) := M(0, r, u) 

(2.6.5.1) 

N(r, u) := A(m) J dt, whereA(m) = max(l, m - 2). 

Theorem 2.6.5.1.(Jensen-Privalov). For u e SH(R) 
(2.6.5.2) M(r,u) - u(0) = N(r,u), forO<r<R. 

Proof. By Theorem 2.6.4.3 we have 

If r 2 - \x\ 2 f 
u(x) = / u(y)- i^ ds v+ G(x,y,K r )dHy. 

Om~ J\y\=r \ x ~ V\ J K r 



For x = we obtain 



u(0) 



-Jo - ) dn(t,u) +M{r,u), form>3; 



- J Q log jd/j,(t, u) + M(r, u), for m = 2. 

Integrating by parts gives 

= f -M*, «) - ^) 15 +(m - 2) /; ^dt, for m > 3; 

\ U ) log f |5 + /; e&£dt, for m = 2. 

We have n(t,u) = for small t because of harmonicity of u(x). Thus (2.6.5.3) 
implies (2.6.5.2). □ 
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Theorem 2.6.5.2. (Convexity of M(r,u) and A4(r,u)). These functions in- 
crease monotonically and are convex with respect to logr for to — 2 and — r 2 ~ m for 
to > 3. 

Proof. Consider the case to = 2. Set M(z) := max^u(ze 1 ^). One can see that 
M(r) = M(r,u). 

Let u be a continuous subharmonic function. Then M(z) is subharmonic (Theo- 
rem 2.6.1.1, sh5) and continuous because the family {uj,(z) := u(ze^)} is uniformly 
continuous. The function M(z) depends only on \z\. Thus it is convex with respect 
to logr by Theorem 2.6.3.2. 

Let u(z) be an arbitrary subharmonic function and u e J. u while e J. 0. Then 
M(r,u e ) I M(r,u) by Prop. 2.1.2.7 and is convex with respect to logr by sh3, 
Theorem 2.6.1.1. 

If to > 3 you should consider the function M{x) := max\ y \=\ x \ u(V y x) where 
V y is a rotation of K m transferring x into y. 

The convexity of M (r, u) is proved analogously. 
Exercise 2.6.5.1 Prove it. 

The monotonicity of M(r, u) follows from the Maximum Principle (Th. 2.6.1.2). 
The monotonicity of A4(r, u) was proved in Theorem 2.6.2.1. □ 

The following classical assertion is a direct corollary of Theorem 2.6.5.2. 

Theorem 2.6.5.3. (Three Circles Theorem of Hadamard). Let f(z) be a 
holomorphic function in the disc Kr and let Mf(r) be its maximum on the circle 
{\z\ = r}. Then 

M f (r) < {[MMT^Wfi^^f^ ■ 

for < n < r < r 2 < R. 

For proof you should write down the condition of convexity with respect to 
log r of the function log Mf (r) which is the maximum of the subharmonic function 
log • 
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Exercise 2.6.5.2. Do this. 

For details see [PS, Part I, Sec.III,Ch.6,Problem 304]. 
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2.7. Sequences of subharmonic functions 

2.7.1. Wc will formulate the following analogue for the Montel theorem of normal 
families of holomorphic functions. 
The family 

(2.7.1.1) {u a , a g A} C SH(D) 

is called precompact'm. V (D) if, for any sequence {a ni n = 1,2, ...} C A, there exists 
a subsequence a nj , j = 1,2, ... and a function u g SH(D) such that w an ^. — > u in 
D'(D). 

Example 2.7.1.1. u a := log|z — a|, |a| < 1 form a precompact family. 

Example 2.7.1.2. u a := log|/ Q | where {/«} is a family of holomorphic functions 
bounded in a domain D form a precompact family. 
A criterion of precompactness is given by 

Theorem 2. 7. 1.1. (Precompactness in V). A family (2.7.1.1) is precompact iff 
the conditions hold: 

compl) for any compact K C D a constant C(K) exists such that 

(2.7.1.2) u a (x) < C{K) 
for all a g A and x g K; 

comp2) there exists a compact K\ <s D such that 

(2.7.1.3) inf max{ii Q (x) : x g KA > -oo. 

For proof see [H6,Th.4.1.9]. 
Theorem 2.7.1.2. Let u n — > u m V(Kr). Then u n — > u in V{S r ) for any r < R. 
Proof. We have fi n —*(j,. Let us choose i?i such that r < Ri < R. Then 

w„(x) = H(x,u n ,K Rl ) - U(x,fi n ,K Rl ) 

by F. Riesz theorem (Theorem 2.6.4.3). 
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Now, we have II(x, /i„, K Rl ) — > U(x, fi, K Rl ) in V(Ri) by GP06), Theorem 
2.5.1.1. Thus H(x,u n ,K Rl ) -> H(x,u,K Rl ) in 

By Theorem 2.4.1.8 H(x,u n ,K Rl ) — > H(x,u,K Rl ) uniformly on any compact 
set in Kr x , in particular, on SV- Hence H(x,u n , K Rl ) — ► H(x,u, K Rl ) in V(S r ). 
Also n^^-fTflJ -» n(a;,^i,^ fll ) in £>'(S r ) by GP06), Theorem 2.5.1.1. Hence, 
u n — > u in T>'(S r ). □ 

We say that a sequence /„ of locally summable functions converges in Li oc to 
a locally summable function / if for any x £ D there exists a neighborhood V 3 x 
such that / y |/„ — f\dx — > 0. 

Theorem 2.7.1.3 (Compactness in L[ oc ). Under conditions of Theorem 2.7.1.1 
the family (2.7.1.1) is precompact in L\ oc . 

For the proof see [Ho, Theorem 4.1.9]. 

Theorem 2.7.1.4. Let u n -> u in V{K R ). Then u+ -> w+ m V'(K R ). 

This is because u£(a;) < M, x £ K, for all compacts if <g 

2.7.2. The following theorem shows that a subharmonic function is much more 
"flexible" that harmonic or analytic functions. 

Theorem 2.7.2.1. Let D <s M. m be a Lipschitz domain and let u E SH(D) satisfy 

the condition u(x) < C for x € D. Then for any closed domain Di <s D there exists 

a function u(x) := u(x, D\) such that 

extl) u(x) — u(x) for x £ D\; 

ext2) u(x) = C for x G dD; 

ext3) u € SH{D) and is harmonic in D\D\; 

ext4) u(x) < u(x) for x e D. 

The function u is defined uniquely. 

Proof. We can suppose without loss of generality that C = 0, because we can 
consider the function u — C. 

Let u(x) be continuous in D\. Consider a harmonic function H(x) which is 
zero on dD and u(x) on dD\. We have H(x) > u(x) for x € D\D\ because of 
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Theorem 2.6.1.3. Set 

f H(x), xeD\D i; 
u{x) = < 

( u[x), x G D±. 

The function u(x) is subharmonic in D. For x ^ dD\ it is obvious, and for x € 
it follows from 

u(x) = u(x) < A4(x, r, u) < A4(x, r, u) 

for r small enough. 

It is easy to check that all the assertions of the theorem are fulfilled for the 
function u. 

Exercise 2.7.1.1 Check this. 

Let u(x) be an arbitrary subharmonic function. Consider the family u c of 
smooth subharmonic functions that converges to u{x) decreasing monotonically in 
a neighborhood of D^. The sequence (u e ) converges monotonically to a subharmonic 
function that has all the properties extl) - ext4). □ 

Theorem 2.7.2.2. (Continuity of •). Let u n — > u in T>'(D) and u n (x) < in D. 

Then for any K 0= D with a smooth boundary dK u^(», K) — > u(», K) in V'(D). 

For proving, we need the following auxiliary statement: 

Theorem 2.7.2.3. Let u n — > u in T>'(D). Then for any smooth surface S g D 
and any function g(x) continuous in a neighborhood of S the assertion 

(2.7.2.1) / u n (x)g(x)ds x — ► / u(x)g{x)ds x 

Js Js 

holds. 

Proof. Since u n — > u in V'{D) also the Riesz measures of the functions converge. 
Hence fi n (K) < C(K) for some K 3> S. Thus, for the sequence of potentials 
II(x, fj, n ), we have 

](x)ds x 



Yl(x,fi n )g(x)ds x = J d{p n ) y J 



s \x-y\ m - 2 ' 



The inner integral is a continuous function of y as can be seen by simple 
estimates. Thus the assertion (2.7.2.1) holds for potentials. Now, one can represent 
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u n in the form 

u n (x) = H n (x) - U.{x,Hn) 

in K. The sequence H n convergences in V and, hence, uniformly on S. Thus 
(2.7.2.1) holds for every u n . □ 

Proof of Theorem 2.7.2.2. Let cf> e V(D) and supp </>cK. Then 

< Un, <f> >~< U n , (j> >— >< U, <fr > — < U,4>> . 

Let x e D\K. Then 

u„(x) = f ^-{x,y)u n {y)dsy. 

JdK an v 

By Theorem 2.7.2.3. — » for x G The sequence u n is precompact 

o 

in V(D). Thus every limit uo of the u n coincides with u(x) in K and in D\K. 
Hence, u = u in V'{D). □ 

2.7.3. The property sh2), Theorem 2.6.1.1, shows that maximum of any finite 
number of subharmonic functions is a subharmonic function too. However, it is not 
so if the number is not finite. 

Example 2.7.3.1. Set u n {z) = ifog|z|, n = 1,2.... The functions u n e SH{K{). 
Taking supremum in n we obtain 

, . f . / 0, /or z 0; 

=: sup?i„(z) = <^ 

n L — oo for z = 0. 

The function is not semicontinuous, thus it is not subharmonic. However, it differs 
from a subharmonic function on a set of zero capacity. The following theorem shows 
that this holds in general. 

Theorem 2.7.3.1.(H.Cartan). Let a family {u a e SH(D), a e A} be bounded 
from above and u(x) := sup aeA u a (x). Then u* G SH(D) and the set 
E := {x : u*(x) > u(x)} is a zero capacity set. 

For proving this theorem we need an auxiliary assertion 
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Theorem 2.7.3.2. Let II(x, /J, n ,D) be a monotonically decreasing sequence of Green 
potentials and supp fi n C K <£ D. Then there exists a measure [i such that the in- 
equality 

lim H(x,/j, n ,D) > H(x,[i,D) 

n — >oo 

holds for all x G D with equality outside some set of zero capacity. 

Proof. The sequence n(x, /i„, D) converges monotonically and thus in V (Theorem 

2.3.4.3) . Then fi n -> p, in V (Theorem 2.2.4.2.) and thus in C*- topology (Theorem 

2.3.4.4) . By GPo5)(Thcorcm 2.5.1.1) we have 

lim n(x, fi n , D) > II (x, //, D). 

n^oo 

Suppose that the strict inequality holds on some set £ of a positive capacity. By 
Theorem 2.5.2.3 one can find a compact set K C E such that cap(if ) > 0. Then 
there exists a measure v concentrated on E such that its potential n(x, v, D) is 
continuous (Theorem 2.5.5.2). Thus we have 

/Bi(x, /it, D)dv < / lim H(x, fi n , D)dv = lim / n(x, fj, n , D)dv 
J n^oo n^oo J 

lim / II(x, v, D)dfi n = / H(x, v, D)dfi = / n(x, fi, D)dv. 
n ^°° J J J 

The equalities use Theorem 2.2.2.2.(B. Levy), reciprocity law ( GPo4), Theorem 
2.5.1.1, C*- convergence of /i„ and once more reciprocity law respectively. So we 
have a contradiction. □ 

Proof Theorem 2.7.3.1. Suppose for beginning u n (x) | u(x). We can suppose also 
that u n < 0. For any domain G g D the sequence u n (x) — > u(x) for x e G (see 
Theorem 2.7.2.1), because u n {x) = u n {x) for x e G. Since m„ = n(x,/i„,Z)) for 
x G D, m(x) = n(x,/i,I?) = u(x) for x e G and coincides with limn^oo u n (x) 
outside some set -Eg of zero capacity. Consider a sequence of domains G n that 
exhaust D. Then u{x) = lim^oo u n (x) outside the set E :— LI^ =1 Ec n which has 
zero capacity by capZl) (see item 2.5.2). 

Now let {u n , n = 1, 2...} be a countable set that satisfies the conditions of the 
theorem. Then the sequence v n := maxjwfe : k = l,2...n} G SH(D) and v n | u. 
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Applying the previous reasoning we obtain the assertion of the theorem also in this 
case. 

Let {u a , a e A} be an arbitrary set satisfying the condition of the theorem. 
By Theorem 2.1.3.2.(Choquet's Lemma) one can find a countable set A C A such 
that 

(sup it Q )* = (supu Q )*. 

Ao A 

Since sup Aa u a < sup A u a , we have 

E := {x : (supu Q )* > supu Q } C E := {x : (supu a )* > supu a }. 

A A A A 

Thus cap (E) <cap (E ) = 0. □ 

Corollary of Theorem 2.7.3.1 is 

Theorem 2.7.3.3.(H.Cartan +). Let {u t , t € (0;oo)} C SH{D) be a bounded 
from above family, and v := limsup^^ u t . Then v* G SH(D) and the set E :— 
{x : v*(x) > v(x)} has zero capacity. 

Proof. Set u n := sup t >„u t , E n := {x : (u n )* > u n }, E := UE n . Since cap(£„) 
0. cap£; = too. 
Let x $ E. Then 

v (x) = lim supu t (a;) = lim (w„)*(x). 

n — >oo n — >oo 

The function 

v* := lim (u n )*(x) 

n^oo 

is the upper semicontinuous regularization of v(x) for all x <G D. □ 

In spite of Example 2.7.3.1 we have 

Theorem 2.7.3.4. (Sigurdsson's Lemma). [Si] Let S C SH{D) be compact in 
V. Then 

v(x) := sup{w(.x) :ueS} 

is upper semicontinuous 
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and, hence, subharmonic. 
Proof. Note that 

u e {x) —< u, a(x — •) > 

(see (2. 6. 2. 3), (2. 3. 2.1)); and it is continuous in (u, x) with respect to the product 
topology on {SH(D) n V) x R m (Theorem 2.3.4.6). 

Let x G D,a € K and assume that v(x ) < a. We have to prove that there 
exists a neighborhood X ol xo such that 

(2.7.3.1) u(a;) < a, x € X. 

We choose 5 > such that u(xo) < a — <5. If u° e SH(D) and e is chosen sufficiently 
small, then 

u °( a; o) < w°(a;o) < a — 5 

by Theorem 2.6.2.3. (Smooth Approximation). 

Since u e (x) is continuous, there exists an open neighborhood Uo of u° in SH(D) 
and an open neighborhood X of xo such that 

u e (x) < a — (5, u GUo, x e Xo. 

The property ap2) (Theorem 2.6.2.3) implies 

(2.7.3.2) < a -5, u e U 0) a; e X . 

Since u° is arbitrary and S is compact, there exists a finite covering U\, U2, U n 
of S and open neighborhoods X\,X2, ...,X n of xq such that (2.7.3.2) holds for all 
(u,x) :ueUj, xe Xj, j = 1, ...,n. Set X := DjXj. Then (2.7.3.1) holds. □ 

2.7.4. Now we are going to connect ^'-convergence to convergence outside a zero 
capacity set, the so called quasi- everywhere convergence. 

Theorem 2.7.4.1.(1?' and Quasi-everywhere Convergence). Let u n , u e 

SH(D) and u n — > u in V{D). Then u{x) — limsup^^^ u n (x) quasi-everywhere 
and u(x) = (limsup„^ 00 u n {x))* everywhere in D. 

For proof we need the following assertion in the spirit Theorem 2.7.3.2. 
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Theorem 2.7.4.2. Let fi n — > ^ in V(D) and supp \i n C K <s D. Then 

liminfII(a:,Mn,-D) > n(/z,D) 

n^oo 

iwf/i equality quasi- everywhere. 

Proof. The inequality was in GPo5), Theorem 2.5.1.1. 
Suppose the set 

E := {x : liminf fi n , D) > U(x, /i, D) 

n^oo 

has a positive capacity. By Theorem 2.5.2.3 one can find a compact set K C E 
such that c&p(K) > 0. By Theorem 2.5.5.2 one can find a measure v concentrated 
on K with continuous potential. As in proof of Theorem 2.7.3.2 we have 

/II(x, n, D)dv < / liminf II (x, /i„, D)dv < liminf / II(a;, /U„, D)dv = 

liminf / H(x,v, D)d/j, n — / H(x,i/, D)d(i = / LT(x, fi, D)dv. 
n ^°° J J J 

The second inequality uses Theorem 2.2.2.3. (Fatou's Lemma). The equalities use 
the reciprocity law ( GPo4), Theorem 2.5.1.1), C*- convergence of [i n and once 
more reciprocity law respectively. So we have a contradiction. □ 

Proof of Theorem 2.7.4-1- Let D\ g D. Then the sequence u n is bounded in D\ 
by Theorem 2.7.1.1. We can assume that u n (x) < for x € D\. 

For any domain Ggfli the sequence u n (x, G) — > u(x) in T>'{D\) by Theorem 
2.7.2.2. We also have the equality u n = —H(x,jl n ,Di). Thus fi n — > /i in T>'{D\). 
By Theorem 2.7.4.2 liminf^oo II(a;, ji n ,D\) = H{x, fi, Z?i) quasi-everywhere in Di. 
Hence 

(2.7.4.1) limsupu„=u 

quasi-everywhere in G because w„(x) = m„(x) for x e G. 

Consider a sequence of domains G„ that exhaust £). Then (2.7.4.1) holds out- 
side a set E n of zero capacity and (2.7.4.1) holds in D outside the set E := U^ =1 E n 
which has zero capacity by capZl) (see item 2.5.2), i.e., quasi-everywhere. □ 
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2.7.5. Now we connect the convergence of subharmonic functions in V to the 
convergence relative to the Carleson measure (see 2.5.4). 

We say that a sequence of functions u n converges to a function u relative to the 
a- Carleson measure if the sets E n := {x : \u n (x) — u(x)\ > e} possess the property 

(2.7.5.1) a-mes c E n ^Q. 

Theorem 2.7.5.1.(1?' and a — mesc Convergences). Let u n ,u e SH{D) and 
u n — > u in V(D). Then for an every a > and every domain G <s D u n — > u 
relative to the (a + m — 2)-Carleson measure. 

For proving this theorem we need some auxiliary definitions and assertions. 
Let [i be a measure in M. m . We will call a point x G R m (a, a', e)-normal with 
respect to the measure fj, , (a < a') if the inequality 

Mt) : = »{Kx,t) < e- a 't a + m ~ 2 

holds for alH < e. 

Theorem 2.7.5.2. In any (a, a' , e) -normal point the following inequality holds 

- f [log \z-C\~ loge]rf Mc < Ce a - a ', for m = 2; 
Jk z , € 

f [\x - y\ 2 ~ m - £ 2 ~ m W v < Ce a - a ' , for m > 3; 

JK Xtt 

while C = C(a, m) depends on a and ra only. 
Proof. Let us consider the case m = 2. We have 

/ log | 6 ,, dnc = / logjrf^(i). 

./jC z ,e F — CI JO 1 

Integrating by parts we obtain 

/' log = log f M*) lo + f < 

Jk,,, F — CI t Jo 1 

< e~ a ' [ t a ^dt = -e a - a '. 
Jo a 
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Let us consider the case m > 3. We have 

/ [\x y\ 2 - m e 2 - m W y = j\t 2 - m e 2 - m )d» x {t) = 

JK x , t JO 

= (t 2 - m <?~ m )Mt) lo +(m - 2) jT ^dt < 
~ e a Jo a 

□ 

Theorem 2.7.5.3. (Ahlfors-Landkof Lemma). Let a set E C R m be covered 
by balls with bounded radii such that every point is a center of a ball. Then there 
exists an at most countable subcovering of the same set with maximal multiplicity 
cr = cr(m), 

i.e., every point of E is covered no more than cr times. 
For proof see [La, Ch.III, §4, Lemma 3.2]. 

Theorem 2.7.5.4. Let K <s D. The set E := E(a,a' , e, /i) of points that belong 
to K and are not (a, ol ,e) -normal with respect to /i satisfies the condition 

(2.7.5.2) (a + m - 2) - mes c E < cr{m)e a ' n(K e ) 

where K e is the 2e -extension of K. 

Proof. Let x £ E. Then there exists t x such that 

^ x (t x )>t a x +m - 2 e- a '. 

Thus every point of E is covered by a ball K x ^ x - By the Ahlfors-Landkof lemma 
(Theorem 2.7.5.3) one can find a no more than cr-multiple subcovering {K Xj ,t x .}- 
Then we have 

3 

By definition of the Carleson measure we obtain (2.7.5.2). □ 
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Theorem 2.7.5.5. Let fi n -> fj, in X>'(R m ) and supp fj,„ C K g M m . Tften /or 
ei)ery a > and G <g M m II(a;, — > II(a;, /u) relative to the (a + m — 2)-Carleson 
measure. 



Proof. Let m = 2. Set 

log, |* - CI 



l0g|2-C|j /w 1-2 — CI > C 

loge, for \z - C| < e 



This function is continuous for (z, C) € if x if . 
Set v n :— n n — fi. Then we have 

- J log \z - CMOJc + y log k - CMa*c = - y log \ z - C\d{v n )c = 

= - J log e \z - (\dv n - J [log \z- C| -loge]oV„. 
The function log e |z — C| is continuous in C uniformly over z € K. Thus the sequence 

II £ (z) := y log e |z - C|^„ 

converges uniformly to zero on K. Suppose now that z E(a, a' , e, fj,)\jE(a, a' , e, 
i.e., it is an (a, a', e)- normal point for \i and By Theorem 2.7.5.2 we have 

f [log|z-C|-loge]aV„<2C£ Q - a '. 

JK Ztt 

Thus for sufficiently large n > no(e) 

\H(z,fi n ) - U(z,/j,)\ = 

= | y \og\z-C\d(pi n ) c - J \og\z-CWd <S = 5(e) 

while z ^ a', e, n) U a', e, := E n (e). 

By Theorem 2.7.5.3 the Carleson measure of 2S n (e) satisfies the inequality 

a - mes c E n {e) < cr(m)e a ' [n{K ) + M „(if )] < Ce a ' := 7 (e) 

where C = C(K) does not depend on n because n n (K) are bounded uniformly. 
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Hence, for any e > the set 

E' n (e) :={z:\Il(z, t , n )-U(z,n)\>S(e)} 
satisfies the condition 

(2.7.5.2) a - mes c E' n (e) < 7 (e). 

while n > n — n (e). 

Let us show that Yl(z,^i n ) — > Tl(z,n) relative to a — mesc on K. Let 7o,<$o 
be arbitrary small. One can find e such that 5(e) < <5 ,7(e) < 70. One can find 
n = n (e) such that (2.7.5.2) is fulfilled. Now the set 

E„,6 ■= {z ■■ |n(z, IJL n ) - U(z, fl)\ > S a } 

is contained in E' n (e). Thus a — mescE n ^ < 70 and this implies the convergence 
relative to a — mesc- An analogous reasoning works for m > 3. □ 

Proof of Theorem 2.7.5.1. Let u n — > w in I?'. One can assume that «„, u are 
potentials on any compact set(Theorem 2.7.2.2). Hence, by Theorem 2.7.5.5 it 
converges relative (a + m — 2) — mesc- □ 
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2. 8. Scale of growth. Growth characteristics of subharmonic functions 

2.8.1. Let A be a class of nondecreasing functions a(r), r e (0, oo) such that 
a(r) > and a{r) — > oo when r — > oo. The quantity 

(2.8.1.1) p[a] :=limsup 1 ° 1 Sa(r '- > 

r^oo logr 

is called the order of a(r). 

Suppose p := p[a] < oo. The number 

(2.8.1.2) a[a] := limsup^ 

i — >oo rP 

is called the type number. 

If a [a] = 0, we say a(r) has minimal type. If < a [a] < oo, a(r) has normal 
type. If a [a] = oo, it has maximal type. 

Example 2.8.1.1. Set a(r) := a Q r pa . Then p[a] = po, er[a] = cro- 
Example 2.8.1.2. Set a(r) := (logr)- 1 ^ . Then p[a] = p , a[a] = 0. 
Example 2.8.1.3. Set a(r) := (log r)r Pa . Then p[a] = p , a[a] = oo. 
Theorem 2.8.1.1(Convergence Exponent). The following equality holds: 

(2.8.1.3) p[a] = inf{A : H < oo}. 

// t/ie integral converges for X — p[a], a(r) has minimal type. 

Exercise 2.8.1.1. Prove this. 
For proof see, e.g., [HK,§4.2]. 

Example 2.8.1.4. Let rj, j = 1,2,... be a nondecreasing sequence of positive 
numbers. Let us concentrate the unit mass in every point rj and define a mass 
distribution 

n(E) := {the number points of the sequence {rj} in E}, Eel. 

Then 
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The infimum of A for which the series in (2.8.1.4) converges is usually called the con- 
vergence exponentiov the sequence {rj} [ PS P.I,Sec.l,Ch.III,§2]. Using integrating 
by parts one can transform the integral in (2.8.1.4) to the integral of the form 
(2.8.1.3) where a(r) = n((— oo,r)). Theorem 2.8.1.1 shows that the convergence 
exponent coincides with the order of this a(r). 

A function p(r) is called a proximate order with respect to order p if 

pol) p(r) > 

po2) lim^oo p(r) = p 

po3) p(r) has a continuous derivative on (0, oo) 
po4) lim r ^oo r log rp'(r) = 0. 
Two proximate orders pi{r) and p2(r) are called equivalent, if 

(2.8.1.5) pi(r )_ p2(r ) = (J_). 
For a € A set 

(2.8.1.6) o-[a,p(r)\ : =limsup^. 

It is called a iype number with respect to a proximate order p{r). It is clear that 
this type number is the same for equivalent proximate orders. 

Theorem 2. 8. 1.2. (Proper Proximate Order). Let a e A and p[a] = p < oo. 
Then there exists a proximate order p(r) such that 

(2.8.1.7) < a[a,p(r)] < oo. 
For proof sec [L(1980), Ch.l, Sec.12, Th.16]. 

If a proximate order satisfies the condition (2.8.1.7), we will call it the proper 
proximate order of a(r) (p.p.o.). The function r p ^ inherits a lot of useful properties 
of the power function r p . 

Theorem 2. 8. 1.3. (Properties of P.O). The following holds: 

ppol) the function V{r) := r p ^ increases monotonically for sufficiently large 
values of r. 
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ppo2) for q < p+1, 

r p(r)+l-q 



i; 



p+l-q 
and for q > p + 1, 

fOO p(r) + l-q 
/ t p V- g dt 

Jr q- p-i 

as r — > oo. 

ppoS) the function L{r) := r p ^^ p satisfies the conditioned > 0, L(kr)/L(r) — > 
1 w/ien r — > oo uniformly for k e [j, 5]. 

Exercise 2.8.1.2. Prove these properties. 

For proof see, e.g., [L(1980), Ch.2, Secl2]. The following assertion allows to 
replace any p.o. for a smooth one. 

Theorem 2. 8. 1.4. (Smooth P.O). Let p(r) be an arbitrary p.o. There exists an 
infinitely differ entiable equivalent p.o. p\(r) such that 

(2.8.1.8) r k log rpf ] (r) -> 0, fc = l,2,... 

w/ierc r — > oo. 

Proof. Let a £ be defined by (2.3.1.3). Set e := 0.5, po(x) := p(e x ) and 
poi(x) := po(n) + [po(n + 1) - po(n)] / ao.s(* + 0.5)dt 

J n 

for i£ [n, n+1). The function poi(a;) is continuous and infinitely differentiable due 
to properties of a £ and poi(n) = po(n) for n = 1,2, ... . By property po3) of p.o. 
we have 

n+1 

(n + l)\po(n + 1) — po(n)\ < max \y ■ po'(y)\ — ► 

n i/£[n,n+l] 

as n — > oo. Thus 

max \y ■ po[ k \y)\ < const ■ (n + \)\po{n + 1) — po(n) \ — ► 

S/£[n,n+l] 

as n — > oo. 
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So pi{r) :— poi(logr) is a p.o. that satisfies (2.8.1.8). Let us show that it is 
equivalent to p(r). Indeed 

\po(x) -poi{x)\ = | ( [po{y) -p 0l (y)]'y—\ < 

Jn V 

n + 1 ( 1\ 
< max f|j/-po'(j/)| + |j/-poi(j/)|]log =o - , 

ye[n,n+l] 71 V 2 -/ 

when x G [n, n + 1] and n — > oo. □ 

We will further need (in 2.9.3) the following assertion 

Theorem 2. 8. 1.5. (A. A. Goldberg). Let p{r) — > p be a p.o., and let f(t) be a 
function that is locally summable on (0, oo) and such that 

(2.8.1.9) lim t p+s f(t) = lim t p+1+ ~<f(t) = 

t— >0 i— >oo 

/or some < (5, 7 < 1. 
T/ien 



lim r 

r^oo 



-P(r) / (rt)PWf(t)dt= / t p /(*)cft 
/•oo />oo 

(2.8.1.10) lim r- p{r) / (rt) p{rt) f(t)dt = t p f(t)dt 
r ^°° Jx ,/x 

/or any c > anrf any x € (0, 00). 
Proo/. Set 

It will be enough to prove that 

(2.8.1.11) lim I(r) = / t p f(t)dt 
because both functions 



fo(t,x) :-- 



f(t), fort€(0,x) 
for t e [x, 00) 



and foo(t,x) := /(t) — fo(t,x) also satisfy the condition of the theorem. 
Let us represent the integral as the following sum: 
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r°° (rf)P( rt ) 

(2.8.1.12) J(r) := J ( -^ r f(t)dt = h(r, e) + J 2 (r, e) + J 3 (r, e), 



where 



h(r,e) := jf i-^/^dt. 



We can represent I 2 (r, e) in the form 

/2(r,e)= r W) tpfm ' 

By ppo3) (Theorem 2.8.1.3), 

(2.8.1.13) lim 7 2 (r,e) = / t p f(t)dt. 
Let us estimate the "tails". From (2.8.1.9) we have 

|/(t)| < Ci"'" 5 

for < t < e where C does not depend on e and 

|/(t)| < C*-'- 1 " 7 

for t > e _1 . We have 

|/i(r,e)| < C f ^^r"- 5 dt := CJi(r,e) 

and 

(2.8.1.14) lim sup | Ji(r,e) | < C lim Ji(r,e) 
Let us calculate the last limit. We perform the change x — tr: 

per 

Ji(r, e) = r - p ^ +p + 5 - 1 / r p W-( p+ Vdx. 

J c 
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Now we use ppo2) for q = p + S and ppo3): 



lim Ji (r, e) = 



r- 



DC 



1-5 r^oo r p(r)-(p+S) + l 




L{er) _ e 1 - 6 



L(r) 1 - 6 



Substituting in (2.8.1.14) we obtain 



(2.8.1.15) 



lim sup |/i(r, e)| < C 



1-5' 



Analogously one can obtain 



(2.8.1.16) 



lim sup \h{r, e)\ < C — . 




Using (2.8.1.13), (2.8.1.15) and (2.8.1.16) one can pass to the limit in (2.8.1.12) as 
r — > oo then let e — > 0, and obtain (2.8.1.11). □ 

2.8.2. Let 



where u\,u 2 € SH(R m ), u\(0) > — oo, u 2 (0) = and pi := /j, Ul , [i 2 '■= ^u 2 are 
concentrated on disjoined sets. 

Let m = 2, Uj(z) := log |/j(z)|, j = 1,2 where fj(z), j — 1,2 are entire 
functions. Then the function u{z) — log|/(^)|, where f(z) := fi(z)/ f 2 (z) 7 is mero- 
morphic. The condition for masses means that /i and f 2 have no common zeros, 
u 2 (0) — corresponds to /2(C)) = 1 and ui(0) > —00 means /i(0) ^ 0. 

The class of such functions is denoted as SSH(R m ). In spite of the standard- 
ization conditions the representation (2.8.2.1) is not unique. However for any pair 
of representations u\ — u 2 and v! x — v! 2 



where Hj are harmonic and Hj(0) = 0. 

Really, from the equality u\ — u 2 = v! x — u' 2 we obtain pi — \i 2 = \J X — \j! 2 . Using 
the Theorem 2. 2. 1.2. (Jordan decomposition) we obtain [i\ = fi 2 = \i! 2 . Thus 
(2.8.2.2) holds. Obviously H 2 (0) = 0. 



(2.8.2.1) 



u(x) := ui(x) — u 2 (x) 



(2.8.2.2) 



uj(x) - u' 3 {x) = Hjix), j = 1,2 
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Set 



(2.8.2.3) 



T(r,u) :=— / 



max(ui,u 2 )(ry)dy 



where a m is the surface square of the unit sphere. It is called theNevanlinna 
characteristic of u e (5S'i7(R m ). 

The Ncvanlinna characteristic does not depend on the representation (2.8.2.1). 
Indeed, 



Note also that the class 5SH(R m ) is linear. 

Actually, let u e <5Sff(R m ). Then Au e 5SH(R m ) for A > 0. -u e 6SH(R m ), 



Let us show that u x + u 2 e 5SH(R m ) ifu,v£ SSH{R m ). 

Set v := v u + v v , where u u ,u v are the corresponding charges. By Theorem 
2. 2. 1.2. (Jordan decomposition) v = v + —v~ , where v u , v v are measures concentrated 
on disjoint sets. 

Let u\ be a subharmonic function in R m the mass distribution of which coin- 
cides with v + ? Then u-i := u\ — (u + v) is a subharmonic function with the mass 
distribution v~ . Hence u(x) + v(x) — [u\{x) — u 2 (0)] — [u 2 (x) — u 2 (0)]. 

Theorem 2. 8. 2.1. (Properties T(r,u)). The following holds 

tl) T(r,u) increases monotonically and is convex with respect to — r m ~ 2 for 

m = 2 and with respect to log r for m = 2 

2 We will give a construction of such function for the case of finite order (item 2.9.2), but it 
is possible actually always, see ,for example, [HK,Th.4.1] 







since 



u(x) = [u2(x) - ui(0)] - [ui(a;) - tti(0)]. 
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t2) For u e SH(W n ), (i.e. u 2 = 0) 

T(r,u) = —[ u + {ry)dy 

Om J\y\ = l 

t3) T(r, u) = T(r, -u) - m(0) 

U) T(r,u + u') < T(r,u) +T(r,u'), T(r,Xu) = XT(r,u) for A > 0. 

Proof. Since v(x) := max(ui,ti2)(x) is subharmonic, tl) follows from Theorem 
2.6.5.2. (Convexity of M(r,u) and M(r,u)). 

The property t2) is obvious, t3) follows from the equality — u(x) — u 2 {x) — 
[«i(a;)-«i(0)]-«i(0). 

The properties t4) follow from the properties of maximum and t3). □ 

Set pr[u] := p[a] (see, (2.8.1.1)) where a(r) := T(r,u). It is called the order of 
u(x) with respect to T(r). 

Theorem 2.8.2.2. (pr-pro-perty). Foru\,U2 € SSH(R m ) the following inequality 
holds: 

(2.8.2.4) pr[ui +u 2 ] < max( ( o T [ui], ( o T [u 2 ]), 

Equality in (2.8.2.4) * s attained if Pt[ui] ^ pt[u 2 ]- 
Proof. Set u := u\ + u 2 . From t3) and t4) 

T(r, u) < T(r, m) + T(r, u 2 ) + 0(1) < 2 max[T(r, ui), T(r, u 2 )] + 0(1). 

From the definition of pr we obtain (2.8.2.4). 

Suppose, for example, pt[u\} > Pt[u 2 ]. Let us show that Pt[u] — Pt[ui}. From 
the equality u\ = u + (—1*2) we obtain pt[«i] < max(py [u] , pr [u 2 ] If Pt[u] < 
Pt[u\], then from the previous inequality we would have the contradiction pt["i] < 
p T [ui}. □ 

Let us define <jt[u] by (2.8.1.2) while p := pr[u]. Set also aT[u 7 p(r)] := 
a[a,p(r)] (see (2.8.1.6)), where a(r) := T(r,u). 

The characteristics prM, ct[u], ctt[u, /a(r)] are defined for u e ^Si^K" 1 ). 
For the class of subharmonic function we have the inclusion SH(R m ) C SSH(W n ) 
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and, of course, all these characteristics can be applied to a subharmonic function. 
However, for the class SH(R m ) the standard characteristic of growth is M(r, u) 
that we can not apply to a 8 — subharmonic function u e 5SH(R m ). Thus for 
u e SH(W n ) we define new characteristics pm[u], <Jm[u], <Jm[u, p(r)] in the same 
way by replacing T(r, u) for M(r, u). The following theorem shows that there is not 
a big difference between characteristics with respect T and M for u e SH(W n ). 

Theorem 2.8.2.3. (T and M -characteristics). Let u e SH{W n ) and p{r){-^ p) 
any p.o. Then 

pMTl) pt[u] and Pm[u] are finite simultaneously and pr[u\ — Pm[u] := p[u] 
pMT2) there exists A := A(p, m) such that 



In particular, the last property means that the types with respect to T(r) and 
M(r) for the same p.o. are minimal, normal or maximal at the same time. 

Proof. From t2), Theorem 2.8.2.1 we have T(r, u) < M(r, u) for u E SH(R m ). Thus 
Pt[u] < /9m[w], proving the second part of pMT2). 

Let H(x) be the least harmonic majorant of u(x) in the ball Kir. By the 
Poisson formula (Theorem 2.4.1.5) and Theorem 2.6.1.3 



From here one can obtain pr[u] > Pm[u] ■ The left side of pMT2) with A{p,m) :— 
2~p-m+2 f ii ows f r om the properties of p.o. □ 

Exercise 2.8.2.1 Prove the first inequality from pMT2). 

2.8.3. Let (j, be a mass distribution (measure) in R m (p e Al(R m )).Thc charac- 
teristic 



Aa M [u,p(r)} < a T [u,p(r)} < a M [u,p(r)] 



(2.8.2.5) 





/ \u{2Ry)\ds y = 2 rn - 2 [T(2R, u)+T{2R 1 -u)] = 2 rn - 2 [2T(2R, u)-u(O)] 
J\v\=i 



< 

0~m 



p[p] := p[a] - m + 2 
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for a(r) := p{K r ) (see (2.8.1.1)) is called the convergence exponent of p, and 

AM := tr[a] 

for the same a (see (2.8.1.2)) is called the upper density of p. 
The least integer number p for which the integral 

(2.8.3.1) [°° A dt 
converges is called the genus of p and is denoted p[p]. 

Theorem 2. 8. 3.1. (Convergence Exponent and Genus). The following holds: 
cegl) p[p\ < p[p] < p[p] + 1 
ceg2) for p[p] = p[p] + 1, A[p] = 0. 

Proof. From Theorem 2.8.1.1 (Convergence Exponent) we have p[p] + 1 + m — 2 < 
+ m. Thus < p[/u] + 1. The same theorem implies p[p] + m — 2 + 1 > 
+ m — 1. Thus p[p] < p[p], and cegl) is proved. 

Let p(p) = p[p] + 1. Then the integral (2.8.3.1) converges for p[p] = p[p] — 1. 
We use the inequality 

f°° M(*) , , . /"°° <ft , /i(r) , r . „, : 

/ r il , dt>p(r) / — j-r- r dt= /.y , pM+m-2 " 1 - 

Since the left side of the inequality tends to zero we obtain 

A[p] = lim - = 0. 

□ 

Set 

(2.8.3.2) A[/i, p(r)] := a[a, p(r) + m - 2], 

where a(r) := /u(r) (see (2.8.1.6)). It is clear that p(r) + m — 2 is also a p.o. Set as 
in (2.6.5.1) 

N(r,p) : =A(m)£A dt , 

where A(m) = max(l,m — 2). Set also 

p N [p] ■= p[a], A N [p,p(r)] := a [a, p{r)\, 

where a(r) := N(r, p) . This is the N-order of p and the N-type of p with respect 
to p.o. p(r). 
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Theorem 2.8.3.2. (N-order and Converges Exponent). The following holds: 
Ncel) pn[iA and p[p] are finite simultaneously and pn[p] = p[lA 
Nce2) for p > there exists such Aj := Aj(p, to), j — 1, 2, that 

AiA[/i,p(r)] < A N [p,p(r)} < A 2 A[p, p{r)]. 
Proof. We have the inequality 

r 2r n(t) f 2r dt 

N(2r,p) > A{m) | ^dt > A(m)p(r) | T^T > 

> A{m)B{m)j0^, 

where B(m) := 1 - 2 2 -" 1 for to > 3 and 5(2) := log 2. 

From here one can obtain the inequality p[p] > pn[p] and the left side of Nce2) 
for Ai(p, to) := A(m) B (m)2~ p . For proving the opposite inequalities we use the 
l'Hopital rule (slightly improved): 

N(r,fj,) ,. N'(r,p) 

p(r)r 2 - m 1 xr . 

= hmsup — , , — — r = -A (i . 

r^oo rPW[p(r)+ r log rp'{r)] p 

Thus pjv[m] < p[lA an d the right side of Nce2) holds. □ 

We shall denote as SM(M. m ) the set of charges (signed measures) of the form 
v := pi — p2 where p,i,p 2 € A4(W n ). Let us remember that \v\ e M(M. m ) is the 
full variation of v (sec 2.2.1). 

Theorem 2. 8. 3. 3. (Jensen). Let u := u\ — u 2 € SSH(W n ) and v := p,\ — p 2 be a 

corresponding charge. Then 

31) p[\v\] < max(p[/xi], p[/i 2 ]) < p[u] 

32) A[|i/|,p(r)] < A[fx u p(r)]+A[p 2 ,p(r)} < Aa T [w,p(r)] 
/or some A := A(p, to). 

Proof. We can suppose without loss of generality that u(0) = because the function 
u(x) — u(0) has the same order and the same number type if p > 0. We apply the 
Jensen-Privalov formula (Theorem 2.6.5.1) to the functions u\,u 2 and obtain 

N{r,Hj) < M(r,Uj) < T(r,u). 
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Thus N(r, \v\) < N(r, fj,i) + N(r, ^2) < 2T(r, u). From here one can obtain Jl) and 
J2) for pjv[|^|] and Ajv[|^|, p(r)]. However, we can delete the subscript N because 
of Theorem 2.8.3.2. □ 
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2. 9. The representation theorem of subharmonic functions in 
2.9.1. Set 



(2.9.1.1) H(z, cos-/, m) := 



— i log(z 2 — 2zcos7 + 1), form = 2 
(z 2 — 2zcos7 + 1) 2~, form>3 



The function H(z, cos7,to) is holomorphic on z in the disk {\z\ < 1}. It can be 
represented there in the form 

(2.9.1.2) if(z,cos 7 ,m) = ^] C fc 2 (cos 7 )0 fc 

fe=0 

where every coeificient Cj^ (•), A; = 0, 1, ... is a polynomial of degree k. 

Such polynomials are called the Gegenbauer polynomials . Note that C fe 2 (•) 
are the Legendre polynomials and 



*- k 



for k = 
cos(fc arccos A), /or fe > 1, 



i.e. they are proportional to the Chebyshev polynomials. 
Thus for m = 2 we have the equality 

--\og{z 2 - 2zcos7+ 1) = — -—z k 
2 fc=i fc 

that can be checked directly. 

Let x £ R m . Set x° := a;/|a;|. Then the scalar product (a; , y°) is equal to COS7 
where 7 is the angle between x and y. 

Let £ m {x) be defined by (2.4.1.1). For m > 3 the function £ m (a: — y) is the 
Green function for M. m . One can see that it is represented in the form 

G(x,y,R m ) :=£ m (x-y) = -|y| 2 - m tf(|a;|/|y|,cos7,m) 



where cos 7 = (x°,y°). 

For m — 2 the function — if (|x|/|j/|, COS7, 2) plays the same role. Thus we will 
denote it as G(x,y,R 2 ). 
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Theorem 2. 9. 1.1. (Expansion of G(x,y,W n )). The following holds: 



(2.9.1.3) 



k=0 




for \x\ < \y\ , and the functions 



(2.9.1.4) 



D k (x,y) := C k 2 (cos 7) 




are homogeneous harmonic functions in x and harmonic in y for y 7^ 0. 

Proof. The expansion (2.9.1.3) follows from (2.9.1.2). The function G(zx,y,R m ) is 
harmonic for \x\ < \y\ and, hence, for any real < z < 1. Hence, for any ip € T>(K r ) 
while r := 0.5|y| the function g(z) :=< G(z; y, M m ), >= for z e (0, 1). The 
function g is holomorphic for all the complex z <G {\z\ < 1} because G(zx, y, W n ) is 
holomorphic. Thus g(z) = 0, i.e. all its coefficients are zero. 

From the expansion (2.9.1.3) we can see that the coefficients of G(zx,y,W n ) 
are D k (x,y). Hence, < Dk{»,y), Aip >= for every ip e V{K r ). Thus D k (»,y) is 
a harmonic distribution . By Theorem 2.4.1.1 it is an ordinary harmonic function 
for \x\ < 0.5|j/|. 



C k 2 (cos 7) is a polynomial of degree k with respect to (x°,y°). Thus D k (x, y) 
is a homogeneous polynomial of x and is harmonic for all x. 

Let us prove the harmonicity in y. By Theorem 2.4.1.10 the function 
Dk(y* , x°)\y\ 2 ~ m (* stands for inversion) is harmonic in y. We have 



-2 



D k (y*,x°)\y\ 2 - m - \y\ 2 - m D k (y/\y\ 2 ,x°) = D k {x\y). 



□ 



Set 



p 



-2 



(2.9.1.5) 




Theorem 2.9.1.2. The following holds: 



(2.9.1.6) 



\H(z,cosj,m,p)\ < A-i(m,p}\z\ 
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for \z\ < 1/2, 
(2.9.1.7) 



\H(z,cosj,m,p)\ < A 2 (m,p)\z\ p 



for \z\ > 2, — 7r < argz < it. The factor \z\ p should be replaced by log|z| if 
m = 2, p = 0. 

Proof. Consider the function <f>{z) := H (z, COS7, m 1 p)z~' p ~ 1 . It is holomorphic in 
the disk {|z| < 1/2}. We apply the maximum principle and obtain (2.9.1.6) where 

AAm,p) = 2 p+1 max U(z)\. 

\z\ = l/2 

For proving (2.9.1.7) we consider the function ip{z) :— H (z, COS7, m 1 p)z~ p that is 
holomorphic in the domain D :— {z : \z\ > 2, — ir < argz < tt} and continuous in 
its closure. Applying the maximum principle we obtain (2.9.1.7) where 

A 2 (m,p) = 2 P max \ip{z)\. 

zedD 

□ 

Set 

G p (x,y,m) := -\y\ 2 ~ m H(\x\/\y\,cos^,m,p) 

where cos 7 = (x , y ). 
Note the equality 

v 

G p {x, y, m) = G{x, y, R m ) + ^ D k (x, y). 

fc=0 

Exercise 2.9.1.1. Check this using (2. 9. 1.3), (2. 9. 1.4) and (2.9.1.5). 

It looks like a Green function for W n but it tends more quickly to zero at 
infinity and generally speaking it is not negative. 
For m = 2 it can be represented in the form 

G p (z,C,2)=log\E(z/C,p)\ 
where E(z/(,p) is the primary Weierstrass factor: 



E(z/C,p) :-- 



C 



cxp 



1 z 



CJ 2 vc 



+ 



p VC 



We will call it the primary kernel analogously to the primary factor. 
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Theorem 2. 9. 1.3. (Estimate of Primary Kernel). The following holds: 

\x\ p+1 

(2-9.1.8) \G p (x,y,m)\ < A(m,p) ^L_ 

for \x\ < 2\y\, 

(2.9.1.9) \G p {x,y,m)\ < A(m,p) 



for \y\ < 2\x\, and 

(2.9.1.10) G p (x,y,m) < A(m,p)mm 



\x\p +1 



|y|p+m-l ' |y|p+m-2 

for all x, y e M m , where A(m,p) does not depend on x, y. 

Form = 2, p = we have G p (z, (, 2) < A(0, 2) log(l + j|j). 

Proof. The inequality (2.9.1.8) follows directly from (2.9.1.6) and (2.9.1.9) follows 
from (2.9.1.7). By the condition 2 < \x\/\y\ (2.9.1.10) follows from (2.9.1.9). 

Suppose 1/2 < |x|/|y| < 2. Since all the summands in (2.9.1.5) are bounded 
from below, for 1/2 < z < 2 we have 

G p (x,y,m) < Ai(m,p)\y\' z m < A(m,p)mm 



|y|p+m-l ' |y|p+m-2 

also under these conditions. 

The case m — 2, p — is obvious. □ 

2.9.2. Let ii e M.iW ri ). We suppose below that its support does not contain the 
origin. 

We will say that the integral J Rm f(x, y)d/j, y converges uniformly on x e D if 



sup 

i6D 



f(x,y)dn v 
\v\>R 







when R — > oo. 

Hence, the integral is permitted to be equal to infinity for some finite x. 
Let [i have genus p (see, 2.8.3). Set 

(2.9.2.1) U(x,^i,p) := / G p (x 1 y,m)d^y. 
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It is called the canonical potential. 

In particular, let m—2 and fi := n be a zero distribution, i.e. it has unit masses 
concentrated on a discrete point set {zj : j — 1,2,...}. Then 



U(z,n,p) = log 

where 



is the canonical Weierstrass product. 

Theorem 2. 9. 2. l.(Brelot- Weierstrass). ITie canonical potential (2.9.2.1) con- 
verges uniformly on any bounded domain. It is a subharmonic function with fi as 
its Riesz measure. 

Proof. Let \x\ < Rq and \y\ > R . From the estimate of the primary kernel 
(Theorem 2.9.1.3) we have 

| f G p (x,y,m)d» y \ < A(m,p)\x\ p+1 f \y\- p - m+1 d» y = 
J\y\>R J\y\>R 



DC 



= A(m,p)\x\ p+1 t- p - m+1 dfi(t). 
Jr 

Integrating by part we obtain 

n(R) , , , ^ f°° M*) 



r t- p - m+1 dfi(t) = J*i R) : + (p + m - 1) f 



The last integral converges since the genus of fi is p. Hence, both summands tend 
to zero when R — > oo. Thus 



sup |/ G p (x,y,m)d^ y \ — > 

M<.Ro J|i/|>R 



while i?o is fixed and R — > oo, i.e. the canonical potential converges uniformly on 
any bounded domain. 

Let us represent the canonical potential for R > R in the form 

U(x,fj,,p)= G(x,y,R m )dn y + y^D k (x,y)dfj, y + / G p {x,y,m)dn v . 

J \y\<R J\y\<R k = J\y\>R 
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The first summand is a potential, hence a subharmonic function and its Riesz 
measure coincide with p. The other summands are harmonic for |a;| < J?o- O 

The following proposition estimates the growth of the canonical potential in 
terms of its masses. 

Theorem 2.9.2.2. (Estimation of Canonical Potential). The following in- 
equality holds: 



(2.9.2.2) M(r,U(;p,p)) < A 



I 

Jo 



M r " r ) min(l,T + p(r) 



where A := A(m,p) does not depend on r and p. 
Proof. From (2.9.1.10) 

f ( \x\ p+1 \x\ p \ 

U(x,p,p) < A(m,p) min ^ |p+m _ 1 , |y|p+m , 2 ) dp y 

Set r :— \x\, t :— \y\. Then we have 

(2.9.2.3) M(r, H(., p,p)) < A J™ min (j^~ x , dp(t) 

The integral on the right side of (2.9.2.3) can be represented in the form 

rr r p r°° r P+l 

Integrating every integral by parts we obtain 

pT p pOO p-\-l ( \ 

(p -\- Tn 2) j^p(t)dt + (p + m -l)jf ^Kt)dt + 

r°° / r\ r p u(r) 
<(p + m-l)j o mi n(l,-)^- TM (i)dt+^. 

After the change t — rr we obtain (2.9.2.2) where the new A(m,p) is equal to 
A(m,p)(p + m — 1). □ 

Theorem 2.9.2.3. (Brelot - Borel). The order of the canonical potential is equal 
to the convergence exponent of its mass distribution, i. e. 

p[U(;p,p)} = p[p], 
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if the genus of p, is equal to p. 

Proof. First assume p[p] < p + 1. Let us choose A such that p[p] < A < p + 1. 

For some constant C that does not depend on t we have p(t) < Ct x+m ~ 2 . 

Actually, p{t)/t x+m ^ 2 — > 0, because A > p[p]. Since p(t) = for small t, this 
function is bounded and we can take its lower bound as C. 

Now we have 

(2.9.2.4) /,, r) :- m "^ 1) < CV— „»(!, 1/r). 

for all r € (0, oo). 
We also have 

(2.9.2.5) lim f(r,r) = 

r^oo 

because of A > p[p\. 

Let us divide (2.9.2.2) by r A and pass to the upper limit. By Fatou's lemma 
(Theorem 2.2.2.3) 
(2.9.2.6) 



hmsup j < A(m,p) 



/>oo 

/ lim sup f(r, r)dr + lim sup 

JO r^oo r^oo 



p{r) 







Hence, 

(2.9.2.7) A>p[n(., M ,p)]. 

Since this holds for any A > p[p], we have p[p] > p[H(», p,p)] under the 
assumption A < p[p] + 1. 

Let = p[p] + 1. By Theorem 2.8.3.1 A[p] = 0. Hence, p{t)t-P- m+1 < C 

and 

■= ^^ T min(l,r- 1 ) < Cmin(l, 1/r). 

The function min(l,l/r) is not summable on (0, oo). Therefore we will act in a 
slightly different way. From Theorem 2.9.2.2 we have 



,. M(r,n(.,^,p)) 

hmsup — x < A(m,p) 



lim sup/(r, t)oIt 

i — >oo 



+ 
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+A(m,p) 



i m(^) , ,• M( r ) 
lim sup / — —at + + hm sup 



r— >oo J r 



tP+ m r^oo rP+ r ' 

The first integral is equal to zero because A[p] = 0. The second addend vanishes 
since the integral converges. Thus we have p + 1 = p[p] > p[U(», p,p)]. 

The reverse inequality holds for any subharmonic function in R m by the Jensen 
theorem (Theorem 2.8.3.3). □ 

2.9.3. Let us denote as SSH(p) the class of functions u e SSH(R m ) for which 
p T [u] < p. 

Theorem 2.9.3.1.(Brelot - Hadamard). Let u = u\ — u 2 € SSH(p), and let 
Pi,P2 be the genuses of the mass distributions pj := p Uj , j = 1,2. Suppose supp[pi — 
1*2] n {0} = 0. 

Then the following equality holds: 

u(x) = IT(a;,/ii,pi) - n(x,p 2 ,p 2 ) + ®q(x) 
where $ q (x) is a harmonic polynomial of degree q < p. 

Proof. The function v(x) := u(x) — Ti{x, p,\,pi) + U(x, p 2} p 2 ) is harmonic by the 
Brelot - Weierstrass theorem (Theorem 2.9.2.1). We also have the inequality 

(2-9.3.1) p T [v] < max(p T [u], p T [U{», p-i,pi)], p T [H(; H2,P2)]) 

by Theorem 2.8.2.2 (p T - properties). The property pMTl) (Theorem 2.8.2.3 ) 
implies 

pr\n.{;nj,Pj)] = p M [H(;iJ.j,Pj)] ■■= p\R{;iij,Pi)\, j = 1,2. 
The Brelot-Borel theorem (Theorem 2.9.2.3) implies 

p[n(«,Mj,Pj)] = p[pj], j = 1,2. 
The Jensen theorem (Theorem 2.8.3.3) implies 

max(p[/xi],p[/x 2 ]) < pr[u}. 



From (2.9.3.1) wc have 

Pt[v] < Pt[u] < p. 

Since v is subharmonic, pr[v] — Pm[v] ■= p[v] by Theorem 2.8.2.3, and p[v] < p. 
Therefore 

M(r,v) 
lim — = 

for arbitrary small e > 0. 

By the Liouville theorem (Theorem 2.4.2.3) v(x) is a harmonic polynomial of 
degree q < p + e, and thus v(x) = &q{x) for q < p. □ 

For a non-integer p the Brclot-Hadamard theorem allows to connect the growth 
of functions and masses more tightly than in the Jensen theorem. 

Theorem 2.9.3.2. (Sharpening of Jensen). Let p > and be non-integer, u — 
u\ — U2 € SSH(R m ) with pr[u] — p, and let v u — p,\ — p 2 the corresponding 
charge. Then 

pJl) p[v u ] = max(p[/xi],p[^ 2 ]) = P 

P J2) A l0 - T [u, p{r)} < A[v u ,p(r)] < A[p u p(r)} + A[p 2 , p(r)} < A 2 a T [u, p{r)}, 
where Aj = Aj(m,p) and p(r) is an arbitrary proximate order such that p(r) — > p 
when r — > oo. 

For proving this theorem we need 

Theorem 2.9.3.3. Let IV(x,p,p) be a canonical potential with non-integer p[p] := 
[p] , and letpir) (— > p) be a proximate order. Then 

(2.9.3.2) a[IL(;^p),p(r)]<A(m,p,p)A[p J ,p(r)} 

Proof. We can suppose without loss of generality that A[p,p(r)} < oo. By this 
condition and since p,(t) = 0, < t < c for some c > 0, we have the inequality 

for all t G (0, oo) and some C > that does not depend on t. Set 
Kr) := f ^ r^dt. 

J c j r r p{r)+m-2 fp+m-1 
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By Theorem 2.9.2.2 we have 

(2.9.3.3) a[U(.,p,p),p(r)} = limsup ^'"f*'^ < A(m,p) lim sup J(r). 
Let us choose r e such that 



For such r we have 

/" c 



/x(rf) (rt)^ r *) min(l,l/i) 

l c/r ( r f)p('"t)+m-2 r p(r) t p+l 



/>±/e />oo 

.. / ...c£i + sup ... / < 

Je l/e<t<oo il/e 



r>l/e ^oo 

sup 

£<t<l/e Je l/e<t<oo Jl/e 



(rt)p(rt) min(l,l/t) 

/c/r 

The function 

_ min(l,l/t) 

satisfies the conditions of Goldberg's theorem (Theorem 2.8.1.5) with p + 1 — p < 
S < 1 and 0<7<p+l — p. Passing to the limit we have 

limsupJ(r) <C [ t p - p dt + (A[p, p(r)\ + e) f ' ^"f" 1 min(l, l/t)dt+ 

r^oc Jo Je 

r-OO 

c / t p - p - 2 dt. 

Jl/e 

Passing to the limit as e — > we obtain with the help of (2.9.3.3) 

/>oo 

a[U(;p,p),p(r)} < A(m,p)A[p, p(r)] / t^""" 1 min(l, l/t)dt. 

Jo 

□ 

Proof o/ Theorem 2.9.3.2. The inequality < p and the last inequality in pJ2) 
follow from the Jensen theorem (Theorem 2.8.3.3). Let us prove the reverse in- 
equality and the left side. 
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Since p is non-integer, q < p in the Brelot-Hadamard theorem (Theorem 
2.9.3.1). Hence M(r,$ 9 ) = o(r^) and 

T(r,u) < T(r,n(.,/ii,p)) +T(r,n(., M2 ,p)) + o(r"). 

Thus 

PtM < max(p[n(«,/zi,p)],p[n(»,/z 2 ,p]), 
o- T [u,p(r)] < max(<T T [n(»,/ii,p),p(r)],(7T[n(»,/i2,p],p(r)]). 
From Theorem 2.9.3.3 we obtain 

PtM < max(p[/zi],p[/i 2 ]); 

a T [u,p(r)] < A(m, p,p) max(A[fn, p(r)}, A[fi 2 , p(r)] = 

= A(m,p,p)A[\u\,p(r)}. 

We can set A\ := A _1 (m, p, p) and obtain the left side of pJ2). □ 

2.9.4. Let u e SSH(R m ) and p := pt[u] be an integer number. We can always 
represent the function u in the form 

(2.9.4.1) u{x) = IL(x,v,p) + <f> p (x) 

where $ p (x) is a harmonic polynomial of degree at most p. Actually, such a rep- 
resentation can be obtained from Theorem 2.9.3.1 by addition and subtraction of 
terms of the form 

$> kj (x) ■= / D kj (x,y)d(nj)y, j = 1,2; 

where pj < kj < p. 

All <fr kj (x) of such a kind are harmonic polynomials of degree at most p. 
Set 

(2.9.4.2) n*(x,v,p-l):= [ G p - 1 (x,y,m)du y , 

J\y\<R 
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(2.9.4.3) n*(x, v,p):= f G p (x,y,m)dv y , 

J\v\>R 

(2.9.4.4) S R {x,v,p):= D p {x,y)dv y . 

J\y\<R 

In particular, for m = 2 



(2.9.4.4a) 




Let Y p (x) be the homogeneous polynomial of degree p from the polynomial <£> p in 
(2.9.4.1). Set also 

S R (x, u, p) := S(x, v, p) + Y p (x), 

(2.9.4.5) M(r, 5) := max \S(ry, u,p)\, 

I i/|=i 

A s [u,p] := limsupM(r, <5)r~ p(r) . 

r — >oo 

The functions 5r{x,v,p) are homogeneous polynomials that are determined com- 
pletely by their values on the unit sphere. Thus, by the Harnack theorem (Theorem 
2.4.1.7) we have 

Theorem 2.9.4.1. A$[u, p(r)] < oo if and only if the family Sr(x, u, p)R p ~ p ( R \R > 
is precompact in 2?'(R m ). 

Let p be an integer number and p(r) —* p be a p.o. Set 

n[u,p(r)} := max(A s [u, p(r)], A[\v u \, p(r)]. 

Theorem 2.9.4.2. (Brelot-Lindelof ). The following holds 

AxQ^pir)} < a T [u,p(r)] < A 2 Q[u,p(r)], 

where Aj := Aj(m, p). 

For proving this theorem we will first study the function II < and II>. Set 

T(r,A,>) :=T(r,n^(.,i/,p)), 

T(r,A,<) :=T(r,n^(.,z/,p-l)). 
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Theorem 2.9.4.3. (Estimate of T(», >,T(», <)). The following holds: 
(2.9.4.6) T(r,A, >) < A / l -^f |' _ ; dt + ^-f 



\v\(rt) min(l,t" 1 ) 



(2.9.4.7) T M ,oa | '^r^::^ 



/M(rA) r 



w/iere A := A(m,p). 

Proof. Let v = p,\ — fi2- Then = pi + P2- We have 

(2.9.4.8) n«(ar, p - 1) = IL*(x, pi, p - 1) - II* (x, p 2 , P - 1) 
Since IL$(0,p 2 ,p- 1) = 0, we have (see t3),t4), Theorem 2.8.2.1) 

(2.9.4.9) T(r, n«(., i/, p - 1)) < T(r, II*(., pi, p - 1)) + T(r, n*(., p 2 , p - 1)) 
Set 

ni : =n*(.,/ii,p-i), n 2 :=n«(.,p 2 ,p- 1). 

Let us estimate, for example, T(r, LTi). The masses of the canonical potential III are 
concentrated in Kr. Applying Theorem 2.9.2.2 (Estimation of Canonical Potential) 
for p = p — 1 we obtain 

y,m— 2 I R fp-\-m—2 ^m— 1 

Set i? := rX. Then we obtain the inequality (2.9.4.7) for v := p\. Analogously one 
can do for v := p 2 . The inequality (2.9.4.9) allows to pass to limit in (2.9.4.7) in 
the general case. 

Set III := n*(*,pi,p). Applying (2.9.2.2) for p = p we obtain 

In the same way we obtain (2.9.4.6). □ 
Set 

o-[n>,p(r)j —hrnsup ^ , 

rrr r \i r T (r, v,p)) 
CT[n<,p(r)] :=hmsup . 



r 
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Theorem 2.9.4.4. Let v := \i\ — p 2 € <L\4(p) cm<i p integer number. Then for 
any p.o. p{r) — > p 

ma X ( CT [n >1 p(r)],a[n <) p(r)]) < AA[|i/|,p(r)] 

where A := A(m, p). 

Proof. From (2.9.4.6) we have 



\v\{rt) 1 ^ , \v\(r) 



T(v.w.A..v.„))= ,1 / ^-r^dt , ^ 

Now we repeat the reasoning of Theorem 2.9.3.3 for p := |z/| and p := p. We will 
obtain 

<r[n>,p(r)] < AA[\is\,p(r)}J^ r 2 dt. 
For the other case we have from (2.9.4.7) 

r(r, n;(., „, „ - 1)) = r(r, i, <) < a £ ^ t J^ dt+ 
^(jTY--"* + --). 

We divide this inequality by r p ( r ) and pass to the upper limit while r — > oo. 
The first summand of the right side gives 

4A[|i/|,p(r)] / dt 
Jo 



by the reasoning of Theorem 2.9.3.3. 

The second one can be computed directly, yielding 

/oo 
t-p- m+1 dt. 

Combining all these inequalities we obtain the assertion of the theorem. □ 
Proof of Theorem 2.9.4-2. Let us represent u(x) in the form 

(2.9.4.10) u(ry) = ITS (ry, v u , p - 1) + II£ (ry, v u ,p) + S r (ry, u, p) + o(r"- 1 ) 

where \y\ = 1. 
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Then we have 



T(r, u) < T(r, n r <(., v u , p-l)) + T(r, II£(., u u , p)) + M(r, S) + o^" 1 ). 



Let us divide this by r p ^ and pass to the upper limit. By Theorem 2.9.4.4 we 



<T T [u,p(r)] < Amax(A[|i/|,p(r)],A 5 [«,p(r)]) = A 2 Cl[u,p(r)] 
where A 2 = A(m,p). Let us write (2.9.4.11) in the form 

S r (ry,u,p) = u(ry) - Pi^ry,^, p - 1) - Il>(ry, v u , p) + o(r p_1 ). 

We obtain 

T(r, Sri., «, P)) < T(r, u) + T(r, U r K (., u u , p - 1)) + T(r, I^(., i/„, p) + o^ 1 ). 
Since 5 R (»,u, p) is harmonic and homogeneous, we have by (2.8.2.5) 



obtain 



M(r,S R ) < 2 m ~ 1 T(2< 



',r,S R ) = 2 m - 1+ »T(r,6 R ). 



Therefore we obtain the inequality 



A s [u,p{r)} < a T [u,p{r)]+2AA[\iy\,p(r)}. 



By the Jensen theorem (Theorem 2.8.3.3) we have 



n[u,p(r)]<A^ 



a T [u,p{r)] 



for some A\ = A\{m, p). □ 
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3. Asymptotic behavior of subharmonic functions of finite order. 

3.1. Limit sets 

3.1.1. Let {Vt : t € (0, oo)} be a family of rotations of K m that form a one- 
parametric group, i.e., 

(3.1.1.0) V tl V t2 =V tlt2 , V 1 =1, 

where / is the identity map. 

The family of linear transformations 

(3.1.1.1) P t := tV t 

is also a one-parametric group. 

In particular, for m = 2 the general form of the rotations is 

V t z = z exp(z7 log t), 

where 7 is real. 

The orbit {P t z : t £ (0, 00)} of every point z ^ is a logarithmic spiral if 7 ^ 
and a ray if 7 = 0. 

For m > 3 and V t = I, t £ (0, 00) the orbit of every point x 7^ is a ray from 
the origin. For other V, it is a spiral connecting the origin to infinity. 

It is clear that only one orbit {Ptx : t £ (0, 00)} passes through every x ^ 0. 
The behavior of every point y(t) := P t x is completely determined by a system of 
differential equations with constant coefficients: 

i,-(/ + V),, V:-|V,|„ 

with the initial condition of y(l) = x. 

3.1.2. Let u e SH{p) and (7m[u, p(r)] < 00 for some p.o. p(r) — ► p. We will write 
u € 5"iJ(K m ,/9,p(r)) or shorter it e SH(p(r)). 

For u e SH(p(r)) set 

(3.1.2.1) u t (x) := u(P t x)r p(t) . 

We will denote this transformation as (») t . 
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Theorem 3. 1.2.1. (Existence of Limit Set). The following holds: 
elsl) u t G SH(p{r)) for any t G (0,oo) 
els2) the family {u t } is precompact at infinity, 

i.e., for any sequence tk — > oo there exists a subsequence tk j — » oo and a 
function u e 5ff(R m ) such that u tfcj -> w in V'(W n ) (sec, 2.7.1). 

Proof. The functions w< are subharmonic by shl) and sh5), Theorem 2. 6. 1.1. (Ele- 
mentary Properties), and 

M(r,u t ) = M(rt,u)t- p(t K 

Now we have 

om [u t ,p(r)]= t-M Hm sup • lim = a M [«, p(r)]*-"« , 

because 

(3.1.2.2) lim^^Iim^^ 

(see, ppo3), Theorem 2. 8. 1.3. (Properties of P.O)). Therefore elsl) is proved. 

Let us check the conditions of Theorem 2. 7. 1.1. (Compactness in V). We have 

M(rt u) (rt) p ^ 

(3.1.2.3) limsupM(r,u t ) = lim sup ^ p ( rf) ' t 1 ™ t p(t) = o- M [u, p(r)]r p . 

Thus, the family is bounded from above on every compact set and 

lim u t (0) = lim ?i(0)^ p(t) = 0. 

Therefore Ut(0) are bounded from below for large t. □ 

We will call the set of all functions v from Theorem 3.1.2.1 the limit set of the 
function u(x) with respect to V, and denote it Fr[w, p(r), V,, R m ] or shortly Fr[u]. 

The limit set does not depend on values of the subharmonic function on a 
bounded set, hence, it is a characteristic of asymptotic behavior. 

Set 



U[p,a] := {v e SH(R m ) : M(r,v) < ar p , r e [0,oo); w(0) = 0}, 



(3.1.2.4) 
and 



U[p] := |J U[p,a] 

cr>0 
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(3.1.2.4a) 



v [t] (x) :=t- p v(P t x), t£ (0,oo). 



Let us emphasize that the transformation (»)[ t j coincides with (») t from (3.1.2.1) 
for p(r) = p and satisfies the condition 



(3.1.2.4b) 



(•)[tr] = ((•)[*] )[ T ] 



Theorem 3. 1.2. 2. (Properties of Fr). The following holds: 
frl) Fr[u] is a connected compact set; 



fr2) Fr[u] C U[p, <t], /or cr > cr M M; 
fr3) (BV[«]) [t] =BV[u], te (0,oo), 
i.e., we Pr[u] implies W[ t ] € Fr[u]. 



U) if Pi{r) and p(r) are equivalent (see (2.8.1.5)), then Fr[u, pi(r), •] = Fr[u, p(r), •]. 
We need the following assertion 
Theorem 3. 1.2. 3. (Continuity u t ). The functions 



<u t ,tp>:= J u t (x)ip(x)dx = J u(y)ip(y/t)t m p{t) dy~<u,tp(»,t)>, 

where V(j/,t) := ?/>(2//t)i m ~ p(t) . 

The function is continuous in f in X>(R m ). By Theorem 2.3.4.6 (Conti- 

nuity <•,•>) < u,-0(»,t) > is continuous in (w, t). □ 

Proof of Theorem 3.1.2.2. Let us denote as clos{*} the closure in 2?'-topology. 

The set Fm ■= clos{u t : i < -/V} D Fr[«] is compact in P'-topology. Indeed, 
let tj — > t and f < oo; then u t — > u t because of Theorem 3.1.2.3. If t, — > oo and 



u t ,v [t] : (0, oo) x V'(R m ) ^ V'(R m ) 



are continuous in the natural topology. 



Proof. For any tp £ T>(M. m ) consider 
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u tj — > u, then t) e Pr[u] by its definition, hence, v € Fjy. Since Fr[u] = n^ =1 F/v, it 
is compact. 

Let us prove the connectedness. Suppose Fr[u] is not connected. Then it can 
be written as a union of two disjoint non-empty closed sets F 1 and F 2 . Let V 1 , V 2 
be disjoint open neighborhoods of F 1 , F 2 respectively in V(M. m ). Since F 1 , F 2 are 
nonempty there exist sequences {sj},{tj} such that sj < tj, Sj — > oo, u Sj S 
V 1 , G V 2 . Since the mapping u t : (0, oo) P^M" 1 ) is continuous by Theorem 
3.1.2.3 its image is connected. Thus there exists a sequence {pj} with Sj < pj < tj 
such that u Pj ^ V 1 U V 2 . This sequence has a subsequence that converges to a 
function v € Fr[u] and v F 1 U F 2 . This is a contradiction. Hence, Fr[u] is 
connected and frl) is proved. 

Set 

i[)(r) := lim sup M(r,u t ). 

1 — >oo 

This function is convex with respect to — r 2 ~ m for m > 3 and with respect to logr 
for m — 2 and hence continuous. 

Indeed, M(\x\,u t ) are subharmonic (see Theorem 2. 6. 5. 2. (Convexity M(»,u) 
and M(r,u)). By Theorem 2.7.3.3. (H.Cartan +) the function ip*(\x\) is subhar- 
monic and VKM) = ^(M) quasi-everywhere. However, if ^(|a;|) < ^>*(|a;|) at some 
point, the same inequality holds on a sphere which has a positive capacity (see 
Example 2.5.2.2). Hence, ^(M) = V^CM) everywhere, and VKM) 1S subharmonic. 
Thus ?p(r) is convex with respect to — r 2 ~ m for m > 3 and with respect to logr for 
m = 2 by Theorem 2.6.3.2. (Subharmonicity and Convexity). 

One can also see that for u e SH(R m ) 

M(r,u e ) < M(r + e,u), 

where (») e is defined by (2.6.2.3). 

Let v e Fr[u] and u tj -> v in X>(K m ). By property reg3), Theorem 2.3.4.5 
(utj)e — > w e uniformly on any compact set. Thus 

(3.1.2.5) w e (a;) = lim (u t ) e < limsupM(|a:|, (u t ) e ) < 

t— oo) 
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< limsupM(|x| + e,u t ) — 4>(\x\ + e). 

t — >oo) 

If e J. 0, then v e J, v by Theorem 2.6.2.3 and ip(r + e) — > VK r ) because of continuity. 
Passing to the limit in (3.1.2.5) and using (3.1.2.3) we obtain 

(3.1.2.6) v{x)<a M [u,p{r)]\x\P. 

Since u(0) < u e (0) we have u(0)t~ p ^ < (u t ) £ (0). Let us pass to the limit as 
t := tj — > oo. We obtain v e (0) > 0. Passing to the limit as e j we have 

(3.1.2.7) u(0) > 0. 

The inequalities (3.1.2.6) and (3.1.2.7) imply fr2). 
One can check the equality 

(3.1.2.8) K) M = u tT ■ 
By using properties of p.o. we have 

(fT )p(«r) 

hm — 7- = 1 

(compare (3.1.2.2)). 

Let v e Fr[u] and — + v. Set t := tj, t := t in (3.1.2.8) and pass to the limit. 
Then 

= V - lim u t 

Thus W[ t ] e Pr[tt]. The property f3) is proved. 
Let us prove f4).We have 

as t — ► oo because of (2.8.1.5). 
This implies f4). 

Exercise 3.1.2.1 Check this in details. 
□ 
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We can consider the limit sets as a mapping u i— » Fr[u]. The following theorem 
describes some properties of this mapping. 
Set 

(3.1.2.9) U[p]:=\JU[p,a] 

cr>0 

where U[p,a] is defined by (3.1.2.4). 

Let X, Y be subsets of a cone (i.e. a subset of a linear space that is closed with 
respect to sum and multiplication by a positive number). The set U[p] is such a 
cone. Set 

(3.1.2.10) X + Y := {z = x + y : x e X, yeY}; XX := {z = Xx : x e X}. 

Theorem 3.1.2.4(Properties of uh Fr[tt]). The following holds: 
frul) Pr[tti + u 2 ] C Fr[ui] + Fr[u 2 ] 
fru2) Fr[Xu] = XFr[u}. 

Proof. Let v € Pr[ui + 1*2]- Then there exists tj — ► 00 such that (tti + 1*2)% — > w in 
2?'. We can find a subsequence t. such that (u\)t — > Ui and (1*2)* — » «2- Then 

3fc 3fc Jfc 

w = v\ + V2- The property frul) has been proved. 
The property fru2) is proved analogically. □ 

3.1.3. We will write p e M(R m , p(rj) or shortly p e .M(p(r)) if p e A1(M m ) (see 
2.8.3) and A[/i,p(r)] < 00 (see 2.8.3.2). 

Let us define a distribution p t for p e M(p(r)) by 

(3.1.3.1) < p t , 4> >:= r p ^- m+2 J ( j)(P t - 1 x)dp 

for 4> e X>(K m ). 

It is positive. Hence, it defines uniquely a measure /Lt*. 

Theorem 3. 1.3.1. (Explicit form of p t ). For any E e er(K m ) the following holds: 

(3.1.3.2) p t {E) = t-»^- m+2 p(P t E) 
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Proof. It is enough to proof the assertion for some dense ring (see Theorem 2.2.3.5), 
for example, for all compact sets. 

Let xk be a characteristic function of a compact set K and let <j) e J. xk 
be a monotonically converging sequence of functions that belong to T>(W n ) (see 
Theorems 2.1.2.1, 2.1.2.9 and 2.3.4.4). Then 

J u*Wt = t- p V- m+2 J ^(^-i^d/i. 

Since cp^P^x) [ xp 4 k(x), 

IHiK) = J X K(x)dfH = r^- m+2 J XP tK {x)dii = t->>W- m + 2 n(P t K). 

□ 

Theorem 3. 1.3. 2. (Existence of /j-Limit Set). The following holds: 
melsl) € A4(p(r)) /or any t e (0, oo); 
mels2) the family {fit} is precompact in infinity, 

i.e., for any sequence tk — > oo there exists a subsequence tfc — » oo and a 
measure v e A1(M m ) such that /z t -> v in X>'(M m ) (sec, 2.7.1). 

Proof. We have 

Thus 
(3.1.3.3) 

limsup *^=limsup — - 2 JtV '"'"''""^^^)]- 

Therefore melsl) holds. 
We also have 

limsup Mt (r) = A[^,p(r)]r p+m - 2 . 

t— >oo 

Thus /^t satisfies the assumption of the Hclly theorem (Theorem 2.2.3.2). Using 
also Theorem 2.3.4.4 we obtain mels2). □ 
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We will call the set of all measures v from Theorem 3.1.2.1 the limit set of the 
mass distribution p with respect to V, and denote it Fr[p, p(r), V,, K m ] or shortly 
Fr[4 

Set 

(3.1.3.4) M [p, A] := {v : v{r) < Ar p+m - 2 , Vr > 0}. 

M[p] := |J M[p, A], 

A>0 

and 

(3.1.3.5) i 1t] (E):=t-'-' n+2 i/(P t £0 
for £ e a(R m ). 

Theorem 3. 1.3. 3. (Properties of Fr[p\). The following holds: 
frml) Fr[p] is connected and compact; 
frm2) Er[/i] C M[A,p\, for A > A[/i,p(r)]; 
frmS) (Fr[p]) [t] = Fr[p], te (0,oo), 

Proof. We will only prove frm2) because frml) and frm3) are proved word by word 
as in Theorem 3.1.2.2. 

Suppose t n — ► oo and — > ^ e Pr[/x]. Let us choose r' > r such that the 
open ball K r > is squarable with respect to v. It is possible because of Theorem 
2.2.3.3, sqr2). By Theorems 2.2.3.7 and 2.3.4.4 p tn {r') -> v{r'). Thus (compare 
with (3.1.2.3)) 

v(r') = lim ^ n (r') < lim sup ^(r') = A[p, p(r)}(r') p+m - 2 . 

t„— >oo t^oo 

Choosing r' J, r we obtain 

lim z^(r') = v(r) 

r' — >r 

because (2.2.3.3). Thus frm2) holds. □ 

The following assertion is a "copy" of Theorem 3.1.2.4. 
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Theorem 3. 1.3. 4. (Properties of /i^ Fr[/i]). The following holds: 
frmul) Fr[/zi + p 2 ] C Fr[/zi] + Fr[/x 2 ] 
/rmtt^ Fr[A/x] = AFr[//]. 

The proof is also a "copy" and we omit it. 

3.1.4. We are going to study the class U[p] and obtain for it "non-asymptotic" 
analogies of Theorem 2.8.3.3 (Jensen), 2.9.2.3 (Brelot-Borel) , 2.9.3.1 (Brclot - Hadamard) 

Theorem 3.1.4.1.(*Jensen). Let v e U[p]. Then its Riesz measure v v e -M[p]. 

Proof. As in Theorem 2.8.3.2 we have an inequality 



Substituting (3.1.4.2) in (3.1.4.1) we obtain u v € M[p,A] for some A. Thus v v € 
M[p]. □ 



Let p be non- integer and v £ A4[p]. Consider the canonical potential II (x , v,p) 
where p := [p] (see (2.9.2.1)). Let us emphasize that the support of v may contain 
the origin but i/(0) = 0, i.e., there is no concentrated mass in the origin. Thus we 
must also check its convergence in the origin. 

Theorem 3.1.4.2.(*Brelot-Borel). Let p be non-integer and let v e -M[/o]. Then 
H(x,v,p) converges and belongs to U[p\. 

Proof. Using (2.9.1.9) we have 



(3.1.4.1) 



< A(m)N(2r,u v ) 



Since v(0) = we have (Theorem 2.6.5.1.(Jensen-Privalov)) 



(3.1.4.2) 



N{2r,v v ) =M(2r,v) < M(2r,v) < 2 p ar p . 



(3.1.4.2) 




Let us estimate the integral in (3.1.4.2). Integrating by parts we obtain 
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Since v G M[p, A] for some A, 



7<(x) < A(m,p,p)A\x 



p-p 



Substituting this in (3.1.4.2) we obtain 



(3.1.4.3) 



/ G p (x,y,m)dvy 

J\y\<2\x\ 



< A(m,p,p)A\x\ p . 



Analogously, using (2.9.1.8) we obtain 



(3.1.4.4) 



/ G p (x,y,m)dUy 

J\x\<2\y\ 



< A(m,p,p)A\x\ p . 



In particular, these estimates show that H(x,v,p) exists. Now using (2.9.1.10) we 
have also 

G p {x,y,m)dv y < A(m,p) / 

'ifi<M<2M 



,2|x| 

Gp(x,y,m)du y < A(m,p) / dv(t) : 



( I- 



■ ip+i 



The latter integral can also be easily estimated by AA(m,p, p)\x\ p . Thus we have 



/ G p 

yifi<| !/ |<2|x| 



(x,y,m)dv y < A(m,p, p)\x\ p . 



Therefore by (3.1.4.4) and (3.1.4.3) we obtain M(r,U) < ar p for some a. 

Since G p (0,y,m) = for all y ^ and the integral converges, 
U(0,v,p) = 0. □ 

We will need an assertion that looks like the Liouville theorem (Theorem 
2.4.2.3). 

Theorem 3.1.4.3.(*Liouville). Let H be a harmonic function in R m and H e 
U[p\. Then H = if p is non-integer and H is a homogeneous polynomial of degree 
P if P = P * s integer. 

In particular, for to = 2 we have H(re i<t ') = r p 5R(ce ip *). 

Proof. Like in the proof of the Liouville theorem we obtain the inequality (2.4.2.9) 
and 



\c k \ < AR~ k max H(x) < AaR p ~ k 

\x\=R 
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for some a > 0. 

If k > p, we will pass to the limit when R — > oo and obtain cu = 0. If k < p, 
we will do that when R — > and obtain Cfe = 0. □ 

The following theorem can be considered as an analogy of the Brelot-Hadamard 
theorem (Theorem 2.9.3.1): 

Theorem 3.1.4.4.(*Hadamard). Let p be non-integer and v G U[p]. Then 

(3.1.4.5) v(x) = U(x,u v ,p) 
forp= [p]. 

Proof. . Consider the function H(x) := v(x) — H(x,v v ,p). It is harmonic. We also 
have by(2.8.2.5) 

M(r,H) < A(m)T(r, H) < A(m)[T(r,v) + T(r,U)} < ar p 

for some a. 

Hence, H(x) = by Theorem 3.1.4.3. □ 

Let us consider the case of integer p. 
Let v e M. [p] for an integer p = p. Set 

(3.1.4.6) n<(or,i/,p) := / G p -i(x 1 y,m)du 

J\y\<i 

(3.1.4.7) n>(x,^, p) := / G p {x,y,m)dv. 

J\v\>i 

Both potentials converge and belong to U[p\. 

Theorem 3.1.4.5 (**Hadamard). Let p be integer and let v e U[p]. Then 

(3.1.4.8) v = H p (x) +IL < (x,u,p) +IL > (x,v,p), 

where H p is a homogeneous harmonic polynomial of degree p. 

The proof is exactly the same as in the *Hadamard theorem, but we use the 
second case of Theorem 3.1.4.3. We also note that the polynomial may be equal to 
zero identically. 
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Exercise 3.1.4.1 Check this in details. 

Let as check that v from (3.1.4.8) has the following property that is analogous 
to Theorem 4.9.4.2. 

Theorem 3.1.4.6 (*Lindel6f ). Let p be integer and let v e U[p\. Then 
(3.1.4.9) lim J D p {x,y)ii{dy)=H p {x) 

c<\y\<l 



Proof. Consider the function 



f / j^^form>2; 



(3.1.4.10) v*(x) :=v(x) + < 



\x-y\" 

\v\<t 

- J log \x - y\v(dy), for m = 2. 
\y\<* 



It is subharmonic with supp i/H{0} = 0. We represent this function like in (2.9.4.10) 
in the form 

v* (x) =Ii 1 < (x, v* , p) + ni, (x, v* , p) + P*_! (x, v* ) + 5i (x, v* , p) 

In this representation we can pass to limit as e — > in the left side and in all the 
summands except may the last two from the right side. 

Exercise 3.1.4.2 Check this, using that all the integrals converge for v e 
A4(p, A) and showing that the integral in (3.1.4.10) tends to zero. 

The last two summands forms a harmonic polynomial, the limit of which is 
also a harmonic polynomial. Comparing the limit with the representation (3.1.4.8), 
we obtain that Pp_\ (*,v*) tends to zero and Si(x,v*,p) tends to H p (x). □ 

Theorem 3.1.4.7. (**Liouville). If v € U[p] satisfies inequality v(x) < for 
z e R m then v(x) = 0. 

Otherwise it contradicts to subharmonicity in 0. 

3.1.5. Let us study the connection between Fr[u] and Pr[/x u ]. 

Note the following properties of the transformations (») t and (•)[*]• 
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Theorem 3.1.5.0 (Connection between u t and fi t ). One has 

(3.1.5.0) (Mu)i = Mu t ; (Vv)[t] = Vv [t y 

Proof. By the F.Riesz theorem (Theorem 2.6.4.3) and Theorem 2.5.1.1 ,GPo3) we 
have for any ip e V'(R m ) 

< p u , ip >= 9 m < Am, ip >= 6 m < u, Aip > . 

Using the definition (3.1.3.1), we obtain 

< fa u ) t ,rp >=< (jiJtMW 1 *) > t-P^- m + 2 . 

Thus 

< ( M „) t , V >= 9rn < U, A[V>((P t )" 1 .)] > t-^~ m+2 . 

Since the Laplace operator is invariant with respect to V t for any t we have 
A[V((P t )- 1 .)]=i- 2 [AV]((Pt)- 1 .). 

Thus we obtain 

< (M„) t , V >= ^ m r p(tFm < u, [A^dPt)- 1 *) >= 

= 8 m < u(P t »)t- p{t) ,AlP >= 9 m < U t ,Alp > = < H Ut ,i> > . 

□ 

Exercise 3. 1.5.1. Do this for (•)[*]• 

We begin from the case of a non-integer p. 

Theorem 3.1.5.1 (Connection between Fr's for non-integer p). Let u G 

U(p(r)) and p u be its Riesz measure. Then 

(3.1.5.1) Fr[/i„] = {u v : v e Fr[«]}, 

(3.1.5.2) Fr[u] = {U{; v, V ):vG Fr [/*„]}. 
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Proof. Let v G Fr[/x u ]. There exists t n — ► oo such that {p u )t n ^ ^ in V . We can 
find a subsequence t' n such that Frkt]. Thus {p u )t' n — ► ^ and therefore 

z/ = iv Hence, Fr[/x„] C {z^ : w G Fr[u]}. Analogously we can prove that every 
v v G Fr[p u ] and hence (3.1.5.1) holds. 

Let v G Fr[/j, u ]. We find a sequence t n — > oo such that (p, u )t n —> v hi 2?'. We 
find a subsequence such that Uj/ — > t> G -FY[u] and = By the *Hadamard 
theorem (Theorem 3.1.4.4) v = H(u,iy,p). Hence, {H(9,v,p) : v G Fr[p u ]} C Fr[u]. 
And vice versa, since Fr[u] C U[p] (Theorem 3.1.2.2, fr2)), every v G Fr[u] is 
represented as Yl(»,v v ,p) and v v G Fr[/i] by (3.1.5.1). □ 

Let p be integer and u G U(p(rj). Let us consider the precompact family of 
homogeneous polynomials St{x,u, p)t p ~ p ^ from Theorem 2.9.4.1. For every t„ — > 
oo we can find a subsequence such that the pair (5 t i (•, u, p)t' n p p<<tn \ (fi u )t' ) 
tends to a pair (H u , v) where H v is a homogeneous harmonic polynomial of degree p. 
We denote the set of all such pairs as (H, Fr)[u]. Every v € U[p] can be represented 
in the form (3.1.4.7). Thus for every v the polynomial H v := H p is determined. 

Theorem 3.1.5.2 (Connection between Fr's for integer p). Let u G U(p(r)). 
Then 

(3.1.5.3) [H,Fr)[u] = {{H v ,v v ) : v e Fr[u]}, 

(3.1.5.4) Er[u] = {w:=ir„ + n<(.,i/,p) + n> (.,!/, p) : {H v ,v) G (W, *>)[«]}. 
The proof is clear. 

3.1.6. Up to now we supposed that the family of rotations V, was fixed. Now we 
take in consideration that it can be vary and use the notation Fr[u, V,]. 

Theorem 3.1.6.1. (Dependence of Fr on V.). Let Fr[u,V.\ and Fr[u, W,] be 
limit sets of u with respect to rotation families V, and W, accordingly. Then for 
any v G Fr[u, V,] there exist a rotation V v and w v G Fr[u, W,] such that 

v{x)=w v {V v x) 



for all x G R m . 

Proof. Let v € Fr[tt, V,] and let i n — > oo be a sequence such that t n pi " tn ^ u(t n Vt n » 
v. Since the family V t is obviously precompact there exists a subsequence 
which we keep the same notation), and a rotation V v such that Vt n — > 
and w e Pr[u, W # ] such that in^* n ^w(inWt„ # ) — > to. Now we have 

«(•) =T>' — limt- p ^u{t n V tn ») = V - \imt- p{tn) u{t n W tn W^ l V tn ») = w(V v 

□ 
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3. 2. Indicators 
3.2.1. Let u e SH(p(r)) and let Fr[u] be the limit set. Set 

(3.2.1.1) h(x,u) := sup{w(a;) : v <= Fr[u}} 

(3.2.1.2) ft(aj, u) := mi{v{x) : v e Fr[w]}. 

These Junctionals reflect the asymptotic behavior of u along rays of the form 

(3.2.1.3) Z x o := {x = tx° : t e (0,oo)} 

and are called indicator of growth of m and /ower indicator respectively. 

Of course, the indicators depend on p(r) and V t , but we will only note that if 
necessary. 

Theorem 3.2.1.1(Properties of Indicators). The following holds 
hi) h is upper semicontinuous, h is subharmonic; 
h2) they are semiadditive and positively homogeneous, i.e., 



(3.2.1.4) h(x, Ui + u 2 ) < h(x, Ui) + h(x, u 2 ); 

(3.2.1.5) h(x, u\ + u 2 ) > h(x, m) + h(x, u 2 ); 

(3.2.1.6) h,h{x,Cu) =Ch,h{x,u), C > 0; 
h3) invariance: 

(3.2.1.7) h, h[t\{ x i u ) = h, h(x, u). 



Proof. Semicontinuity of h follows from Theorem 2.1.2.8.(Commutativity of inf and 
M(.). Semicontinuity and subharmonicity of h follow from Theorem 2.7.3.4. (Sig- 
urdsson's Lemma) . The properties h2) follow from properties of infimum and supre- 
mum. The invariance follows from invariance of Fr[u] (Theorem 3.1.2.2, fr3)). □ 
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Set 

(3.2.1.8) x°(x):=P ] -l(x) 

where P t is defined by (3.1.1.1). 

This is an intersection of the orbit of P t that passes through a point x with 
the unit sphere. 

If V t = I 

(3.2.1.9) x°(x) = x/\x\ := x° 
Theorem 3.2.1.2(Homogeneity h,h). One has 

(3.2.1.10) h,h(x,») = \x\ p h,h(x°(x),*) 

Thus the indicators are determined uniquely by their values on the unit sphere, i.e., 
they are "functions of direction. In particular, they are homogeneous for V t = I: 

(3.2.1.11) h,h{x,») = \x\ p h,h(x ,*) 

The proof of (3.2.1.10) follows from h4), Theorem 3.2.1.1 if wc set t := \x\; x := 
P^x. 

3.2.2. In this item we will suppose that V t = I and study the indicator. 

Let A x o be defined in 2.4.1. Its coefficients depend on a choice of the spherical 
coordinate system. However, one has 

Theorem 3.2.2.1. Let ip(y) have continuous second derivatives on the unit sphere 
S\. Then the differential form A x oip(y)dy is invariant with respect to the choice of 
spherical coordinate system. 

Proof. Let (p(x) be a smooth function in M m . Then A(f>(x)dx is invariant with 
respect to the choice of an orthogonal system because A (the Laplace operator) 
and an element of volume are invariant. Set (f>(x) = il>(y), where y := x°/\x\. Then 

A<j>dx = A x oip(y)dy mr m ~ 3 dr. 
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Since r is invariant with respect to rotations of the coordinate system, A x oip(y)dy 
is invariant with respect to the choice of a spherical coordinate system. □ 

Note that for m — 2 this theorem is obvious because 

(3.2.2.1) A x o = 

and it does not depend on translations with respect to 6. 
We define the operator A x o on / e 2?' (Si) by 

< A x o/, xjj >:=< /, A x o^ >, V G T>{Si) 

in a fixed spherical coordinate system. 

The definition is correct. Indeed, suppose in a fixed system 

(3.2.2.2) suppV' C Si\{0j = 0;?r : j = 1,2, ...,m- 2}. 

Then all the coefficients of A x o are infinitely diffcrentiablc and A x oi/i(y) g ©(Si). 
By Theorem 3.2.2.1 we obtain that the condition of Theorem 2.3.5.2.(2?' on Sphere) 
arc fulfilled. 

Note that for m = 2 the operator A x o is realized by the formula (3.2.2.1) on 
functions of the form / = f{e l6 ), i.e., on 27r-periodic functions. 

Theorem 3.2.2.2(Subsphericality of Indicator). One has 

(3.2.2.3) [A x o + p(p + m - 2)]h(y, u) := s > 

in V (Si), 

i.e., s is a measure on Si. 

Proof. It is sufficient to prove this locally, in any spherical system. Let R{r) be 
finite, infinitely diffcrcntiable and non-negative in (0; oo) and let ip € 2?(Si) be non- 
negative and satisfy (3.2.2.2). Set <j>(x) := R(\x\)tp(x°). Using the subharmonicity 
of h(x,u) (hi), Theorem 3.2.1.1 and (3.2.2.2), we have 

< / h(x,u)A(j)(x)dx = 



Ill 



(y,r)eSix(0;oo) 



r p h(y,u) 



1 V-^ + 1a„o 



dr dr 



%l>(y)r m -*dydr. 



Transforming the last integral we obtain 



h(x,u)A.<j>(x)dx = 



(3.2.2.4) 



1 d -r-^R{r) 



dr dr 



r m x dr / h{y,u)i){y)dy+ 

J Si 



- [ r^r™- 1 R(r)dr [ h(y,u)A x oip(y)dy. 
Jo Jsi 



Integrating by parts in the first summand we obtain 
(3.2.2.5) 



/ r" 
Jo 



1 9 9 



1 f) r f) r ^ ^ 



/>OG 

r m - l dr= / R(r)p(p + m-2)r p+m - 3 dr. 
Jo 



r'" 1 dr dr 
Substituting (3.2.2.5) into (3.2.2.4), we have 

0< / r"+ m - 3 i?(r)dr / %, m)[A x o + p(/> + m - 2)]ip(y)dy. 

Jo JS! 

Since R(r) is an arbitrary non-negative function, 

/ h{y, u) [A x o + P (p + to - 2)] V(y)cfy > 

J Si 

for arbitrary ip. □ 

We will call an upper semicontinuous function which satisfies (3.2.2.3) a p- 
subspherical one. Now we are going to study properties of these functions. 

3.2.3. We consider the case to = 2. A p-subsphcrical function for to = 2 is called p- 
trigonometrically convex (p-t.c). We will obtain for such a function a representation 
like in Theorems 3.1.4.4, 3.1.4.5.(* ,** Hadamard). Set 

d 2 2 

T " : =w +p - 

Let us find a fundamental solution of this operator. 

Let p be non-integer. Let us denote as co$p(<j>) the periodic continuation of 
cos pcj) from the interval (— ir, n). 
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Theorem 3. 2. 3.1. (Fundamental Solution of T p ). One has 

—4 T p 6oap(<f> - tt) = 6(<j>) m V {Si) 

2psmwp 

Proof. Let / e £>(Si). We have 

/•27T f>27T — € 

(3.2.3.1) / 5o¥p(^- 7 r)[/ // + / 9 2 /]# = lim / cosp^ - tt)[/" + p 2 /]# 
Integrating by parts we obtain 

£ cosp(0-7r)[/" + p 2 /]^-co S p(0-^) f{4>)\ 2 r e + P^p{^) /(0)| 2M + 

/2tt — e 
/(<£)T p cosp(0-7r)#. 

However, T p cos p((/> — n) = for <f> e (e, 2-zr — e). Thus the limit in (3.2.3.1) is equal 
to /(0)2psin7rp. □ 

Let s be a measure on the circle Si . Set 

11(0, s) := / cosp(^) — -0 — ir)s(dtp). 
Jo 

Theorem 3.2.3.2.. One has 

T p n{cj),s) = (2psmirp)ds mV(Si). 

The proof is the same as GPo3) in Theorem 2.5.1.1. 

Theorem 3.2.3.3(Representation of p-t.c.f for a non-integer p). Let h be 

p-t.c. on Si for non-integer p and let s := T p h. Then 

K4>) = 7T^r — n(0, s ). 
2p sump 

The proof is like in Theorem 3.1.4.4(*Hadamard). 
3.2.4. We will suppose in this item that V t = I, m = 2, p is integer. 
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Theorem 3.2.4.1(Condition on s). Let p be integer, h be p-t.c. and T p h = s. 

Then 

/■27T 

(3.2.4.1) / e ip +ds = 

Jo 

Proof. We have for / e V{S{) : 

< s, f >=< T p h, f >=< h, T p f > . 
Since e 2? (Si) for integer p and Tpe^ = 0, we have for / := e^ 

< s,e v * >=< h,T p e ipm > = 0. 

□ 

Let us denote the periodic continuation of the function f((f>) := </> from the 
interval [0, 2w) to (—00,00) as cj). 

Theorem 3.2.4.2. (Generalized Fundamental Solution for T p ). One has 

T p [--J— 4>s\np4>] = 6(<f>) - - cosp4> 

Z7T/9 7T 

Proof. Let 4> G (e, 2n - e). Then 

T p (j) sin pcj) = 2p cos pcj) 
because <j> = cj> when cp € (e, 27r — e). We have also 

{cp sin pcj))' — sin p0 + pp cos p0. 

Thus 

< Tpisinp*, / >= / 0sin/90 T p fdcp = lim / 0sin/90 T p fdp. 

JO ^°Je 

Integrating by parts we obtain 

/27r-e 
0sinp0 T„/d0 = 0sin P 0/'(0)|f - f - 
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/2-7T-C 
T p [4>smp4>]f{4>)d<l>. 

Passing to the limit as e — > and taking in account that / is periodic and continuous 
we obtain 

< T p [i sin p»],f >= -2npf(Q) + 2p / cos p(f>f(<p)d<p = -2irpf(0)+ < cos p»,f > . 

Jo 

□ 

Set 



r 2T; 

f\(p.ds) := I (<f)- ip) sin p((j)- ip)s{di/)). 
Jo 

Theorem 3.2.4.3.. One has 

T p fl(;ds) = -2-Kpds in V'{Si) 

for s that satisfies (3.2.4-1). 

Proof. Using Theorem 3.2.4.2 we obtain 

1 f 2 " 

< T p U(;ds),f >=< s,f > < / cosp(«- ip)ds^,f > . 

n Jo 

The last integral is zero because of Theorem 3.2.4.1. □ 

Theorem 3.2.4.4. (Representation of p-t.c.f. for an integer p). Let h be a 

p-t.c.f.for an integer p and T p h := s. Then 

h(<f>) = Sice** + n(0,ds). 

for some complex constant c. 

Proof. The function H(<p) := h{4>) — 11(0, ds) satisfies the equation T p H = in 
V'(Si) because of Theorem 3.2.4.3 and it is real. Thus H(<j>) = SRce^. □ 

3.2.5. The class TC P of p-t.c. functions has a number of properties of subharmonic 
functions. 

The function cosp^ is continuous and (f> sin pcf) is continuous for integer p. 
Therefore any p-t.c. f is continuous as follows from Theorem 3.2.3.3 and 3.2.4.4. 
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Set 

£ {4>) : = ^-sinp|0|. 
2p 

For any interval / := (a,/3) <e (— 7r,7r) this function satisfies the equality 

T p £ = S 

in T>'(a, (3), where 5 is the Dirac function in zero. 

Let Gi(tp,phi) be the Green function of T p for the interval /. By definition it 
must be symmetric with respect to <p, ip and have the form 

(3.2.5.1) Gi{4>, tp) := 7p sinp|(/> — ip\ + Aj cos pcpcos pip + Bi sin p^sin pip, 

2p 

where Ai, Bj are chosen such that G/(</>, tp) be equal to zero on d{Ix I}. An explicit 
form of Gi is given by 



Gi{4>,ip) 



sm p(P-4>) sinp(^-q) f , , 

psinp ( (3 _ Q) , tor Ip < <p, 



sinp(ff-^ sinp(0-a) for ^ ^ 
v p sin p(p — a) ' r r 

The following assertion analogous to the Riesz theorem (Theorem 2.6.4.3): 

Theorem 3. 2. 5.1. (Representation on /). Let h € TC P and the let I be an 

interval of length mesl < ir/p. Then 



h(cP)=Y p {cP,h)- J Gi{<j>,iP)s{diP), 

a 

where Y p (<j>, h) is the only solution of the boundary problem: 

(3.2.5.2) T p Y = 0, Y(a) = h(a), Y(f3) = h([3) 

and ds := T p h. 
Proof. Set 



Uj^ds) := J G 7 (0,V)s(#) 

a 

One can check like in Theorem 3.2.3.2 that T p Iij = — ds in T>'(I). Then the function 

Y p (cP) -h^ + u^ds) 
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satisfies the conditions (3.2.5.2). □ 
The explicit form of Y p (4>) is 

5 y = h(a) sin p{(3 - (f) + h{(3) sin p(<j> - a) 

p sinp(/3 — 0) 

Since 11/(0) > we have 

Theorem 3.2.5.2. (p- Trigonometric Majorant). Suppose h e TC P and Y p {<f>) 
is the solution of (3.2.5.2). Then 

K4>) < Y p {<f>), G / 

if [3 — a < it /p. 

This inequality can be written in the symmetric form 

(3.2.5.4) h(a) sin p([3 - 4>) + h(</>) sin p(a - 0) + h{/3) sin p(<j> - a) > 

for max(a, </>, /3) — min(a, 0, /3) < ir/p. It is called the fundamental relation of indi- 
cator. 

Theorem 3.2.5.3. (Subharmonicity and p-t.c). A function h(<p) G TC P iff the 
function u(re^) := h(cf))r p is subharmonic in K 2 . 

Proof. Sufficiency follows from Theorem 3.2.2.2. Let us prove necessity. The func- 
tion Ui(z) := r p sin p\<j>\ is subharmonic. Actually, it is harmonic for <fi ^ 0, r^O 
and can be represented in the form 

U\(z) — max(r p sin (f>,~r p sin (j>) 

in a neighborhood of the line <fi — 0. Hence, it is subharmonic because of sh2), 
Theorem 2.6.1.1 (Elementary Properties). 

The function u 2 (z) := r p U.j((j)) is subharmonic because of sh5) and sh4), The- 
orem 2.6.1.1. The function r p Y p ((f>) is harmonic for r > 0. This can be checked 
directly. Hence, u(z) is subharmonic for r > because of Theorem 3.2.5.1. By The- 
orem 2.6.2.2 u{z) is also subharmonic for r = 0, because it is, obviously, continuous 
at z = 0. □ 
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Theorem 3.2.5.4. (Elementary Properties of p-t.c. Functions). One has 

tcl )Ifhe TC P , then Ah e TC P for A > 0; 

tc2) Ifhi,h 2 € TCp, tften /ii + h 2 , max(fti, h 2 ) G TC p . 

These properties follow from Theorem 3.2.5.3 and properties of subharmonic 
functions. 

Exercise 3.2.5.1 Prove Th.3.2.5.4. 

Similarly to (usual) convexity, p-t. convexity of functions implies several ana- 
lytic properties. 

Theorem 3.2.5.5. Let h e TC p . then there exist right (h' + ) and left (h'_) deriva- 
tives and they coincide everywhere except, maybe Jor countable set of points. 

Proof. It is enough to proof these properties for the potential 





11(0) := J sin p\(p - tp\ds^, 



because of (3.2.5.1) and Theorem 3.2.5.1. 
We will prove the following 

0-0 

(3.2.5.5) U' + (4>) = p J cos p{4> — ip)ds^ + pp(4>) — p J cos p(<f> — ip)ds^,; 

a 0+0 



cp-u p 

(3.2.5.6) H'_((f>) = p J cos p((f> — tp)ds^, — pp(4>) — p J cos p(<f> — ip)ds^,, 

a 0+0 

where p(<p) is the measure, concentrated in the point <f>. 
We have for A > 0: 

0-0 

II((/> + A f sin p\(f> + A - V| - sin p\<j> - tp\ 

t as^ + 



0+A 



0+0 0+A 
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Let us estimate the second integral. We have 

0+A 



<p+0 



sin p\4> + A — ip\ — sin p\<j) — ip\ 



ds^ < 



^ 2smpA [s( ^ + A) _ s( ^ + o)] = o(i) 

when A —> +0. 

Passing to the limit, we obtain (3.2.5.5). The equality (3.2.5.6) is obtained by 
the same way when A < 0. 

Since p{(j)) ^ at most in a countable set for all the other points 11+ (0) — 

n'_(0). □ 

3.2.6. Now we consider the case m > 3. We will obtain for the p-subspherical 
function a representation like for the p -trigonometrically convex functions. 

Theorem 3.2.6.1 (Subharmonicity and Subsphericality). Let h be subspher- 
ical in a neighborhood of y G Si. Then the function u(x) := h(y)r p , x — ry is 
subharmonic in the corresponding neighborhood of the ray x — ry : < r < oo. 

Proof. Let / e V'(R m \ 0). We can represent it in the form / := f(rx), x e Si 
where f(»,x) £ P'(0,co) for any x. 
Then 



- ■ ■ | y //;/•./■:■ A/.: /•./•:/•'" <ln 

Si 



oo 



< rx )-^T^. rm ' 1 ^.^ rx ) rm ' ldrds -+ J J u^^AxOfirxy^drdsx 
OS! a St 

Integrating by parts in the first integral, we obtain 

oo 

y p(p + m - 2)r p+m - 3 y h{x)f{rx)drds x . 

Si 

Set 



(3.2.6.1) 



S p := A x o + p(p + m - 2) 
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Together with the second summand we obtain 



< u, / >= 



o LSi 



h(x)S p f(rx)ds 1 



r P+™-3 dr > 



if f(rx) > 0. □ 

Note that the Riesz measure for such u has the form 

pi(r m - l drds x ) = r" +m - 3 drMds x ), 

where v h is a positive measure on Si, that is equal to S p h in T>'(S\). 
For a non-integer p set 



£ p (x,y) := J G p (x,ry,my +m - 3 dr, 



where G p is the primary kernel and x, y G S\. 

Theorem 3.2.6.2. For non-integer p and any p- sub spherical function h one has 

h(x) = j E p {x,y)dv h . 

Si 

Proof. Set in (3.1.4.5) v := r p h(x). It is clear that v e U[p). We have 

OO 

r»h{x) = j j G p (rx,ty,m)t p+m - 3 dtiy h (ds x ). 
Si o 

Now we make the change t' :— t/r and use the homogeneity of G p (rx, ty, to). □ 



Exercise 3.2.6.1. Show that £ p {x,y) is a fundamental solution of the operator 
S P . 

For an integer p = p set 

1 OO 

£' p (x,y) := J G p - 1 (x,ry)r<>+ m - 3 dr + J G p (x,ry)r"+ m - 3 dr. 
o 1 

Exercise 3.2.6.2. Prove. 
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Theorem 3.2.6.3. For any integer p = p and any p- sub spherical function h one 
has 

h(x) = Y p (x) + J £' p (x,y)dv h - 

Si 

where Y p is some p-spherical function. 
For any p-spherical function Y 

J Y(x)dv h = 0. 

Si 

3.2.7. We return to the general case when x € R m , V t is a one parametric group, 
p(r) is a proximate order and u G SH(p(rj). The following theorem represents 
indicators in a form of limits in usual topology. 

Theorem 3.2.7.1(Classic Indicators). One has 

(3.2.7.1) h(x,u) = sup[limsupu tj .]*(a;) = [limsupw t (a;)]* 

T tj — *oo t — >oo 

where * can be deleted outside a set of zero capacity, and 

(3.2.7.2) k,(x,u) = mf[limsuput,.]*(:r), 

T t 3 -*oo 

where T is the set of all the sequences that tend to infinity. 
Proof. Let us prove (3.2.7.1). Set 

(3.2.7.3) hi(x,u,{tj}) :— limsupu^ (x). 
Let v €Fr[u] and utj — > v in V . Then 

(3.2.7.4) hl(x,u,{tj}) = v(x) 
by Theorem 2.7.3.3. (H.Cartan+). Thus 

(3.2.7.5) sup hi (x,u,{tj}) > h(x,u). 

T 

Let e > be arbitrary small, and tj := tj(x) be a sequence such that 
h\{x, u, {tj}) > sup h*(x, u, {tj}) — e 

T 
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We can find a subsequence {tj} (we keep the same notation for it) and v <G Fr[u] 
such that u tj — > v in 2?'. From (3.2.7.4) we obtain 

h(x,u) > v(x) > sup hi (x, u, {tj}) — e. 

T 

Thus the reverse inequality to (3.2.7.5) holds. Therefore 

h(x,u) = sup h\{x, u, {tj}) 

T 

Let us prove the second equality in (3.2.7.1). Since 

sup h\(x, u, {tj}) — lim sup ut (x) 

T t^oo 

we have 

(3.2.7.6) h(x,u) > [limsup Ut]*(x) 

Let us prove the opposite inequality. Let v € Fr[u}. There exists a sequence tj — > oo 
such that u t] -» v in 2?'(M m ). By (3.2.7.4) 

[limsup ut]* > hl(x,u,{tj}) = v{x) 

Since it holds for every v G Fr[u] we have the reverse inequality to (3. 2. 7. 6). Hence, 
(3.2.7.1) is proved completely. 

Let us prove (3.2.7.2). From (3.2.7.4) we have 

inf h* {x, u, {tj}) < v(x) 

for all v € Fr[u]. Therefore 

(3.2.7.7) w£h*(x,u,{tj}) <h{x,u). 

Let us prove the opposite inequality. Let {tj} be any sequence that tends to 
oo. Let us find a subsequence {tj'} such that u t ., — > v in V(R m ). Then 

h(x,u, {tj}) > lim sup u t ., (x) . 

j'—*oo 

Taking * from the two sides of this inequality and using Theorem 2.7.3.3, we obtain 

h*(x, u,{tj}) > [lim sup u t .,]*(x) — v(x) > h(x, u). 
This implies the reverse inequality to (3.2.7.7). Hence (3.2.7.2) holds. □ 
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Corollary 3.2.7.2. If all the functions (3.2.7.3) are upper semicontinuous, then 

h(x,u) = lim sup u t (x) 
h(x, u) = lim inf u t (x) 

Proof. We have h*(x, u, {tj}) = h(x, u, {tj}) and thus 

h(x,u) = sup[limsuptit Mx) = lim inf u t (x). 
h(x,u) = inf [lim sup ut J (x) = lim inf u t (x). 

T tj^oo t^oo 

□ 

Theorem 3.2.7.3(Indicators of Harmonic Function). Let u e SH(p(r)) be 
harmonic for all the large \y\ in a "cone" of the form 

Co n ■= {y = P t x : x e ft, t e (0; oo)} 

where C Si. Then 

(3.2.7.7) h(x,u) = limsuput(x) 

t^oo 

and 

(3.2.7.8) h(x, u) = liminf Ut(x) 

t— >oo 

for x e Co n . 

Proof. The harmonicity of u in Coo implies {u t } € {x) = u t (x) for large t and suffi- 
ciently small e when x G Coq,. 

The family [u t ] c is uniformly continuous by reg3), Theorem 2.3.4.5 (Properties 
of Regularizations).Thus the function (3.2.7.5) is continuous. Therefore we can use 
Corollary 3.2.7.2. □ 
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Theorem 3.2.7.4.(Indicator for m = 2). Let u E SH(U 2 ) .Then 
(3.2.7.9) h(z,u) = lim sup u t (x) , 

i.e., the star in (3.2.7.1) can be deleted. 

Proof. Let as denote as hi(z,u) the right part of (3. 2. 7. 9). The "homogeneity" of 
the indicator (3.2.1.10) and also of hi(z,u) implies the following property: if the 
inequality hi(z,u) < h(z.u) holds for some zq, it holds on the whole orbit 



z = {P t z : < t < oo} 
that has a positive capacity in K 2 . This contradicts Theorem 3.2.7.1. 



□ 
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3.3. Densities 

3. 3.1. In the sequel G is an open set, K is a compact and E - a bounded Borel 

set. 

Let fi e M(p(r)) and Fr\p] := Fr[/z, p(r), F t ,K ro ] be the limit set of p. Set 

A(G,p) : = sup{z/(G) : v e Fr[p]}; 

~K(E,fj,) := inf{A(G,p) : G D £7}; 

A(A» := inf{i/(A) : i/ e Fr[/z]}; 

A(.E,p) := sup{A(ii') : A" C E}. 

The quality A(_E, /z), (A(E, p)) is called the upper ( lower) density of p relative to 
the proximate order p(r) and the family V t . 

Theorem 3. 3. 1.1. (Properties of Densities). The following properties hold 
densl ) if E = 0, then A(E, •) = A(E, •) = 
dens2) VE, A(E, •) < A(E, •); 

densS) monotonicity: A, ~K(Ei,») < A,~A(E 2 ,») for Ex C E 2 ; 

dens4) generalized semi-additivity 3 with respect to a set: 

(3.3.1.1) A(E 1 UE 2 ,») + A(E 1 r\E 2 ,») < A(£i, •) + A(E 2 , •) 

(3.3.1.2) A(£iU£;2,») + A(£in£2,») > A(£i, •) + A(E 2 , •). 
dens5 ) continuity from the right and from the left. 

(3.3.1.3) E n ]E => ~A(E n , •) | A(£, •); A„ | A => ~A{K n , •) [ ~K{K, •); 

(3.3.1.4) =^A(£ n) .)IA(£,.); G„ | G => A(G„, •) | A(G, •). 
dens6) semi-additivity and positive homogeneity with respect to p, i.e., 

(3.3.1.5) A(E, m + p 2 ) < A(E, m ) + A(E, p 2 ); 

3 see Exercise 3.3.1.1 



(3.3.1.6) 



A(E, m + M2 ) > A{E, ^) + A(E, /x 2 ); 
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(3.3.1.7) A, A(E, X/j,) = AA, XA(E, n) 
for A > 0; 

dens7) invariance with respect to the map (»)[ t ] (see, 3.1.2.4a), i.e., 
r p - m+2 A,A(P t E,») = A,A(E,»). 

Proof of Theorem 3.3.1.1. The property densl) holds because the empty set is open 
by definition. The properties dens2) and dens3) hold because of the monotonicity 
of v. 

Let us prove dens4). Since v is a measure we have 

v{G 1 U G 2 , m) + KGi n G 2 , //) = v[G u m) + KG 2 , m) 

for any Gi D and G 2 D E 2 . 
From this we obtain 

(3.3.1.8) v(G 1 UG 2 ,n) + v{K 1 nK 2 , f i) < u(G u n) + u{G 2 , n) 

for Kx C Ei and K 2 C E 2 . 

The right side of (3.3.1.8) is no larger than A(Gi, •) + A(Gi, •). Now we can 
take supremum over v e Fr/i in the first summand of the left side and infimum in 
the second summand. Thus we obtain 

(3.3.1.9) A(GiUG 2 ,») + A(K 1 nK 2 ,») < A(Gi, •) + A(Gi, •) 
Since A(E, •) and A(E, •) are monotonic with respect to E, 

inf{A(Gi U G 2 , •) : Gi D E u G 2 D E 2 } = A(E 1 U E 2 , .) 

and 

sup{A( J ftT 1 n X 2 ,») :K l <zE l , K 2 C £ 2 }. 
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Thus we obtain the first inequality in dens4) from (3.3.1.9). The second one can 
be obtained analogously 4 . 

Let us prove dens5). For arbitrary G D K there exists n such that K n C G 
for n > n . According to dens3) 

A(K,») <A(K n ,») < A(G,.). 

Hence, 

A(K,») < lim ~K(K n ,») < A(G, •). 

n— >oo 

Taking infinium over all G D K, we obtain the second assertion in (3.3.1.3). 
For G n t G we have the equality 

(3.3.1.10) lim A(G„,») = supA(G„,») = A(G, •) 

n— >oo n 

because one can change the order of taking the supremum on n and on v £ Fr[fj]. 
Let E n ] E and let e be arbitrarily small. One can find G n D E n such that 

A(G n , •) < A(E n , •) + e. 

Since G := 1J^° G n D E we have 

A(G„, .) - e < A(^„, .) < A(S, .) < A(G, .). 

Using (3.3.1.10), we obtain 

A(£,.)- lim A(^„,.) <e. 

n— >oo 

Since e is arbitrary small 

A(£» < lim A(£; n ,«) 

n— »C30 

and hence the first assertion in (3.3.1.8) holds. 

The assertion (3.3.1.9) can be proved analogously. 5 

4 Excrcisc 3.3.1.2 
5 see Exercise 3.3.1.3 
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Let us prove dens6).One has 



A(G, m + n 2 ) = sup{i/(G) : v £ Fr[m + [i 2 ]}- 



Since 



Fr[jm + /i 2 ] C Fr\fn] + Fr[ M2 ] 



(see frmul), Theorem 3.1.3.4 (Properties of fi > Fr[/x])) one can continue the 
previous inequality as 



= sup{j/(G) : v e Pt[mi]} + sup{i/(G) : v G Fr[ M2 ]} = A(G, ^1) + A(G, /i 2 ). 

Passing to the infimum over G D we obtain (3.3.1.5). The assertions (3.3.1.6) 
and (3.3.1.7) can be proved analogously. 6 

The properties dcns7) follow from the invariance of Fr[/u] (see frm3), Theorem 
3.1.3.3. (Properties of Fr[/j])). □ 

Exercise 3.3.1.1. Prove the subadditivity of A(E,») : 



from the Theorem 3.3.1.1. 

Exercise 3.3.1.2. Prove (3.3.1.2). 
Exercise 3.3.1.3. Prove (3.3.1.4). 
Exercise 3.3.1.4. Prove (3.3.1.6) and (3.3.1.7). 

Set for I C (0, 00) and OcSi 



< sup{i/(G) : v e Frfa] + Fr[/j, 2 ]} = 



A(£a UE 2 ,» 



) < A(E U ») + A(E 2 ,») 



and the superadditivity of A(E, •) : 



A(£i U £ 2 ,» 



)>A(E U ») + A{E 2 ,»). 



Co n (I) := {x = P t y: y e il, t e /}. 



Also set J t := (0,*). 



6. 



sec Exercise 3.3.1.4 



128 

Theorem 3. 3. 1.2. (Cone's Densities). One has 

A, A(Co a (/ t )) - tP+ m - 2 A, A(Con(/i)). 

We obtain this from dens7), Theorem 3.3.1.1, taking 1? := Con(/i). 

Exercise 3.3.1.5. Show that for m = 2, Si = {\z\ = 1}, fl = {z = e l<t > : <f> e (a, [3)} 
Cosi{I t ) is a sector of radius t corresponding to the arc (a, (i) on the unit circle. 

3.3.2. Let 5(E) be a monotonic function of E e R m . A set E is called <5-squarable 
if 

(3.3.2.1) sup 5(10 = inf 6(G). 

KCE GDE 

Example 3.3.2.1. Let 5(E) be a measure. Then (3.3.2.1) implies 5(dE) = 0, i.e., 
E is (5-squarable in sense of item 2.2.3. 

Exercise 3.3.2.2. Prove. 

Theorem 3.3.2.1. If A(dE) = then E is A-squarable. If E is A-squarable, then 
A(dE) = 0. 

Set 

E t := {x : 3y e E : \x - y\ < t}. 

This is a t -extension of E. 

A family of sets A\ is said to be dense in a family Ai if for each set E 2 & A2 
and an arbitrary small e > there exists a set E\ € A\ such that 



(3.3.2.2) E X AE 2 := (E 1 \ E 2 ) U (E 2 \ E x ) C (dE 2 ) e . 
Exercise 3.3.2.3. Prove 

Theorem 3.3.2.2. The relation "to be dense in" is reflexive and transitive, 
i.e., Ai is dense in Ai, and 

(3.3.2.3) {*4i is dense in A 2 } A {A 2 is dense in ^4 3 } {A\ is dense in ^3}. 
There are lots of squarable sets. 
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Theorem 3.3.2.3. For any monotonic 8(E) the class of S-squarable sets is dense 
in the class of all the subsets ofM. m . 

Proof. For any E C R m set 

(3.3.2.4) E(t):=EU(dE) t . 
One can check that 



(3.3.2.5) EAE(h) C (dE) t 



and 



(3.3.2.6) E{t x ) C E(t 2 ) 

for ti < t 2 - 

o 

The function f(t) := S(E(t)) is monotonic. Hence, its set of continuity points 
has a concentration point at t = 0. 

Suppose e > is arbitrarily small, and to < e is a continuity point for f(t). 
From (3.3.2.6) we have 



lim S(E(t)) < sup 5(10 < inf 5(G) < lim 5(E(t)) 

t^to-e KcEt n GDE t(> t^t +e 



Hence, E to is 5-squarable. From (3.3.2.5) we have 



EAE(t ) C (dE) c . 



□ 
Set 



A cl (E) = limsupMt(^); A cl {E) = lim inf n t (E). 



t—>oo 



These are classic densities determined without D'-topology. They are monotonic. 
The following assertion connects these densities to A and A. 
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c l 

Theorem 3.3.2.4. (Classic Densities). For any A -squarable set E 

(3.3.2.7) A c '(£) = suv{v{E) : v € Fr[/i]} = A(E, fi). 
For any A cl -squarable set E 

(3.3.2.7') A cl {E) = mf{v{E) : v e Fr[/i]} = A(E, (j,). 

The theorem follows obviously from the following assertion 
Theorem 3.3.2.5. One has 

(3.3.2.8) sup A d (K) < sup u(E) < A(E) < inf A cl (G): 

KCE i/£Fr G ^ E 

(3.3.2.9) sup A cl {K) < inf v(E) < A(E) < inf A ci (G); 

KCE iseFr GDE 

Proof. Let us prove, for example, (3.3.2.9). Let us choose any G and K such that 
K C E C G. We can find a sequence tj — > oo such that 



lim fi t] (G) = A cl (G). 

Choose a subsequence tj n such that /x+ . — > v in V for some v G Fr. 

Using Theorems 2.3.4.4.(D'and C*) and 2.2.3.1. (C*-limits), we obtain 

(3.3.2.10) u(G) < liminf Mt7 (G) = A cl (G). 

n^oo 

By the same theorems 

(3.3.2.11) A C \K) < lim sup iH jn {K) < v{K). 

n—*co 

From (3.3.2.10) and (3.3.2.11) we obtain 

(3.3.2.12) A cl (K) < u(E) < v{G) < A cl {G) 

because of monotonicity of f(E). Taking supremum over all K C E and infimum 
over all G D £, we obtain (3.3.2.9). □ 

Exercise 3.3.2.4. Prove (3.3.2.8). 



Corollary 3.3.2.6. The following holds 

(3.3.2.13) A c Vt) - A(Jf t , m) = t p+m - 2 'K{K 1 ^),t > 0. 
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(3.3.2.13') 



A d (K t ) = A(K t , f ,)=t" + - 



A(Ki,n),t > 0. 



w/iere i^t = {x : |x| < £} is £/ie 6aH. 

Proof. The right equalities follow from Theorem 3.3.1.2 with := Si. The left 
equalities hold at least for one t because of Theorem 3.3.2.4 and hence for all t. □ 

3.3.3. Let us note generally speaking that values of A and A on the sets Coa(It) 
do not determine their values even on the sets Co$-i(I) for I = (t\, £2)- However the 
following assertion holds. 

Theorem 3. 3. 3.1. (Existence of Density). Let $ be a dense ring (see, 2.2.3) 
on S\. Then the conditions 



for De$ and some t determine uniquely a measure A(fi) on S\. Fr[/x] consists of 
one single measure v and 



(3.3.3.1) 



A(Con(/ t )) = A(Con(/ t )) 



(3.3.3.2) 



u{Con{It))=t p+ 



A(fi) 



for all the t e (0, 00). 



To prove this we need an assertion that is valuable by itself. Set 



(3.3.3.3) 



A(O) := A(Con(Ji)); A(fi) := A(Con(Ji))forfi £ Si. 



We will call them angular densities because for to = 2 and V* 
an angle in the plane. 

Let fl° denote an open set in Si and Q K a closed one. 



= 70 determines 
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Theorem 3.3.3.2. (Angular Densities). One has 



(3.3.3.4) A(fi) = sup A(ft G ); A(fi) = inf A(0 K ). 



Proof. We need to prove two assertions 

(3.3.3.5) Ve > 30 G : A(n G ) < A(fi) + e; 

(3.3.3.6) Ve > 3il K : A(n K ) > A(fl) - e; 
Let us prove (3.3.3.5). Set 

f! G (e) :=Co n (h+e)U{\x\ < e}. 

This is an open set that contains Coq(Ii). One can show the following: 
Exercise 3.3.3.1. For every open set G D Co n (Ii) there exists e > and 
fl G C Si such that Q G {e) C G. 
We will show 

(3.3.3.7) A(ft G (e)) < A(ft G )+o(l) 

uniformly with respect to £1 G C Si while e — ► 0. 
We have from Exercise 3.3.1.1 

(3.3.3.8) A(n G (ej) <A(Con(Ii+e)) + A({\x\ < e}). 
The property dens7), Theorem 3.3.1.1, gives 

A(Co n a (J 1+£ )) = A(Co n a(h))(l + e y+ m - 2 . 
Since A(Co u g(Ii)) < A({\x\ < 1}) we have 

(3.3.3.9) A(Cono(Ji +£ )) = A(Cono(/i)) + o(l) 
uniformly with respect to £1 G C Si as e — > 0. 



133 



By dens7) we also have 

(3.3.3.10) A({\x\ < e}) = A({|x| < l})e p+m - 2 = o(l). 

From (3.3. 3. 10), (3.3. 3.9) and (3.3.3.8) we obtain (3.3.3.7). Hence (3.3.3.5) is proved. 
Let us prove (3.3.3.6). Set 

n K (e) :=Co Q K(h- e )\{\x\<e} 

where I is the closure of /. 

One can show the following: 

Exercise 3.3.3.2. For any compact K C Coq(I\) there exist Cl K C CI and 
e > such that K C fl K '(e) C Con(ii). 

From the definition of A(f2) and the monotonicity we obtain (3.3.3.6). □ 

Proof of Theorem 3.3.3.1. Suppose (3.3.3.1) holds .The property dens7), Theorem 
3.3.1.1, implies (3.3.3.1) for all the t e (0,oo). 
Set A(ft) := A(ft) = A(fi) for fl e 

Let us prove that A satisfies the conditions Al) — A3) from 2.2.3. The con- 
ditions Al) and A2) follow from dens3) and dens4), Theorem 3.3.1.1, Exercise 
3.3.1.1. 

Let us prove A3). By Th.3.3.3.2 for arbitrary fig$ and e > wc can choose 
Vl G D such that A(Q) > A(fL G )-e and SJ^cS! such that A(fi) < A(f7 K ) + e. 
Suppose CI' e $ satisfies the condition £1 K C fi' C Cl G . Then 

A(fi') = A(fi') < A(fl G ) < A(fi) + e = A(Q) + e 

and 

A(fi) - e = A(fi) - e < A(f7 K ) < A(fi') = A(fi'), 
implying A3). □ 
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4. Structure of Limit Sets 
4.1. Dynamical Systems 

4.1.1. The most complete and effective description of an arbitrary limit set can be 
done in terms of dynamical systems (see, [An]). 
A family of the form 

T* : M ^ M, t£R, 

on a compact metric space (M,d) with a metric is a dynamical system 

(T* , M) if it satisfies the condition 

T t+r = T t oT r^ gR 

and the map (t, m) ^> T*to is continuous with respect to (t, to), for alltgt,mg 

**** 

Let to, m' e M, and e, s > 0. An (e, s)-chain from m to m' is a finite sequence 
too = m, mi,...,m„ = to', satisfying the conditions d(T tj mj,rrij + i) < e, j = 
0, 1, n — 1, for some ij > s. 

A dynamical system (T 4 , M) is called chain recurrent (see, [HS]), an arbitrarily 
small e > and an arbitrarily large s > there exists an (e, s)-chain in M from to 
to m. 

Theorem 4.1.1.1 (Properties of Chain Recurrence). Let (T*,M) &e a dy- 
namical system on a compact set. Then the following conditions are equivalent: 

crl) M is connected and (T*,M) is chain recurrent; 

cr2) for every open proper U c M satisfying 

(4.1.1.1) T*C7 C U, -oo < t < 0, 

t/ie boundary dU contains a non-empty T -invariant subset of M; 
cr3) for every closed proper K C M satisfying 

(4.1.1.2) T*if C X, t > 0, 

t/ie boundary dK contains a non-empty T -invariant subset of M; 
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cr4 ) there does not exist any open proper V C M satisfying T T clos V C V for 
some t > 0; 

cr5) for any small e > 0, large s > 0, and every pair of points m, m' there 
exists an (e, s)-chain from m to m'. 

Proof. The conditions cr2) and cr3) are equivalent. Let us prove, for example, 
cr2)=^ cr3). Set U := M \ K. It is open. Applying to (4.1.1.2) T~* and, using 
the invariance of M, we obtain (4.1.1.1) for U. Hence dU contains a non-empty 
invariant subset of M. Since dK — dU we obtain cr2). 

Let us prove the implication crl)=>cr3). Let KcMbe closed, proper and 
satisfy (4.1.1.2). Since M is proper dK is non-empty. 

Let W denote the interior of K in M.The continuity of T and (4.1.1.2) imply 



for t > 0. Indeed, T l W C K. It must be open. Thus it can not contain any point of 
dK, since else it would contain some neighborhood of this point, contradicting the 
definition of dK. 

Suppose that dK does not contain any non-empty T-invariant set. 
Let us show that there exists s > such that 



For any m € dK there exists t — t(m) such that T*m € W. There exists a neigh- 
borhood V m of m in dK that passes to W under T*( m ) -action because of continuity 
of T'm on m. 

We also have T*F m C W for f > t(m) because of (4.1.1.3). Since dK is compact 
we can cover it by a finite number of neighborhoods and obtain s such that 



(4.1.1.3) 



T'W C W 



(4.1.1.4) 



T S K C W. 



(4.1.1.5) 



T s dK c W. 



(4.1.1.5) and (4.1.1.3) give (4.1.1.4). 
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Set e := 0.5d(dK, T S K). From (4.1.1.2) we see that T l K C T S K for t > s. 
Therefore there does not exist any (e, s)-chain from a small neighborhood of a point 
m G dK to itself. This contradicts the chain recurrence of M. 

Let us prove cr3)=>cr4). 

Assume that there exists an open proper V C M satisfying T T c\osV C V for 
some r > 0. 

We will construct K that does not satisfy cr3). Set W := [j T l V and 

0<t<T 

K := closW. 
Then 

(4.1.1.6) T S W c W,Vs > 0. 
Indeed, let s = kr + s' , s' e [0, r), fee Z. Then 

(4.1.1.7) T S VF = (J T* +S V. 

te[o,T] 

Since T r y C V we have T*+ fcT y C T l V for t > 0. From (4.1.1.7) we obtain 

T S W = (J T t+s ' +kT V C |J T t+s> V = (J T*V = 
te[o,r] te[o,r] t'e[s',r+s'] 

(J T*V U (J TV := VFi U W 2 . 

te[s\r] te[r,T+s'] 

Further we have W\ C W by definition. VF 2 can be represented in the form 

W 2 = U T t+T V. 

te[o,s'] 

Since 

r p t + T ~y = r p^T T V 

and 

by the assumption we get: 

W" 2 C W x C W. 
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This implies (4.1.1.6). 

The same holds for K because of continuity of T*, i.e. K satisfies (4.1.1.2). 
Let us prove the equality 

(4.1.1.8) K= (J T*closT. 

0<t<T 

Denote as K' the right side of (4.1.1.8). 

The set K' is closed because of compactness of [0, r] . Indeed, let the sequence 
{T tj Vj : j = 1, 2, ...} e T' J (clos V) converge to w. Choose a subsequence tj k -^s£ 
[0,t]. Then 

v := lim Vj k = lim T~* j <=u> — T~ s w. 

Since clos V is closed, u € clos V. Thus w; = T s v for some s e [0, r] and some 
v G clos V, i.e. w e if'. 
Now, W <z K' because 

TV C clos TV = T*clos V. 

Hence, 

X := clos W C clos A" = K' . 

We also have 

(TV C IT Vi G [0, t]) => (clos TV = T*clos V C clos W — K, Vt E [0, r]). 

Hence, K' C if. Therefore K = K' , i.e. (4.1.1.8) holds. 

From (4.1.1.8) and T T clos VcFwc obtain T T clos W C W. Hence T T <9ir C 
FT. This and dK n IT = imply 

(4.1.1.9) T T dKndK = 0. 

To obtain a contradiction and complete the proof of cr3)=> cr4) we have to 
show that if is a proper subset, because both cases: dK = and dK ^ will 
contradict cr3). 
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Since V is proper T l V is proper for any t G (—00,00). Otherwise T l V = M 
implies V = T~ l M = M that is a contradiction. 

Since V is a neighborhood of the compact set T T clos V we can find a > such 
that T* o T T clos V C V for t G [0, a]. Then T*clos V C T~ T V for t G [0, a]. 

By iteration of this inclusion we obtain T Jt clos V C T~ JT V for any integer 
j. When ja > r it follows that K C T _J ' T V r . The last set is proper because we 
mentioned already that T l V is proper for any t G (—00,00). Hence K is proper. 

So K satisfies the conditions of cr3) but dK docs not contain a non-empty 
T-invariant set. This contradiction proves the implication cr3)=^> cr4). 

Let us prove cr4)=4>cr5). Let e > be small and s > be large. Let V 
denote the set of all ml € M such that there exists an (e, s)-chain from m to 
ml. This set is open and closed. Indeed, let ml G V. There exists an (e, s)-chain 
m = mo, m n _i, m n = in' from m to ml. Choose e\ < e — d{m n ,m n -\) and 
consider the closed neighborhood W := {to" : d(m',m") < ei}. Then for any 
to" g W the chain to = too, ...,to„_i,to„ = m" is an (e, s)-chain from to to to". 
Hence, with every point V contains its closed neighborhood. Therefore it is open 
and closed. Therefore it is a connected component of M. 

We also have T s m G V because for that case n = 1, mo = m, m\ = T s m. Hence 
T s clos V C V. If V does not coincide with the whole M the latter contradicts to 
cr4). Hence V = M. 

Finally, let us prove cr5)=> crl). If M is a union of two non-empty disjoint 
sets A and B, then both of them are open end closed. Since M is compact, the 
distance e between A and B is positive . Hence every (e/2, s)-chain starting at a 
point of A remains in A, contradicting cr5). 

Since for every point m G M the set V from the proof of cr4)=^> cr5) coincides 
with M, crl) holds. □ 

Theorem 4.1.1.2. Let T* be chain recurrent on M a ,a G A. Then T* is chain 
recurrent on M = [J aeA M a . 

This is because every (e, s)- chain from to to to' in M a is also (e, s)-chain in 
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M. 

4.1.2. Here we prove two auxiliary assertions that will be used further. 

Theorem 4.1.2.1. Let T be chain recurrent on a connected compact M and let 
{qj} be a sequence in M. Then there exist sequences {a v } and {uo u } of real numbers 
and a sequence {p u } in M having {qj} as a subsequence, such that 

(4.1.2.1) a v — > — oo; uj u — > oo 
and 

(4.1.2.2) d{T u »p v ,T a »+*p v+x )^G 
as v — > oo. 

Proof. In addition to {a u }, {oj u } and {p v } we define, by induction, a sequence 
{e„} of positive real numbers, tending to zero, and an increasing sequence {vj} of 
positive integers, such that {p Vj } = {qj} and 

(4.1.2.3) d(T u "p v ,T a "+ 1 p v+1 )<e v ,u= 1,2,.... 

We start by setting ct\ — — 1, t\ = \,v\ = 1, u>\ = 5 and p\ — q\. Assume now 
that a v , e v , u) v and p v have been chosen for v = 1, 2, i/j. Set 

(4.1.2.4) a = a Vj - 1, e = u=u Vj . 

By Theorem 4.1.1.1, cr5) there exists a sequence r := T w qj,r\, ...,r m := T a qj + i 
such that d(T tk rk,rk+i) < e for fc = 0,1,..., m— 1, where ifc > w. Now we set 
fj+i = Vj + m + 1. For f = z/j + fc + 1, fc = 0, 1, m — 1, we set ct v = — tfc/2, u„ = 
tk/2,p u — T tk / 2 rk, and finally, for ^ = we set a„ = a,e v = e,u> v = u) + l,p v — 

Let us check that with this setting the properties (4.1.2.1) hold . Since oj Vj+1 = 
oj Vj + 1 we have u Vj — ► oo as j — > oo. From tk > u) = w Vj we obtain a„ — > — oo and 
w„ — > oo. Hence (4.1.2.1) holds. 
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One can see from (4.1.2.4) that e u = e Vj /2 — > 0. To prove (4.1.2.2) it is enough 
to check (4.1.2.3). For k = we have p v = T u '/ 2 r = T to / 2 +^q 3 = T ta l 2+bJ p Vj . 
Hence, T a »p v = T"p Vj = T^p Vj . Thus 

(4.1.2.5) d(T w "ip Vi ,T a "p v )=0 
for this case. 

For k = 1, ...,m — 2 and the corresponding we have 
T""p v = T tk/2 o T tk/2 r k = T tk r k 

and 

T a '^ Pv +i = T~ tk+1 t 2 o T tk+1 / 2 r k+ i = rfc+i. 

Hence, 

(4.1.2.6) d{T»"p v ,T a »+ 1 p v+x ) = d(T tk r k ,r k+1 ) < e = e„ 
Finally, for the last link of the chain we obtain 

k = 771-1, V = Vj + m, u+l = u j+ i, a Vj+1 = a, 

T Q " +1 p,+i = T a '^p Vj+1 = T a q 1+1 = r rn 

Thus (4.1.2.6) holds for k = m - 1. Hence, (4.1.2.3) also holds. Therefore (4.1.2.2) 
holds. □ 

Lemma 4.1.2.2. Letp k ,q k € M and d(p k ,q k ) — > as fc — > oo. TfteTT, i/iere exists 
a sequence {7^ | 00} swc/i tftaf 

(4.1.2.7) d(7> fe ,T T a fe )^0 
uniformly with respect to r € [— 7fc+i>7fc]- 

Proof. Let [—7,7] be a fixed segment. Then d(T T p k ,T T q k ) — > uniformly in this 
segment. 
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Indeed, suppose there exist sequences Tj,kj such that d(T Tj p kjl T Tj q kj ) > e > 
0. Choosing a subsequence we can assume that tj — > t e [—7, 7], p/^ -^p£M and 
9fej — > 5 = P- Using continuity of T T m on (r, to) and continuity of rf(»,») in both 
arguments we obtain = d(p,p) > e > 0. 

Denote 

e( 7 ,fc):= max d(T T Pk ,T T q k ). 
re[-7,7] 

This function increases monotonically in 7 and tends to zero for any 7 as fc — > 00. 

Choose l n such that e(n, k) < 1/n for fc > Z„. Set 7^+1 := n for Z n < fc < l n +i- 
One can see that 6(7/5+1, fc) — + as fc — > 00. Since 

max d{T T p k ,T T q k ) < e(j k+1 ,k), 

re[-7 fc + i,7 fe ] 

{ 7fe } satisfies (4.1.2.7). □ 

4.1.3. Let us consider some corollaries of the previous results. 

Theorem 4.1.3.1. (T*, M) is chain recurrent iff M is connected and for any m € 
M, small e > and large s > t/iere exist an (e, s)-chain from m to m. 

i.e. we can omit V from the definition of the chain recurrence. The assertion 
follows from cr5). 

Exercise 4.1.3.1. Prove Theorem 4.1.3.1. 

We connect the property of being chain recurrent with other well known char- 
acteristics of dynamical system . 

A point to € M is called non-wandering (see [An]) if for any neighborhood O 
of to and arbitrarily large number s € R there exists to e O and t > s such that 
T*m G O. 

This means that the "returns" take place to an arbitrary small neighborhood 
of the point Too- We shall denote as Cl(T') the set of non-wandering points. It is a 
closed invariant subset of M. 

The set A C M is called an attractor if it satisfies the following conditions: 
attrl) for any neighborhood O D A there exists a neighborhood O ', icfc 
O such that T l O' CO t6l, where T'C is the image of O'; 
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attr2) there exists a neighborhood O D A such that T*m — > A when t — > oo 
for to e 0. 

Theorem 4.1.3.2. If 'fi(T') = M, t/ien (T\M) is chain recurrent; if(T\M) has 
an attractor M, it is not c/iam recurrent. 

Proof. The property fi(T*) = M obviously implies the chain recurrence for m = 
1. Suppose there exists an attractor A^M. Take a point m that does not belong 
to A and choose a neighborhood O D A such that d(mo, clos 0) = 2e > 0. This is 
possible because an attractor is closed. Let O' be chosen by attrl) and s be such that 
T s m G O' . Then there does not exist any (e, s)-chain from a small neighborhood of 
Too itself. By Theorem 4.1.3.1 (T*,M) is not chain recurrent. □ 

Let us give examples of dynamical systems on connected compacts that are 
chain recurrent. 

Theorem 4.1.3.3. Let M be a connected compact and let T* be the identity map. 
Then (T*,M) is chain recurrent. 

This theorem, of course, is trivial. However, if M consists of a single point 
this dynamical system determines an important class of subharmonic and entire 
functions of completely regular growth (see [L(1980),Ch.III]). 

Let to e M. Set 

(4.1.3.1) C(m) := c1os{T*to : -oo < t < oo} 

It is closed, connected and invariant. 

Exercise 4.1.3.2. Prove this. 

Let us denote as Q(m) the set of all limits of the form 

(4.1.3.2.) fi(m) := {to' G M : (3t k -> oo)(m' = lim T tk m} 

This is a limit set as t — > oo. It is the "tangle" at the end of the curve. Denote by 
A(to) the analogous set for t — ► — oo. 

Exercise 4.1.3.3. Prove that A(to) and Q(m) are invariant. 
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Theorem 4.1.3.4. (T*,C(m)J is chain recurrent iff 



(4.1.3.3) 



A(m) n fi(m) ^ 0. 



Proof. Suppose B := A(m)r\Q(m) = 0. Then Q(m) is an attractor and (T*, C(m)) 
is not chain recurrent by Theorem 4.1.3.2. 

Suppose B ^ 0. We will use cr2) from Theorem 4.1.1.1. 

Let U be an open proper subset of C(m) satisfying (4.1.1.1). Consider two 
cases: 

i) B contains a point of U. Thus U contains a sequence of form T tk m, tk — * oo. 
From (4.1.1.1) we obtain that U contains T'm for all t € (— oo, oo). Thus U D C(m) 
and clos U = C(m). Set X = C(m) \ [7. One can show that K satisfies (4. 1.1. 2) (see 
the beginning of proof of Theorem 4.1.1.1). Hence K contains the set 



t>o 

that is invariant ( Exercise 4.1.3.4). 

Therefore K* C K C clos U\U — dU. By cr2) (T*, C(m)) is chain recurrent. 

ii) B contains no point of U. Then S C A(m) C By cr2) (T*,C(m)) is 
chain recurrent. □ 

Exercise 4.1.3.4. Let [7 satisfy (4.1.1.1) and K := M \ U. Prove that K* from 
(4.1.3.4) is invariant. 

4.1.4. The connectedness of M is a necessary condition for a dynamical system to 
be chain recurrent. 

Let M be a subset of a linear space. The set M is called polygonally connected 
if every pair of points m\,m2 can be connected by polygonal path. 

Of course, polygonal connectedness implies connectedness and even arcwise 
connectedness. 

Theorem 4.1.4.1. Let (T*, M) be a dynamical system such that M is a polygonally 
connected set. Then (T* , M) is chain recurrent. 



(4.1.3.4) 
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Proof. Let U be an open proper subset of M, satisfying (4.1.1.1). We choose mi e U 
and m 2 in an invariant subset K* of K := M \ U. Then there exists a polygonal 
path from toi to to 2 : 

m e := (j + 1 - B)m! 3 + (6- j)m' j+1 , for 9 e + 1] 

j = 0, 1, I — 1; Too : ~ m i> m J := m 2- 
Now M is invariant, so for each t the continuous path 6 i— > T*me lies in M. 

If f e (—oo,0) its initial point T'mi belongs to {/ and its cndpoint T*to 2 
belongs to K* C if. 

For each t e (— oo, 0) we set 

0(t) := min[6 G [0; Z] : T'to^ G if]. 

Then 0(t) > 0, T*m ( t ) <E 9i7 and (4.1.1.1) implies that t i— » 0(t) is a decreasing 
function. Hence the limit 

6>(-oo) := lim 6{t) 

t—> — oo 

exists and is positive. 

Set m 3 := mgr^y We claim that A(m 3 ) C 9[/ (A(-) is a set defined before 
Theorem 4.1.3.4). If 0(-oo) € (j, j + 1] for some j e [0,Z] then 0(t) e + 1] for 
f that is near to — oo, and 

T*m 3 = r*m 0(t) + (0(i) - 0(-oo))T*to;- + (0(-oo) - e(t))T*mJ +1 . 

The first term in the right hand side lies in dU. The set M is compact and 
invariant so the other terms tend to zero as t — > — oo. Hence ^(7713) C dU. 

Thus dU contains this invariant subset and (T 4 , M) is chain recurrent by cr2), 
Theorem 4.1.1.1. □ 

We have the obvious 

Corollary 4.1.4.2. Let (T*,M) be a dynamical system such that M is a convex 
set. Then (T*,M) is chain recurrent. 

This is because the polygonal path can be taken as a line segment connecting 
every pair of points. 
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4.1.5. Let U(p,a) be a set of subharmonic functions denned in (3.1.2.4). It is 
invariant with respect to the transformation (»)[t] defined in (3.1.2.4a). 
Set (subindex!) 

(4.1.5.1) T t v:=v [et] . 
Since (»)[ t j has the property (3.1.2.4b*) 

(4.1.5.2) T t+T v = (T t o T T )v, Vt, r e M. 

By Theorem 3.1.2.3 T, is continuous in the appropriate topology and hence (T., U[p, a]) 
is a dynamical system. 

Theorem 4.1.5.1 (Universality of U[p,a]). Let (T',M) be a chain recurrent 
dynamical system on a compact set M. Then for any p, a there exists U C U[p, a] 
and a homeomorphism imb : M U such that imb o T* = T t o imb, t g (—00,00). 

i.e., any dynamical system can be imbedded in (T., U[p,a]). 

It is sufficient to prove the theorem by supposition P t x — tx because (T 4 P , U[p, a]) 
is a dynamical system for any P t and imb : (T t , U[p, a]) (T t p , U[p, a]) where 
imb : u(x) T- t Tfu(x) is also a homeomorphism of dynamical systems. 

Exercise 4. 1.5.1. Consider Theorem 3.1.6.1 from this point of view. 

We need some auxiliary definitions and results. Let us denote as MiS™ 1 ' 1 ) the 
set of measures v with bounded full variation on the unit sphere S m . Introduce 
the metric d{v, 0) := Var v and consider the set 

K := {v : v > 0, d(v,0) < 1}, 

i.e., the intersection of the cone of positive measures with the unit ball. 

The following assertion is a corollary of the Keller's theorem (see, e.g. [BP, 
Th.3.1, p.100]). 

Theorem 4.1.5.2 (Imbedding). Every metric compact set can be homeomorphi- 
cally imbedded to K. 
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Thus we can assume below that for any m £ M there exists a positive measure 
Y(;m) =Y(dx°,m) £ K 

such that 

(4.1.5.3) (Y(», mi) = Y(; m 2 )) => (mi = m 2 ) 

and Y(», m) is continuous with respect to the metrics. 

We also introduce a new coordinate system. For x := e v x° £ R m \ set 
Pol(x) — (y, x°). This formula gives a one-to-one map from R m \0 onto the cylinder 
Cyl := (-00,00) x S™- 1 . Thus, for any (y,x°) £ CyZ, Pol^iy^x ) = e y x°. 

For m = 2 this is a common cylinder. 

4.1.6. 

Proof of Theorem 4- 1-5.1. We consider separately the cases of integer and non- 
integer p. 

Let p be non- integer and a > 0. For any v £ £/[p, cr], one has the representation 
of Theorem 3.1.4.4. 

(4.1.6.1) v(x) = n(x,p,p) 

where p £ M[p, A] and A depends only on a (Theorem 2.8.3.3). 
Vice versa, every p £ M[p, A] generates v by (4.1.6.1) and 

v [t]( x ) = n(x,^ [t] ,p). 

Let us "transplant" p in Cyl. For p that has a dense / p (rx°), we set 
v{dy ® rfa; ) := f lt (e v x°)e(-"- 2 ) v (dy <g> dx°). 
i.e., the density /„ of 1/ is defined by 

/,(^°,y) := U(ev x °)el-^v. 
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Respectively 



U(x°,r) = Mx°, log r)r"+ 2 



We can extend this equality for all p £ M. [p, A] by using limit process in V 
topology. 

Exercise 4. 1.6. 3. Do that using, for example, Theorem 2.3.4.5. 

We can also define v as a distribution in V{Cyl). Namely, for ip £ T>(Cyl) we 

set 



<z/,V>:= J ip*{x°,r)p(dx° ®r m_1 dr) 

Exercise 4. 1.6. 4. Check that this definition gives the same v. 
The transformation P t x — (x°, tr), rx° e K m \ passes to 

Pol oP t o Por 1 (x°, y) = (x°, y + logt) 

Thus T e rp gives a transformation S T u defined by 



•) := v>(PorV 



:°, log r))r- p 



i-m+2 



and 



StU(x ,y) :=f„(x°,y + t) 



for densities or by 



(4.1.6.2) 




for distributions ( ip e V{Cyl).) 



Exercise 4. 1.6. 5. Check the equivalence. 



From p £ -M[p, A] we obtain 



(4.1.6.3) 




Exercise 4.1.6.6. Check this. 



Let X(t) be a positive function satisfying the condition 



oc 




— C30 
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and such that the linear hull of its translations are dense in L x (— 00,00). We can 



chose, for example, the function 



because its Fourier transformation does not vanish in R (it is ~ ) . 
Exercise 4. 1.6. 7. Check these properties. 
Let us define v(»,m) by 

(4.1.6.4) < z/(»,m),V) := J ip(x° ,y) I p J Y(dx° ,T y - t m)X(t)dt 

(x°, V )eCyl V -00 

Now we check the property 

S T v{»,m) — ^(»,T T m) 

Using (4.1.6.2), we obtain 

/ 00 

S T v{;m),ip >= J tp(x°,y) lp J Y(dx°, T y+T - t m)X(t)dt J dy = 



dy. 



< 



j i)(x°,y) |p J Y(dx°,T y - t (T T m))X(t)dtj dy v{*,m),T T m > . 

We also check the condition (4.1.6.3). 

00 

J e py 'S t v{dy ® dx°) = J X{t)dt J e py )pdy J Y(dx°,T y+ 



y<0 —00 y<o 



00 

<supY(S m - 1 ,T T m) / X{t)dt<\, 

tGR J 



since Y(», • ) e K. 

Now we should "transplant" v back to R m \ such that S T passes to (»)[ e 
Define /x(«,m) by 

(4.1.6.5) < n(;m),ip* >:=< v(;m),i/) >, 
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where iP*{rx°) e V(R m \ 0) and 

1>(x°,y) := ^*{e y x Q )e- (p - m+2)y e X>((7yi)- 

Then 

< Ou) [eT ],V* >=< (n),T- T ip* >=< i/,S-t^ >=< 5 r i/,V > ■ 

The condition /z(«,m) € cr] is also satisfied. 
Exercise 4. 1.6. 8. Check these properties. 

Now we use (4.1.6.1) to transplant the dynamical system to U[p, a]. This com- 
pletes a construction of an homomorphism (T*, M) i— » (T t , U[p, a]). 

Let us check that it is an imbedding, i.e., we must check the one-to-one corre- 
spondence. One-to-one correspondence of v(»,m) and /i(»,to) is known (Theorem 
3.1.4.4). One-to-one correspondence of //(•, m) and v(»,m) can be also checked 
easily. 

Exercise 4.1.6.9. Check this in details. 

So we should check the one-to-one correspondence of u(; m) and Y(», m). 
Suppose 

v(;mi) = !/(t,m 2 ). 

Then 

< !/(»,mi),^ >=< ^(•,m 2 ),V > V-0 e T>(Cyl). 

In particular, set 

V-(a; ,y) = (p(x°)R(y), e P(5 ,m " 1 ), i? e X>(-oo, oo). 

Then 

OO 

(4.1.6.6) <!/(•, mi), V >= j R{y)dy j <Y(;T y - t m 1 ),<l>> Sm -iX(t)dt = 

— oo 
oo 

=<i/(»,m2),V>= J R{y)dy j <Y(;Ty- t m 2 ),<l>>sm-i ■ 
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where 

<¥(•),</> > sm -n= J 4>(x°)Y(dx a ). 

gm-l 

Set 

Fjiy) :=< Y(;T»mj),<l>>s m -i, 3 = 1,2. 
From (4.1.6.6) we obtain for the convolutions 

(F 1 *X)(y) = (F 1 *X)(y), ye (-00,00). 

Thus 

= F 2 (y), ye (-00,00) 

because of the property of X. 
Hence 

K(.,T I 'mi) = y(»,T , 'm2), ye (-00,00). 
In particular, for y — we have 

F(»,rai) = F(»,m 2 ). 

Hence mi = m 2 because of (4.1.5.3), and this completes the proof of one-to-one 
correspondence. 

Consider the case of an integral p. For this case we can use v € U[p, cr] of the 

form 

v(x) = n< (x, ju, p) + n> (x, ju, p) 

instead of (4.1.6.1). 

□ 

Exercise 4.1. 6. 10. Check this. 

4.1.7. The most simple set satisfying the conditions of Theorem 4.1.3.4 is the set 
that is generated by a function u£ U[p] that has the property 



"[te p ] = v [t]i t e (0,00) 
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for some P. 



Then 



T t+P v = T t v, t e (0, oo) 



i.e., the dynamical system T. is periodic with the period P on the set 



C(v) := {T t v :0<t<P}. 



Theorem 4.1.7.1(Periodic Limit Set). For all P > 0, p > 0, a > 0, there exists 
v e [/[/?, er] smc/i iftai i/ie dynamical system (T.,C(u)) is periodic. 

Proof. Suppose p is non-integer. Let us take p e A4[/o, A] such that the canonical 
potential n(a;, p, [p]) belongs to U{p, cr}. This is possible because of Theorem 3.1.4.2. 
Denote as p* p the restriction of p on the spherical ring {x : 1 < \x\ < e p } and 

set 



oo 




We have pp G M[p, A] and 



DC 



Tt+ppp = T t { T( k+1)P pp) = T t pp. 



k— — oo 



Then v := H(x,pp, [p]) G t/[/0, <r] and T t +pv = T t v because of (3.1.5.0). 



For an integer p we use the function 



v(x) := n<(a;,^p,p) + U > (x,p P ,p). 



□ 
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4.2. Subharmonic function with prescribed limit set 

4.2.1. The following two theorems describe structure of limit sets in terms of dy- 
namical systems. 

Theorem 4.2.1.1 (Necessity). Let u e SH(R m , p, p(r)). Then the dynamical 
system (T.,Fr[u, •]) is chain recurrent. 

The chain recurrence is also sufficient. 

Theorem 4.2.1.2 (Sufficiency). Let U be a compact connected andT,- invariant 
subset ofU[p,a] for some a > 0, such that the dynamical system (T,,U) is chain 
recurrent. 

Then for any proximate order p(r) — > p there exists u e SH(M. m , p, p(r)) such 

that 

Fr[u,p(r),V u W n ] = U. 

Proof of Theorem 4-2.1.1. We need the curve ut, t > 1, and Frkt, •] to be contained 
in a common metric space X. Thus we set 

X :={vE SH(R m ) : supM^^r"- 1 < sup M(r, u)^^ 1 }. 

r>l r>l 

We want to use Theorem 4.1.1.1 cr 2). Let U be an open proper subset of Fr[u, •] 
satisfying (4.1.1.1) and let F be a T.-invariant subset of K := Frkt, •] \ U. 

Such F exists. Indeed, K is closed and T t K C K for t > (see proof of 
Theorem 4.1.1.1, cr2)^=^cr3)).Thus Sl(K ) ciCwherefi(t) was defined in (4.1.3.2). 
The set Q(K) is invariant with respect to T t (see Exercise 4.1.3.2). So the set of 
such sets F is not empty. 

If F intersects dU at a point v, then A(v) Cffl dU. Since A(v) is invariant 
(Exercise 4.1.3.3) dU contains a nonempty T. -invariant set. So we obtain the 
assertion of the theorem using Theorem 4.1.1.1, cr2). 

Suppose F does not intersect dU. Let Uq be an open set in X such that 



(4.2.1.1) 



U G n Frkt, •] = U, clos U n Frkt, •] = clos U. 
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(see Exercise 4.2.1.1). Since clos Uo n F = we can take a sequence of open 
neighborhoods U\, U2, ■■■ of F in X such that the all sets clos Uj, j = 1, 2, ... do 
not intersect clos Uo and Uj J. F. 

By definition of Fr[u, •] we can find intervals aj < t < bj with aj — > 00 such 
that u e »j € <9£/j, u e b J e 9[/ , and w e t ^ clos C/ U clos Uj for a,j < t < bj. We can 
pass to a subsequence and assume that 

(4.2.1.2) u e *i ->weF. 
Let us use the following identity : 

(4.2.1.3) V^=K^)e / ( ^y . 

By (4. 2. 1.2), (4. 2. 1.3) and the property (3.1.2.2) of a proximate order we obtain 

u e t+ aj — > T t w e F 

uniformly for any bounded set of t. 
Thus bj — a,j — » 00. 

Passing to a subsequence we may assume that u e bj -^»e Fr[u, •] n dUo = dU. 
Since u^+bj — » T t w and u t+tj <^ E/o when a, — 6j < i < we obtain that T t v ^ ?7 
when t < 0. 

Hence the whole backward orbit {T t v : t < 0} lies in dU, which must therefore 
contain the T.-invariant set A(v). □ 

Exercise 4.2.1.1. Prove that the set 

Uo ■= [j{w e X : dist(v, w) < dist(v, K)/2) 

v£U 

satisfies the conditions (4.2.1.1). 
Proof. We have 



U a D U U a n Fr[u, •] D U n Fr[u, •] = [/■ 
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Thus 



(4.2.1.4) U n BV[u, •] D U 
From (4.2.1.4) we have 

(4.2.1.5) clos U n Fr[u, •} = clos U n clos Fr[u, •] = clos (U n Fr[u, •]) D clos [/ 
Finally (4.2.1.4) A (4.2.1.5) => (4.2.1.1). □ 

4.2.2. To prove Theorem 4.2.1.2 we need some preparation. Theorems of the next 
items form the basis of the construction that we will use in the proof. 

Let (3 be an infinitely diffcrcntiablc function on R such that < (3(x) < 
1, f3(x) = for x < and (3(x) = 1 for x > 1. We can set, for example, 



Pix) := A I a(y + l)dy 
where a is taken from (2.3.1.1) and 

A= j a(y + l)dy. 

— oo 

Suppose that the sequences {r^, a^, fc = 0, 1, ..} satisfy the following conditions: 
(4.2.2.1) r = 1; r k < r k a k < r k+1 /a k+1 < r k +i, k = l,2, ... 



(4.2.2.2) gfc t oo; Tk+1 — too. 



Set 



Mr) ~P 

(3 



logr - log(r fc /g fc ) 
log(cr fc r fc ) - log(r fe /crfe) 

logr - log(r fe+ i/CT fc+ i) 



\og(a k+1 r k+1 ) - log(r fe+ i/cr fc+ i) 
logr - log(ri/ai) 



^o(r) := 1 - 



log(airi) - log(n/<7i) / 
The sequence {^p k } 1 k — 0, 1, ... forms a partition of unity with the following prop- 
erties 
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Theorem 4.2.2.1(Partition of Unity). One has 



oo 




fc=0 



(prtu2) 



supp^fe C (r k /cr k ,r k+1 a k+1 ): 



(prtu3) 



i>k{r) = 1, for re (r k cr k ,r k+1 /a k+1 ): 



(prtu4) 



supp?/>fc H supp?/>; = for \k — l\ > 1; 



(prtu5) 



lim maxf/'fe(r)r = lim max^'(r)r- 2 = 0. 

k^oo r k^oo r 



Moreover 



(prtu6) 



ma,x\ip' k (r)r\,ma,x\ip k / (r)r 2 \ < 7fc 



where ^ k can be made to tend to zero arbitrarily fast by choosing the sequences {a k } 
and {r k }. 

Proof. Set 



The functions j3 k {r) and [3 k+ i(r) vanish for r < r k /a k because (3{x) = for x < 0, 
and both of them are equal to one for r > a k r k because (3(x) = 1 for x > 1. Hence, 
(prtu2) holds. 

One has for any r G (0, oo) 



As mentioned (3 n+ i(r) = for n such that r n+ i/a n+1 > r. Thus (prtul) holds. 
Counting derivatives of iph, w e have: 



[(\og(a k r k ) - \og(r k /a k )) 1 + (log(cr fe+:L r fc+:L ) - log(r fc+ i/o- fc+ i)) x ] max \f3'\(x). 

Thus we can take the right side of the inequality as -f k and regulate its vanishing 
by choice of the ratio in (4.2.2.2). The same holds for r 2 tp"(r). Hence (prtu5) and 
(prtu6) are proved. 

Exercise 4.2.2.1. Check (prtu4). □ 




n 



^ Vfe = 1 - Pn+i{r). 



k=0 



max | rip' k (r) \ < 
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4.2.3. Now we construct a function which is of zero type but has a " maximal 
possible" mass density. 

Theorem 4.2.3.1 (Maximal Mass Density Function). Let p(r) — ► p, p > 
be a smooth proximate order (i.e., having properties (2.8.1.8)), and let j(r), r G 
[0, oo), satisfy the conditions: j(r) > and -f(r) — > 7 as r — > oo. 

Then there exists an infinitely differentiable subharmonic function $(x) such 

that 

(4.2.3.1) A$(x) > 1 (x)\x\ p{r) - 2 
and 

(4.2.3.2) ($) t -» 

m I?' as t — > oo. 

To prove Theorem 4.2.3.1 we need an elementary lemma. 

Theorem 4.2.3.2 (Convex Majorization). Leta(s), s e [s ,oo) be a function 
such that a(s) — > — oo as s — ► oo. 

Tften £/iere exists an infinitely differentiable, convex function k(s) such that 

hi) k(s) > a(s); 

fc£j k(s) I — oo as s — > oo; 

fc<")(s) -» /or a«n= 1,2,... . 

Proof. Set 

a*(s) := sup{a(t) : t > s}. 

Then a*(s) J. — oo as s — > oo. 

Set &o : = — a *( s o) an d denote as s(6), 6 € [bo, +oo) the function inverse to the 
function —a*(s). Let us construct a convex function that majorates s(b) and tends 
to infinity monotonically with all its derivatives. It can be done in the following 
way. 
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First we construct a piece-wise linear convex function. Set 

si(b) := s + 1 + a (b - bo), b E [b ,b + 1], 

and chose ao such that the inequality Si(b) > s(b) holds for b <G [bo, b + 1]. 
For this we choose 

s(b) - s - 1 
a > sup — 

fee [bo, bo +i] b ~ b o 
Since s(b) — s — 1 < the right side is finite. 
For all the following intervals we set 

si(&) := siOo +j) + aj(b - b - j), b G [b + j, b a + j + 1], 

where aj > ctj-i and satisfies the condition 

si(6) - si(6 + j) 
aj > sup — : 

be[b +j,b +j+l] °-°0-J 

To obtain a smooth function set 

(4.2.3.3) s 2 (b) := J a(b - x)s 1 (x)dx, 

where a(x) is defined by (2.3.1.1). Then 82(b) is infinitely differentiable, monotonic 
and convex . 

Exercise 4.2.3.1. Check this. 

Set 

(4.2.3.4) k(s) := -.s^ 1 ^), 

where s 2 ^ 1 (s) is the inverse function to One can check that k(s) satisfies the 
properties kl), k2), k3). 
□ 

Exercise 4.2.3.2. Check that k(s) satisfies kl),k2),k3). 
Proof of Theorem 4-2.3.1. We are going to show that $ can be taken in the form 

(4.2.3.5) $(jc) :=ce fe ( los l x l 2 )|a;|^l x l). 
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where c and k(s) will be chosen later. 

Note that <&(x) = $(|x|) depends only on r = \x\ and pass to the variable 
s := logr 2 . Then for <j)(s) := <&{e s / 2 ) we have 

A$(a;) = r 1 - m ^-r m - 1 ^-ce fc ( losr2 V' , ( r ) = 

/ 8 2 m - 2 3 \ 

(4.2.3.6) ce- s ( + —j—^) <f>(s) > cme~ s mh#"(s), <f/{ 8 )]. 

Let us chose k as in Theorem 4.2.3.2 with a(s) :— log7(r) = log7(ei). Now we 
estimate the derivatives from below. 

<l/(8) = <t>(8)[k>(8) + \8f/(e*) + ±p(e*)]. 

By k3) and kl) k'(s) — ► and &(s) > a(s). Also sp'(e^) — » and p(e') — > p by 
properties of proximate order (Theorem 2.8.1.4). Thus we can chose c such that 

(4.2.3.7) 4/( 8 ) > — e lo "( ef )+f"( ef ). 

m 

Differentiating once again, we obtain 

<j>"{s) = <f>(s)[k'(s) + \sp'(ei) + l -p(ei )f + k"(s) + \p'{e%) + \sp"{ei)]. 
From here we obtain by choosing c : 

(4.2.3.8) 4>"(s) > L e iogj(ei)+ip(ei )_ 

m 

Using (4.2.3.6) ,(4-2.3.7) and (4.2.3.8) we obtain: 

A$( S ) > e l°S7(^) + fp(e*)_ 

Returning to the variable r we obtain (4.2.3.1). Correctness of (4.2.3.2) can be 
checked directly using k2) and properties of the proximate order (Theorem 2.8.1.3). 
Exercise 4.2.3.3. Check this. □ 
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4.2.4. We have already approximated distributions and subharmonic functions by 
infinitely diffcrentiable functions (Theorems 2.3.4.5 and 2.6.2.3). Now we need to 
make more precise this approximation. Namely, we are going to make it uniform 
with respect to v e U[p, a]. We will denote 

(AO A 1) 8 l ■= - 

° • (dx 1 yi(dx 2 y>...(dx m y™ 

where I = {h,h, ■■■Im), \l\ = h + h + ■■■ + l m - 
Set for v e U[p, a] 

(4.2.4.2) R e v{x) := J a t (x ~ y)v{y)dy 

where a e is taken from (2.3.1.3). 

We have changed the notation from 2.3.1 and 2.6.2 because a subindex of v 
was already engaged for t. 

For a fixed < <5 < 0.5 set 

(4.2.4.3) Str(S) := {x : S < \x\ < (T 1 } 

Theorem 4.2.4.1 (Estimation of R £ ). Let v e U[p,a\. Then 
Rl. for a fixed g e V(R m \ 0) with supp g C Str(S) 

(4.2.4.4) | < R e v - v, g > \ < o(l, g)2aS- p 

where o(l, g) — * as e — > 0; 
R2. the inequality 

(4.2.4.5) \d l R e v(x)\ < A(m)ae-W- m+1 \x\-W +p , 
with A(m) depending only on m, holds for e < \x\/2. 
Proof. One has 

(4.2.4.6) < R e v, g >=< v, R e g > . 
Thus 

(4.2.4.7) <R e v-v,g>=<v,R e g-g> . 
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Exercise 4.2.4.1. Check (4.2.4.6) and (4.2.4.7). 

Now 

(4.2.4.8) | <v,R e g-g > | < max \R e g - g\{x) [ \v\(x)dx 

Str(S) J 

Str(S) 

The first factor is o(l) because g is smooth. For the second one we have 

(4.2.4.9) J \v\(x)dx<2 J v+(x)dx < 2aS~ p . 

Str(S) Str(S) 

This and (4.2.4.8) imply Rl). 
Differentiating the equality 

R € v{x) :=C m J e- m a(\x-y\/e)v(y)dy, 

we have 

\d l R e v{x)\ < C m e-W- m max |^«(|yj)| / \v(x-y)\dy. 
{\y\<t} J 

{\y\<e} 

Suppose \x\ = 1. Then for < e < 0.5, we have 

\v\(x - y)dy < J \v\(x) < 

\y\<e l-e<|£c|<l+e 

2 J v+(x)dx < <r m 2 ■ 2ea(l + e) p < a m 6cre 

l-e<\x\<l+e 

where a m is the square of the unit sphere. Hence for \x\ = 1 

(4.2.4.10) \d l R e v{x)\ < A(m)ae-W- m+1 . 
with 

A(m) = 6<j m max |(9 Z Q;(|y|)|. 
Set t — \x\. Apply the inequality (4.2.4.10) to v := V[t]{y) with y := x/\x\. Then 

\d l ReV [t] (y)\ < A(m)ae-W- m+1 . 
Computing the derivatives, we obtain 

d l R € v [t] {x) =t-Pt^d l R e v(x)\ x=ty 

Thus one has R2. □ 
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4.2.5. In this item we describe the main part of a construction that will be used 
in the proof of the Theorem 4.2.1.2. 

Let {vj € U[p,a], j — 1,2, ...} and {ipj, j = 1,2...} be the partition of unity 
from Theorem 4.2.2.1. Let us chose ej J. such that the condition 

(4.2.5.1) 7j eT ro -» oo 

holds for 7j taken from Theorem 4.2.2.1, (prtu 6). 
Set 

OO 

(4.2.5.2) fWtJ-E^-W^OwW, 

where (-)[ t j defined by (3.1.2.4a). 

One can see that v(x\t) g U[p, 3a] for all t. 

Exercise 4.2.5.1. Show this, using properties of {"0j} and invariance of U[p, a] 
with respect to (•)[*]• 

We can consider v(x\t) as a curve (a pseudo-trajectory) in U[p,3a]. 
Set 

OO 

(4.2.5.3) u(x) :=J2^\)ReA^)(^\ P{lxl) - p - 

3=0 

where i? £ is defined by (4.2.4.2). 

It is infinitely differcntiablc function in R m . 

Theorem 4.2.5.1(Construction ). One has 

(4.2.5.4) u t - 

mP'(M m ), and 

(4.2.5.5) Au(x) = f(x) + 7 (a;)|a;|^l x l ) - 2 

with f(x) > and -f(x) = o(l) as \x\ — > oo. 

Let us note that the function u(x) is "almost-subharmonic" and can be made 
subharmonic by summing with the function <!> from Theorem 4.2.3.1. 
Exercise 4.2.5.2. Prove this. 
So we have 
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Theorem 4. 2. 5. 2(Pseudo- Trajectory Asymptotics). For any v(x\t) of the 
form (4-2.5.2) there exists an infinitely differentiable function u € SH{p(r)) that 
satisfies (4-2.5.4). 

Proof of Theorem 4-2-5.1. One has 

oo 

u t {x) ■= 'Yj^ j {t\x\)(R fLj {v :j )) [t] (x)a{x,t), 

3=0 

where 

\ tx \p(t\x\)-p 



a(x, t) :- 



tP(t)-P 

For any < S < 0.5 and x e Str(8) a(x,t) — > 1 uniformly in |x|as t — > oo. This 
follows from Theorem 2.8.1.3 , ppo3). 

Exercise 4.2.5.3. Check this in details. 

We have 

oo 

(4.2.5.6) u t {x) - v(x\t) = J2^j(t\x\)(R ej ( Vj )) [t] (x)a(x,t) - ^{t){ Vj ) [t] (x% 

3=0 

and there are no more than three summands in the sum for sufficiently large t = t(S) 
because of Theorem 4.2.2.1, prtu4. Let us estimate every summand. One has 

bj(x,t) := {i{j (t\x\){R ej (v 3 )) [t] {x)a(x,t) - ipj(t)(vj) [t ](x)] = 

[1> j {t\x\)-1> j (t)](R ej {v j ))) [t] a(x,t)+ 

^(t)(R ej ( Vl )) [t] (x)[a(x,t) - 1] +^(t)[(R ej ( Vj )) [t] (x) - (Vj) [t] (x)} := 

:= (ai + a 2 + a 3 )(x,t). 

Let us estimate < bj(t, •), g > for every g e T>(R. m \ 0). 
We can assume that supp g C Str(5). Set 

M(g):= max \g\(x). 

xeStr(S) 

We have 

| < oi (•,«), 5 > | < M(g) max Jr^Wir 1 / \{R ej {v 3 )) [t] \{x)dx. 

r£(0,oo) J 

Str(S) 
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One can check that 

J \(R ej ( Vj )) [t] \(x)dx<3aS-f. 

Str(S) 

Exercise 4.2.5.4. Check this using (4.2.4.9) and the invariance of U[p, a] with 
respect to {»)[t] (see (3.1.2.4)). 
Hence 

(4.2.5.7) \<a 1 (;t),g>\<C 1 (g) lj . 
Let us estimate a 2 (x,t). We have 

(4.2.5.8) < a 2 (;t),g >< max \a(x,t) - l\iJ 3 {t)M{g)Za5- p = C 2 {g)o{\) 

Str(S) 

where o(l) — > as t — > oo. 

For estimating as(x,t), we use Theorem 4.2.4.1(Estimation of R e ), (4.2.4.4): 

(4.2.5.9) | < a 3 {*,t),g > | < o(e„ fl )2 CT r". 

where o(ej 7 g) — > as j — > oo. 

Hence (4.2.5.7), (4.2.5.8) and (4.5.5.9) imply 

(4.2.5.10) <6 J -(»,t),5>-»0 

as £ — ► oo and j — > oo. 

Suppose, for a large fixed i, the sum (4.2.5.6) contains 6j(x, t) for j = j(t),j = 
j(t) + 1 and j = j(t) + 2. This implies that j(t) — > oo as t — ► oo. 

Since 

< u t (») - >=< b m (;t),g > + < 6 j(4)+1 (», t), 3 > + < 6, (4)+2 (», i), g > 

we obtain from (4.2.5.10) that < u t (») — v(»\t),g >^> as t — > oo for any g e 
V(R m \ 0). 

This is (4.2.5.4). 

Let us prove (4.2.5.5). We have 
(4.2.5.11) 

OO 

Au = ^[A(i^v J 0(aO^(*)M p(|x|) ~'' + d\R ej Vj)(x)d n ^{x)d k \x\^-Pl 

j=0 l,m.k 
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where I, m, k are multi-indexes that satisfy the condition: in any summand there 
are derivatives in the same variable, the derivatives of ipj and |x| p " :E '^ p have no 
more than second order and the derivatives of R ej vj(x) have no more than first 
order. 

Exercise 4.2. 5. 5. Check this. 

As usual, the derivative of zero order is the function itself. 

For any x G Str(S), the outside sum contains no more then three summands. 
First we consider only the terms in the square brackets. 

The first term is non-negative because of subharmonicity of R €j Vj and non- 
negativity of all the other factors. Set 

(4.5.2.12) f(x) := ^ [A(i? eJ .^; 3 )(x)V> 3 (x)|x|' , (l :I; l)-' , > 0. 

Using Theorem 4.2.4.1, R2) we obtain 

\d\R^){x)\ < 

(4.2.5.13) A(m) ( re7 l ' | - m+1 | a; r" l+P 

for \l\ = or \l\ = 1. 

From Theorem 4.2.2.1, prtu6), and inequality |9 Xi |a;|| < 1 we obtain 

(4.2.5.14) n{\x\) < |V^(r)|| r=N < 7 ,|x|-l"l 
for \n\ = 1,2. 

Using properties of the smooth proximate order (Theorem 2.8.1.4), one can 
obtain 

(4.2.5.15) |dl fe l|z|'' (|x|) -''| = (|x| p(|a:|) - p - |fc| )| r=N (l + o(l)), 
as |x| — > oo. 

Exercise 4.2.5.6. Check in details (4.2.5.13), (4.2.5.14) and (4.2.5.15). 

Thus, for every term of the inner sum, we have 

\d l (R £j v 1 )(x)d n ^(x)d k \x\ p< -^- p \ < 
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(4.2.5.16) A(m)a 7j ej lll - m+1 \x\- 2+ P\x\^-P < 0j\x\*W- 2 , 

where (3j — > because of the condition (4.2.5.1). 

Recall that for every large x the outside sum contains no more then three 
summands, say, j = j(x),j — j(x) + 1 and j — j(x) + 2. Thus j(x) — > oo as 
\x\ -» oo. Hence (4.2.5.12) and (4.2.5.16) imply (4.2.5.5). □ 

4.2.6. 

Proof of Theorem 4.2.1.2. Let v(»\t) have the form (4.2.5.2). We denote as fi(t>) a 
set of the D'-limits of the form 

w := lim v(»\t k ). 

tfc— >oo 

We are going to construct some v(»\t) for which 
(4.2.6.1) Q{v) = U, 

and at the next step to use Theorem 4.2.5.2 to obtain a subharmonic function with 
the same limit set. 

First we describe the construction of the function v(»\t). Let {rk,tk, k = 
1,2,...} be an alternating sequences r = 1, r k < t k < r k+ i such that 

tk r k+ i 
hm — = hm = oo. 

k^oo r k fc^oo t k 

Let us chose in U a countable, dense set {gj} and form from it a sequence {w k } 
such that every element gj is repeated infinitely often. For example, 

wi := 5i,i02 := gi,w 3 := g 2 ,w 4 := gi,w 5 := g 2 ,w 6 := g 3 , ... . 

Set 

qk ■= (w k )[i/t k ] = T_ logtk w k 

in the notation (4.2.1.1). 

Now we use that (T # , U) is chain recurrent. Set 

, r k r k+x 
a k := \og—:uJk ■= log— — 

tk t k 
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and find, by Theorem 4.1.2.1, a sequence {vj} D {q k } such that the condition 

(4.1.2.1) holds, i.e., 

(4.2.6.2) T^vk - T ak+1 v k+1 -» 

as k — > oo. 

Set in Theorem 4.1.2.3 

Pfe := r Qfc+1 u fc+ i, q k := T Wk v k 

and find ^ k such that the condition 

(4.2.5.3) T r o r WfcUfe - T T o T Qfc+1 i; fe+1 -» 

holds uniformly for r G [— 7fc+i,7fc]- 
Set 

These a k satisfy the conditions (4.2.2.1) and (4.2.2.2). 
Exercise 4.2.6.1. Check this. 

We define v(u\t) by (4.2.5.2) with described vj and with tpj from Theorem 
4.2.2.1, corresponding to the chosen rj and Uj. Let us prove (4.2.6.1). 
Consider for fixed k the following three cases. 
Lie [r k a k ,r k+1 /cr k+1 ); 

2. f e [r k+1 /cr k+1 ,r k+1 ); 

3. i S [r fe ,r fe cr fe ). 

For the first case we have 

"(•I*) = K)[t/t fc ] = T logt/tk v k . 

For the second one 



a k := mm 



v{m\t) = Vfe(t)K)[t/t fc ] +^+lW(»w)|t/( i+1 ] = 

K)[*/t fe ] + i>k+i{t)[(vk+i)[t/t k+1 ] - K)[t/t fc ] 
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We transform the expression in the square brackets 

(vk+i)[t/t k+1 ] = T log{t/tk+1 )V k+1 =T log{t/rk+l) oT log{rk+l/tk+l) v k+1 = T log(t/rk+l) oT ak+1 v k+1 . 

For the second term, we obtain 

{vk)[t/t k \ = Ti og{t / rk+l) o T^ k v k . 

Exercise 4.2.6.2. Check this. 
Setting r := log(t/r k +i), we have 

(4.2.6.4) v(»\t) = (v k ) [t/tk] + ^ fc+ i(t)[T T o T ak+1 v k+1 - T T o T u „v k ], 

where r G [— log a k +i , 0) C [— 7fe+i,7fe]- For the third case, set r := \og(t/r k ). Then 

(4.2.6.5) v(»\t) = [vk)[t/t k ] + ipk(t)[T T o Tu^Vk-i - T T o T ak v k ], 

where r G [0,loga fe ) C [-7fc,7fc-i]- 

Let — > oo be an arbitrary sequence. Choosing a subsequence, we may 
suppose that there exist the limits {v k (t N ))[t N /t k(tN) ] ~ > v * G U and v(»\tN) — * Voo. 

Choosing a subsequence, we may suppose that ijv satisfies either 1. or 2. or 3. 
For the case 1., we obtain at once = v* G U. 

For the case 2., from (4.2.6.4), (4.2.6.2) and Theorem 4.1.1.3 we obtain that 
the superfluous addends tend to zero, and hence Voo G U. 

The same holds for the case 3. Hence Q,{v) c U. 

Further, for t = t k , we have v(»\t) — w k . The sequence {w k } contains the set 
{gj} that is dense in U. Thus Cl(v) D U. Thus equality (4.2.6.1) has been proved. 
As already said, the application of Theorem 4.2.5.2 concludes the proof. □ 
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4.3. Further properties of Limit Sets 

4.3.1. Let as mark the following property of the pseudo-trajectory v(»\t) denned 
in (4.2.5.2): 

Theorem 4.3.1.1. One has 

(4.3.1.1) T rU (.|e t )- U (.|e t+T )^0 

as t — > oo uniformly with respect to t € [a, b] for any [a, 6] C (— oo, oo). 

Proof. Using definition of (») t (see (3.1.2.1)) and (4.2.5.4) the remainder in (4.3.1.1) 
can be represented in the form 

b(t,T,») := 7>(»|e*) - w(»|e* +T ) = T T (u e t) - u e t+ T +o(l) 

where o(l) — > uniformly with respect to r € [a, b] for any [a, b] C (—00,00). 
Exercise 4.3.1.1. Check this in details. 
Then we obtain 

b(t, t, .) = u et+ r [ e P^)-P^ T ) - 1] + (1) -» 

uniformly in the same sense due to precompactness of the family {u e t} and prop- 
erties of the proximate order. 

Exercise 4.3.1.2. Check this in details. □ 

The property (4.3.1.1) shows that the pseudo-trajectory v(»\t) behaves asymp- 
totically like the dynamical system T.. Thus a pseudo-trajectory with this property 
is called an asymptotically dynamical pseudo-trajectory with dynamical asymptotics 
T. (a.d.p.t.). 

Theorem 4.2.5.1 shows that for any a.d.p.t. of the form (4.2.5.2) there exists 
u e SH{p(r)) that satisfies the condition 

(4.3.1.2) u e t - v{»\e*) -» 0. 



as t — > 00. 
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The following assertion shows that we can suppose v(»\») to be an arbitrary, 
in some sense, a.d.p.t. 

We call a pseudo-trajectory w(»\») piecewise continuous if the property 

(4.3.1.3) w{»\t + h) - w(»\t) -» 

as h — > holds for all t except may be a countable set without points of condensa- 
tion. 

Let U C U[p,a] for some a > 0. A pseudo-trajectory w(»\») is called cu-dense 
in U if fi(io) = U (see (4.1.3. 2)),i.e., 

(4.3.1.4) {v e C/[p] : (3tj -» oo) v = D' - lim«;(«|e^)} = [7 

We have proved already that v(»\») defined by (4.2.5.2) has this property (see 
(4.2.6.1)). 

Now we consider again the dynamical system (T,,U) where U C U[p,cr] for 
some a > and T t is defined by (4.2.1.1). 

Theorem 4.3.1.2 (A.D.P.T. and Chain Recurrence). (T,,U) is chain recur- 
rent iff there exists an a.d.p.t. that is piecewise continuous and iv-dense in U. 

Necessity has been proved already, because the pseudo-trajectory (4.2.6.2) pos- 
sesses this property. Sufficiency will be proved later. 

The claim of piecewise continuity can be justified by 

Theorem 4.3.1.3. For any u € SH(p(r)) there exists a piecewise continuous 
pseudo-trajectory w(*|*) such that 

(4.3.1.5) ut - w(»\t) -» 0. 

as t — > oo. 

Of course, w(»\») is a.d.p.t. 
Exercise 4.3. 1.2. Check this. 
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4.3.2. 

Proof of Theorem 4-3.1.3. Let {t n } be any sequence such that 

(4.3.2.1) t n -> oo, t n+l /t n -» 1, 

for example, t n = n. 

There exists a sequence {w„} C Fr[u] such that 

(4.3.2.2) u tn - v n -> 0. 
Set 

(4.3.2.3) tu(.|t) := v n , /or i„ < t < i n+1 . 

This is a piecewise continuous function. 
Let us prove that 

(4.3.2.4) ut - w(»\t) -» 0. 

Assume the opposite; i.e., there exists a sequence {ijj.} such that it is not true. We 
can suppose that 

(4.3.2.5) u t > — » »i S Fr[u], w(»|*fc) ~ * w 2 € Fr[u], w\ ^ w 2 - 
Let us find a sequence {n k } such that t nk < t' k < t nk+ i . Then 
(4-3.2.6) t n Jt' k ^l. 

From (4.3.2.5), (4.3.2.3) and (4.3.2.2) wc have 

(4.3.2.7) u w -» loa. 

Then we have, using properties of (») t and the proximate order, 

(4-3.2.8) ue k = (ut B J [ti /t n j(l + o(log(t' fe /i n J) - ™ 2 

because of (4.3.2.6) and the continuity of mm on («, i). 

However (4.3.2.8) contradicts (4.3.2.5). Thus (4.3.2.4) holds. □ 
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4.3.3. Now we will prepare the proof of Theorem 4.3.1.2. 

Let {v k , k = 1,2,...} C U[p,a] for some a be a sequence of functions and 
{r k , k — 1,2, ...}, {t k k = 1, 2, ...} be two sequences such that 

(4.3.3.1) < r k < t k < rfc+i, fc = 1, 2, ... 
and 

(4.3.3.2) lim t k /r k = lim r k+1 /t k = oo. 
Set 

(4.3.3.3) w*(»\t) := {v k ) t /t k , for f € [r fe ,r fe+ i) 
where fc = 1,2,... 

Theorem 4.3.3.1. Let w(»\») C U be an arbitrary uj-dense a.d.p.t. and {pj, j = 
1, 2, ...} C U an arbitrary sequence. Then there exists a sequence {v k , k = 1,2, ...}d 
fe'; j = 1)2,...} and sequences {r k , k = 1,2,...} and {t k , k = 1,2,...} satisfying 
(4.3.3.1) and (4.3.3.2) such that for w* (•{•) determined by (4.3.3.3) the condition 

(4.3.3.4) w*(»\t) - w(*\t) -» 

as t — > oo is fulfilled. 

This proposition shows that any w-dense a.d.p.t. is equivalent to one con- 
structed of long pieces of trajectories of the dynamical system T T . 

Proof of Theorem 4-3-3.1. We can take sequences {ej [ 0, j = 1,2,...} and 
{bj } oo, j = 1,2,...} and choose a sequence {tj, j = 1,2,..} such that the in- 
equalities 

(4.3.3.5) d(T T pj - T T w(»\Tj)) < ej/2 
and 



(4.3.3.6) 



d(T T w(»\t) - w{»\e T t)) < ej/2, t > t 3 
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are fulfilled uniformly with respect to r e [&J+i> bf[. 

Indeed, is w-dense in U, and hence we can find r n — > oo such that 

p n - w(»\r n ) -> 0. 

Set in Lemma 4.1.2.2 

-=Pn, Qn ■= w(»\t„), J n := 2 log bj 

Then for any Cj we can find Tj := T nj such that (1.2.5) holds uniformly with respect 
tore [bj*^]. 

The inequality (4.3.3.6) holds, because w(»\») is asymptotically dynamical (see 
(4.3.1.1)). 

We can also suppose without loss of generality that Tj > Tj-\b 2 j_ l , i.e., that 
the sequence {tj} is rather thin. 

The inequality (4.3.3.5) shows that for intervals of t that are determined by 
the inequality bj +1 < t/rj < our pseudo-trajectory is already close to some 
trajectories. 

Now we divide the spaces between such intervals into equal parts in the log- 
arithmic scale such that their logarithmic lengths would be between log&j and 
log6 J+ i,so that they tend to infinity. 

To this and set 

_ [ logTj + l -logTj " 

H 3 — U. 

I U J J 

where [•] means the entire part, and 

i 

It is clear that bj < 7j < b?. As centers of new intervals we take the points 

T 3,i ■= T 3lfi 1 = 0,l,...,nj. 

Thus Tj.o = Tj and Tj inj = Tj+\. The ends of the intervals are Tj^f-jj and Tjtfj. 
Now wc complete the sequence {pj} by the values of the pseudo-trajectory w(»\t) 
in the centers of the intervals, i.e., we set 

Pj,i '■= w ( m \ T j,i)> 1 = l,-,nj - 1 
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For t g (7"j,i/7j)7"j,i7j), ( = l,...,n 3 - - 1 we have 
(4.3.3.7) ^(Pi.Ot/x,,, - w(*\t)) < ej/2 

because of (4.3.3.6). 

For I = and I = rij we set accordingly 

Pjfi -=Pj; Pj, nj -=Pj+i- 

Using (4.3.3.5) and (4.3.3.6) we have the inequality like (4.3.3.7) for I = 0, 1 = n, 
but with Cj instead of ej/2. 

We complete the proof re-denoting all the centers r^j as tfc, all the ends as r k 
and all the pjj as?)).. □ 

4.3.4. 

Proof of sufficiency in Theorem 4-3.1.2. A direct corollary of the previous Theorem 
4.3.3.1 is 

(4.3.4.1) w*(»\r k -0)-w*(»\r k ) 

as k — > oo. 

Really, is an a.d.p.t. 

Exercise 4. 3. 4.1. Check this as in Theorem 4.3.1.1 using that w(»\») is asymp- 
totically dynamical. 

For r g [— e, 0] and t = r k we have uniformly on r 

T T w*(.|t) - w*(.|t) - T T ( Ufc ) rfc/tfc - K+i) rfc/tfc - 0. 

Setting r = we obtain 4.3.4.1. 

Let V C t/ be an arbitrary open set, e > arbitrary small and s > arbitrary 
large. We show that there exists an (e, s)-chain from V to V. 

Choose si such that 

i. for r k > si, d(w*(»|r fe - 0), w*(»|r fe )) < e. 
It is possible by virtue of (4.3.4.1). 
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ii. w(»|si) e V. This is possible because of w(»\») is u -dense. 

iii. d(w* (•\t),w(»\t)) < d(w(»\si),dV) for t > Si. This is possible because of 
Theorem 4.3.3.1. 

Choose s 2 > Si such that w(»\s 2 ) € V. This is possible because w(»\») is 
w-dense. Then the pseudo-trajectory u;*(»|e*) for s\ < e < S2 is an (e, s)-chain 
connecting w*(»|si) and w*(*\s2 that belong to V. 

Exercise 4.3.4.1. Check this in details. 

Hence (T # , [/) is chain recurrent. 

4.3.5. We will prove one more existence theorem that is a corollary of Theorem 
4.2.1.2. 

Theorem 4.3.5.1. Let A C U[p] be a compact connected and T.- invariant subset 
of U[p,\ Then for any proximate order p(r) — ► p there exists u e SH(R m , p, p{r)) 
such that 

(4.3.5.1) h(x,u) = sup{v(x) : v E A} 

(4.3.5.2) h(x, u) = mi{v(x) : v E A}. 

Proof. Let U := ConvA be the convex hull of A. It is linearly connected and hence 
polygonally connected (see 4.1.4). By Theorem 4.1.4.1 it is chain recurrent and by 
Theorem 4.2.1.2 for any proximate order p(r) — > p there exists u € (R m , p, p(r)) 
such that 

Fr[ U ,p(r),y t ,M m ] = U. 

Since every v e U can be represented in the form v — av\ + (1 — a)v 2 for < a < 
1, Ui,U2 e A we obtain (4.3.5.1) and (4.3.5.2) from Theorem 3.2.1.1 (Properties of 
Indicators ),h2). 

Exercise 4.3.5.1. Check this. 

4.3.6. In applications we need the following 
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Theorem 4.3.6.1. Let p £ P C M m and let P be a connected closed set. Let 
Up := {v(z,p) :j)£Pc W n } be a family of functions with parameter p such that 
for every p £ P v(»,p) £ U[p] and satisfy the condition (4-1-3.3). Then there exists 
u £ SH{p(r) such that ¥r[u] = U P . 

This is a direct corollary of Theorems 4.1.1.2, 4.1.3.4 and 4.2.1.2. 
Exercise 4.3.6.1 Explain this in details. 

4.3.7. In the next three §§ we return to the periodic limit sets (see Th. 4. 1.7.1). 
We show that the limit set Fr[it, p(r), V, 7 R" 1 ] of every subharmonic function u £ 
SH(p(r),R m ), p(r) — > p for noninteger p can be approximated in some sense by 
periodic limit sets ([Gi(1987)],[GLO,Ch.3,§2,Th.lO]). 

Here we give some definitions. Let X n C U[p],n = 1,2,... be a sequence of 
compact sets. We say that X n converges to a compact set Y C U[p], i.e., 

(4.3.7.1) V - lim X n = Y 

n^oo 

if the following two conditions hold: 

convcrgl) Mx n £ X n , n = 1, 2, ... 3x nj £ X nj ,j — 1, 2, ... and y £ Y such that 
V - lim x„ 3 = y; 

converg2) Vy £ Y3x n £ X n , n — 1, 2, .., such that x n — > y. 

On every compact set if in I?'- topology one can introduce a metric d(»,») 
such that the topology generated by this metric is equivalent to V- topology 
(see,e.g.[AG(1982)]). 

Denote by 

X e := {y £ K : 3x £ X such that d(y, x) < e} 

the e — neighborhood of X. 

Let X, Y be two compact sets. Set 

d(X,Y) := inf{e :XcY e ,Yc X e }. 

Exercise 4.3.7.1 Prove the assertion 

(4.3.7.2) (4.3.7.1) ^ {d(X n , Y) -» 0}. 
We prove the following 
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Theorem 4. 3. 7.1. (Approximation by Periodic Limit Sets). Let 

u e SH(p(r),M. m ), p(r) — > p for noninteger p. Then for every V, there exists a 
sequence u n e SH(p(r), K m ) with periodic limit sets Fr[u n ,p(r), V,, M m ] such that 
Pr [«„,•] -> Fr[u,»]. 

This theorem is a corollary of the following 

Theorem 4.3.7.2. Lef /x e .M(p(r), R m ), p(r) — > p /or noninteger p. Then 
for every V, there exists a sequence p n € SH(p(r), M m ) uwfft periodic limit sets 
Fr[p n ,p(r), V.,M m ] sucA toot Fr[/z„, •] ->Fr[/j,»]. 

Proof of Theorem 4-3.7.1. The canonical potential :=II(x, (see (2.9.2.1)) 
of a measure p e _M(p(r), IR m ) belongs to SH (p(r), R m ) by Th.2.9.3.3 and has a 
limit set 

Fr[u,»] = {]!(•, z/,p) : v e Fr[/j„]} 
by Th.3.1.5.2. The potentials m„(i) := n(x, /x n ,p) have periodic limit sets 

Fr[u„,«] = {n(«,i/,p) : ^ e Pr[At„ n ]} 

by Th. 3. 1.5.0. Let us prove that 

EV[«„,.] =:X n -»y : =BV[«,.]. 

If v n G Fr[u„,»] then from the corresponding sequence of u n := v Vn e Fr[/j„,»] 
we can find a subsequence v n . and v e Fr[/z, •] such that i/ n — > i/ (by Th.2.2.3.2 
(Hclly)). It is easy to check, using Th.3. 1.4.3 (*LiouviIle), that v* = V- lim U(»,u n .) 
exists and coincides with v = II(», v,p) G Fr[u, •]. 

So the condition convergl) is verified. In the same way one can check con- 
verg2). □ 

Exercise 4.3.7.2 Prove this in details. 



4.3.8. Now we are going to prove Theorem 4.3.7.2. We begin from 



177 

Proposition 4.3.8.1. For any p, e M(p(r),») there exists fi G M.(p, •) such that 

(4.3.8.0) Fr[jl,p,»}=Fr[p,p(r),»}. 

In other words we can suppose further that p(r) = p. 
Proof. Set L(r) = r P^~P and 

(4.3.8.1) p(dx) := L-\\x\)p(dx). 

Using properties of proximate order (2.8.1., pol)-po4)), it is easy to check that 

(4.3.8.2) [£ -1 (r-)]' = L-\r)o(l) and [L(r)}' = L(r)o(l), as -» 0. 

Exercise 4.3.8.1 Prove this. 

Let us show that /i € M[p, A] for some A. Indeed 

R 

K R ) _ R -p-m+2 f V-( dr ) 







RP+m -2 J £( r ) 

/z(r) 



Rp+ m - 2 L(r) 



We suppose that /u(r) = in some neigborhood of zero. Using (4.3.8.2) we obtain 
further 

R 

= p{R)R- pir) + R-p- m + 2 J jU (r)( J L- 1 )o(l)rfr. 



Using the l'Hospital rule, we obtain 
R 

im iT"- m + 2 



lim ir"-™+ 2 / iL(r){L-\r))o{l/r)dr = {-p-m + 2) lim p(R)R- p ^ o(l/ R). 





Thus 



limsup ^ } _ 2 < hmsup^^)^- 1 ^))^ + o(l/fl)] = Afr,p(r)] < oo 
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Let us note that \i t = L(t)fi^y This implies equality (4.3.8.0) because L(t) — ► 1 as 
t — * oo. 

Exercise 4.3.8.2. Prove this in details. □ 

Proof of Th.4-3.7.2. As we already said we can suppose that \i G Let v G 

Fr[/x]. We can suppose that 

(4.3.8.2a) v{{\x\ = 1}) = 0. 

Otherwise we can find r such that M T i({|;r| = 1}) = and if v n — > ^ r and are 
periodic then (^n)[i/r] are also periodic and (zAi)[i/r] — > *a 

Let r„ — > oo be such that /U[ rn ] — > z/. By passing to subsequences we can make 
r n +i/r n > r n . 

Denote K n := {x : r n < \x\ < r n+ i}. Set for every E C K n 

and continue it periodically with the period P n = r n+ i/r n by the equality 

(4.3.8.3) Hn(P*E) = P* P »(E), k = ±1, ±2, ... 
Since every X € R m can be represented in the form 

oo 

x= U {in?X}, 

fc— — oo 

we can define 

oo 

M*)== E M{*ni£tf„}). 

fc— — oo 

It is easy to check that \i n is periodic with the period P n and fj, n G M [p, A] with 
A independent of n. 

Exercise 4.3.8.3 Check this. 

Let us prove that 

(4.3.8.4) Fr[/j] = lim Fr[ Mn ]. 
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Check the condition convergl). Let v nj e Fr[/z n J and suppose V — lim v nj := v. 

3 

Let us prove that v e Fr[/it]. 

Since Fr[/i nj ] is a periodic limit set 

Vn, = On,)[T 3 ]- 

Take kj such that 

rj :=TjP* € [r„,,r n ,+i). 
From periodicity ^i nj . we obtain 

= (/^[re- 
passing to a subsequence if necessary, we can consider three cases: 

i) lim T'Jr n = oo, lim rUr n +1 = 0; 

ii) lim r'/r-n, = r; 1 < r < oo; 

In this case we have also lim T'Jr n +i = 0. 

hi) lim Tj/rn.+i = r; < t < 1; 

In this case we have also lim r'/r„ = oo. 

Consider the case i). Let <j> & T>(M. m \ O). Then supp</>(a;/rj) C {r nj , r nj+ i) for 
j > jo- It is easy to see that for j > j 

< (M« 3 )[r'],0 > = < M[r'],0 > ■ 

Exercise 4.3.8.4 Check this. 

Since fi[ T ^ — > f € Fr[/i] by definition the condition convergl) holds for the case 

i)- 

Consider the case ii). 

Recall that O supp0. Then there exists 1 < c < oo such that 
supp^> C {x : \x\ G (1/c, c)}. 



Dchnc 



:=4>{x/t)(l/ty. 
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Represent rj in the form 

•j — ^"nj 

where 

e,- := — 



r' := e,rr ni 



i 

The condition ii) means that 

(4.3.8.4a) e-j -» 1. 

Compute 

< >: = < (/i nj )[Tj]>0 > = < Mn^((0r) ej )r ni > • 

Note that 

supp0 T C {x : \x\ e (t/c,tc)}. 

We can increase c so that 1 e (t/c,tc). 

Consider the following partition of unity. Choose the functions i]k € 2?(IR m ), fc 
1,2,3 so that 

for t > 1 and 

supp?7i C {x : \x\ < 1 — e}, 
suppr? 2 C {a; : \x\ G (1 — 2e, 1 + 2e)}, 
supp?73 C {x : \x\ > 1 + e}, 
where e is an arbitrary number, satisfying 

t/c < 1 - 2e < 1 + 2e < re. 

Represent 4> T in the form 

4>r =^1+^2 + V>3, 



where 



V>fc = <Mfc, fc = 1,2,3. 
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In this notation 

3 

(4.3.8.5) < V h <f) >= < Pn, , {^k)e j r nj > ■ 

k=l 

Choose j £ such that for j > j e the following inclusions hold: 

supp^Oe^r^ C {x : \x\ £ (r nj t/c, r nj (1 - e))}; 

SUpp(-0 2 )e 3 r„ 3 C {X : \x\ G ((1 - e) (l + e))}; 

supp(V'3)e 3 r„ 3 C {x : \x\ E ((1 + e)r nj , rr nj } . 
Thus for ip 3 we have 

< UnjA^ejrnj >= J (&jT nj )~ P ^{\x\/ {ejT^ (dx) = 

Since /Z[ r j— >i/ and (ip3) ej — * V>3 we have (see Th.2.3.4.6) 

(4.3.8.6) lim < , (^) e ,r„ . >=< V's > ■ 
Consider the addend with ipi . Because of periodicity fj, nj we have 

< »n j ,(ll>l)e i r nj > = < (f^nj )[P nj ] , (^Oe^r^ > ■ 

Transforming the RHS we obtain 

< (Mnj)[P„,]>W'l)e,r Bj > = < , (W>l)p nj )e,r„ . > ■ 

Since P nj — r nj+ i/r nj the following inclusion holds for j > j e : 

T 

supp(V>i)p n ej r n . C {x : \x\ e (P„ 3 r nj .-,P„ 3 r nj .(l - e))} = 

3 3 Q 

T 

{x : \x\ £ (r nj+1 -,r nj+1 (l - e))} C {x : |a;| e {r nj ,r nj+1 )}. 

Thus 

<A*nj,((V'l)p„ i )eir„ J > = < M, OAl )p„. £)S > = 



182 

< fi, tyl)e jrnj > = < (V>l)ej > ■ 

Hence 

(4.3.8.7) lim < fi nj , (V>i) e ,r„ . >=< v, i\) X > 

because ej — > 1 and /i[ rn .j — + f (see Th.2.3.4.6). 

From (4.3.8.5), (4.3.8.6) and (4.3.8.7) we obtain 

lim < Vj,<j> > = < V,1pi + 1p 3 > + lim < /J, n , ((V>2)e,r n . > ■ 
j^oo j—>oo 3 

Let us estimate the last limit. We have 

^ < IJ- nj ,({i>2) ej r nj > = < (Vn^farn^fo > 

Define 

£i(e) := {a; : \x\ e (1 - 2e, 1)}; £ 2 (e) := {x : |x| G [1,1 + 2e)} 
Suppose e is chosen so that 

(4.3.8.7a) v{dE k ) = 0, k = 1,2. 

Recall that f satisfies the condition (4.3.8.2a), hence E\,E<i are ^-squarable and 
hence (see Th.2.2.3.7) 

lim M[rn] (£ fe (e)) = K£fc(e)), fc = l,2. 

n^oo 

Define 

Q := max{>(x) : x G M m }. 

Then for j > j e 

I < (/^W^],^ > | < C^/X^ )[e 3 r n .] (#1 (e) U E 2 (e)) = 
C<t> ((Mnj ) [e 3 rn . ] (^1 (e) ) + (Mn 3 - ) [e, r„, ] (^2 (e) ) . 
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By definition 

(/VfW n .] (-82(e)) = M[e 3 r„.] (-82(e)). 
Because of (4.3.8.4a) we obtain 

lim M[e,r„,.] (-82(e)) = K-82) 

Exercise 4.3.8.5 Check in details. 

To compute the limit of the first addend we use periodicity of [i nj : 

M„ 3 (£i(e)) - P"^^- -81(e)) = (^)[p Bj] (Si(c)), 

where 

r nj Pn J E 1 (e) = {x : \x\ G (r„ j+ i(l - 2e), r nj+ i)}. 

Thus 

(/*nj)[e,r B ,](-El(e)) = (^ ) [e , r „ . P„ .] (e)) = 
(Mn J )[e J r„ 3+1 ] (-81(e)) = /i[e,r„ i + i](^l(c))- 

From this we obtain 

lim fj, n )[ ](£i(e)) = K-8i(e)). 

Therefore 

(4.3.8.8) lim I < (/^.) [e3 . rn .],V2 > I <C rt> is(E 1 (e)UE 2 (e)). 
Because of (4.3.8.2a) we have 

(4.3.8.9) v({x : \x\ e (1 - 2e, 1 + 2e)}) -» 

as e -> over the set of e satisfying (4.3.8.7a). From (4.3.8.8) and (4.3.8.9) we 
obtain 

(4.3.8.10) < lim < (n n ) { ] ,ip 2 >^ 

j—>oo J 
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and 

(4.3.8.11) <is,xp 2 >^0 

when e — > 0. Hence if e — > satisfying (4.3.8.7a) we have 

lim < Vj,(f> > — < i/r T i, >= 
j— *oo 

lim[< J/, Vl +V"3 > + lim < (ji nj )[e,r„ .1 , "02 > - < v,i>i + 1p2 + 1p3 >] = 




The last equality holds because every addend tends to zero. 
The case iii) can be considered in an analogous way. 
Exercise 4.3.8.6. Consider it. 
Thus the condition convergl) was checked. □ 

4.3.9. Now we should check the condition converg2). We need 

Lemma 4.3.9.1. Let fi e M[p], v G Fr[p] and r n — > oo, n — 1, 2, .. is a sequence 
such that 

(4.3.9.1) V - lim n[r n ] = v . 

n— ^oo 

Then passing if necessary to a subsequence, we can find {r n } such that for arbitrarily 
v £ Fr[/i] a sequence tj — > oo exists such that 

(4.3.9.2) V - lim n[tj] = v. 
and for every n we can find tj G [r n , r n+ \]. 

Proof. Note that if the assertion of the Lemma is satisfied for the sequence {r n , n — 
1, 2, ...} it is satisfied for every subsequence of {r n , n — 1,2, ...}. 

Let M be a countable set that is dense in Fr[/z]. Since reduction V - topology 
on A4[p] is metrizable, it is sufficient to prove that we can choose a subsequence r„ 
for which assertion of the lemma is satisfied for all v G M. We can do it using a 
diagonal process. 
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oo be an arbitrary sequence such that 



V' — lim /i[ r o] = vq 



and let a sequence t] satisfies the condition 



V' - lim m t ii = v x . 

1 — >nr: L J 1 



j—yoo i 



Omitting in the sequence {r°} the ends of the segments [r°,r° +1 ] that do not con- 
tain elements {tj} we obtain a subsequence {r*}. Continuing in such way we ob- 
tain a subsequence {r™} satisfying (4.3.9.1) and the sequences {tj}, {t]}---{tj l },j — 
1,2... satisfying 



Taking a diagonal sequence {r™}, n = 1,2, ... we observe that it is a subsequence 
of every subsequence {r™} and hence satisfies the assertion of the lemma. □ 

Proof of converg2). We can suppose that {r n } from the construction of \x n with 
periodic limit sets satisfies the assertion of Lemma 4.3.9.1. Let v € Fr[/x] and 
Ht } — > v under condition tj € [r n , r n +i]. We should consider as in the proof of 
convergl) three cases i),ii) and iii). But all these cases were already considered and 
hence it was proved that 



(4.3.9.3) 



V' — lim m t ii = vi, I = 1, 2, ...m. 



Exercise 4.3. 9.1. Check this. 



□ 
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4.4. Subharmonic curves. Curves with prescribed limit sets. 

4.4.1. In this paragraph we consider subharmonic functions u € SH{p(r)) in the 
plane of finite type with respect to some proximity order p(r) — ► p. 

The pair u := (m,u 2 ), Ui,u 2 € SH(p(r)) is called a subharmonic curve or 
short by curve. 

The family 

(u)( := ((ui)t,(u 2 )t) 

is precompact in the topology of convergence in V -topology on every component. 
The set of all limits 

Frfu] := {v = (vi,v 2 ) : 3U —> oo,v = T>' - lim u t } 

J— >00 

is called the limit set of the curve u. 

Actually this set describes coordinated asymptotic behavior of pairs of subhar- 
monic functions. 

Theorem 4.4.1.1. Fr[u] is closed, connected, invariant with respect to (»)[t] (see 
3.1.2.4a) and is contained in the set 

U[p,a] := {v = (vi,v 2 ) : v n (z) < a n \z\ p ,v n (0) = 0,n = 1,2.} 

where a := (a\, a 2 ) 

Exercise 4.4.1.1. Prove this by using Th.3.1.2.2. 

Let us define a > as cr n > 0, n = 1, 2. Set 

U[p]:= |J V[p,a] 

cr>0 

We will write U C U[p] if U C U[p, a] for some a. 

Since (T.,U[p]) is a dynamical system we have two theorems analogous to 
Theorems 4.2.1.1 and 4.2.1.2. 
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Exercise 4.4.1.2. Formulate and prove this theorems. 

All the other assertions and definitions of §§4.2,4.3 can be repeated for sub- 
harmonic curves. 

Let Uc U[p}. Set 

U' := {v' : 3v" : (v',v") G U}. 
This is a projection of U. Set for v' G U' 

U"(v') := {v" : {v',v") G U}. 

This is the fibre over v' . 

Theorem 4.4.1.2. Let U (£ TJ[p] 6e closed and invariant and assume that every 
fiber U"(v') is convex. Let U' = Fr[u'] for some u' G U(p(r)).Then there exists 
u" G U(p(r)) such that Fr(u',u") = U. 

We construct a pseudo -trajectory asymptotics in the form 4.2.5.2 replacing u 
with u and v with v. We can directly check that this curve satisfies the assertion 
of the Theorem. 

Exercise 4.4.1.3 Check this. 

Theorem 4. 4. 1.3. (Concordance Theorem). Let u G U(p(rj) and v° G Fr[u], 

and suppose v G U[p] has the property 

lim T T v = lim T T v = v 

t^ — oo r^+oo 

Then there exists a function w G U{p{r)) such that the limit set of the curve u = 
(u, w) Fr[u] = (Fr[u],C(w)) and for every sequence t n — > oo such that lim w tn = v 

n^oo 

(4.4.1.3.) lim u tn = (v°,v) 

n—>oo 

For proving this theorem we should use a.d.p.t. (4.2.5.2). If Vj = v we replace 
vj by Vj := (v°,v). If vj ^ v° we replace Vj by Vj :— {vj,v). 

Exercise 4.4.1.3. Do that and exploit Th.4.3.1.2 and Th.4.2.1.2. 
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Corollary 4.4.1.4. Under conditions of Th. 4-4- 1-3, if lim w tn —T T v, then lim u tn = 

n—>oo n— >oo 

T T v°. 

We should apply T T to (4.4.1.3) and use its continuity in P'-topology. 
□ 
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5. Applications to Entire functions 

5.1. Growth characteristics of entire functions 

5.1.1. Let f(z) be an entire function. The function u(z) := log|/(z)| is subhar- 
monic in M 2 (= C). Hence the scale of growth subharmonic functions considered in 
§2.8 is transferred completely to entire functions. We will mark passing to entire 
function by changing index u for index /. For example, 

M(r, /) := M(r, log |/|), T(r, /) := T(r, log |/|). 

If u{z) := log \f(z)\ has order p[u] = p, then f(z) has order p[f] := p and so on. 

We will write / € A(p,p(r)) and say "/ is an entire function of order p and 
normal type with respect to proximate order p(r)" if log |/| is a subharmonic function 
of order p and normal type with respect to the same proximate order. Shortly, if 
log |/| e SH(p,p(r),R 2 ) then / e A(p,p(r)). 

Exercise 5.1.1.1. Give definitions of 

T(r,/), M(rJ), p T [f], p M [f], c- T [f,p(r)\, a M [f, P (r)} 

and reformulate all the assertions of §2.8 in terms of entire and meromorphic func- 
tions. 

5.1.2. A divisor of zeros of an entire function can be represented as an integer 
mass distribution n on a discrete set {zj} C C. The multiplicity of a zero Zj is the 
mass concentrated at the point Zj. 

The notation for characteristics of the behavior of zeros will mimic that of he 
behavior of the behavior of masses, replacing p for n. For example, n{K r ),n{r) is 
the number of zeros (with multiplicities) in the disk K r , p[n] is the convergence 
exponent, A[n] is the upper density and so on. 

Exercise 5.1.1.2. Give definitions of N (r, n), piv[n], Ajy{n], p[n\. 

5.1.3. The limit set Fr[/] of an entire function / e A(p, p(r)) is defined as the limit 
set of the subharmonic function u(z) := log|/(z)| <G SH(p, p(r),R 2 ) (see §3.1), i.e., 

(5.1.2.1) Fr[/]:=Pr[log|/|]. 
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It possesses, of course, all the properties described in Ch.'s 3,4 but it is not clear 
now if there exists an entire function with prescribed limit set, i.e., whether the 
subharmonic function in Theorem 4.2.1.2 can be chosen to be log \f(z)\ where / € 
A(p,p(r)). It turns out that this is possible and we prove this in §5.3. 

As it was mention in 3.1.1 the general form of V, for the case of the plane is 

V t z = ze^ l ° s \ 

where 7 is real. 

The limit set Fr[n] of a divisor n is the limit set of the corresponding mass 
distribution n (see 3.1.3). 

Of course generally speaking n t (see (3.1.3.2)) is not an integer mass distribu- 
tion. 

Exercise 5.1.3.1. Give a complete definition of Fr[/] and Fr[n], and reformulate 
all the theorems of §§3.1.2, 3.1.3 in terms of entire functions and their zeros. 

The connection between Fr[/] and Fr[n] is preserved completely (see §3.1.5). 

Exercise 5.1.3.2. Reformulate the theorems of §3.1.5 for entire functions. 

5.1.4. Let / = /1//2 be a meromorphic function, where /i,/2 have no common 
zeros. If / 2 (0) = 1, A(0) £ and f u f 2 e A(p, p(r)), then u := log |A| - log |/ 2 | e 
5SH(p, p(r)), and we write / e Mer(p, p(r)) and say "/ is a meromorphic func- 
tion of order p and normal type with respect to the proximate order p(r). For 
/ G Mer(p, p{r)) we use the following characteristics: T(r, /), pr[f], ct[/, p(f)]- 
The charge of log |/| consists of integer positive and negative masses. 
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5.2. V -topology and Topology of exceptional sets. 

5.2.1. Let a — mes be the Carleson measure defined in 2.5.4. Set for CcR 2 

(5.2.1.1) a-mcsC := limsup[a - mes(C n K R )]IC a . 

R-^oo 

It is called the relative Carleson a-measure. 

Theorem 5.2.1.1 (Properties of the Relative Carleson Measure). One has 

rCml) If C is bounded a — mesC = 0; 
rCm2) 

a — mes(Ci n C2) < a — mesCi + a — mesC2, 

i.e., the relative Carleson measure is sub-additive; 
rCmS) 

C\ C C2 => a — mcs(Ci ) < a ~ mesC2 , 

i.e., the relative Carleson measure is monotonic with respect to sets; 
rCm4) 

a 1 > a.2 => ot\ — rncsC < 012 — TnesC, 
i.e., the relative Carleson measure is monotonic with respect to a. 
Exercise 5.2.1.1. Prove this. 

A set Cc I 2 for which a — TnesC = is called a Cq — set. If a — TnesC = 
for all a > 0, C is called a Cq — set. 

Let us recall that if ui,u 2 E SH(p, p(r),R 2 ), then u = ui—u 2 E SSH(p, p(r),R 2 ) 
(see 2.8.2). 

Theorem 5.2.1.2 (V topology and Exceptional sets). Letu E SSH(p, p(r),M 2 ) 
In order that 

(5.2.1.2) u t ^0 
in V as t — > 00 it is sufficient that 

(5.2.1.3) u{z)\z\- p ^ -» 

as z — > 00 outside some Cq — set. 

If (5.2.1.2) holds, then (5.2.1.3) holds outside some Cq - set. 
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5.2.2. To prove Theorem 5.2.1.2 we need some auxiliary assertions. Recall that dz 
is an element of area following the notation of the previous chapters. 

Proposition 5.2.2.1. Let u e SH(p, p(r),R 2 ), and C% >R := C% n K R . Then 

(5.2.2.1) J \u\(z)dz = o(RPW+ 2 ) 

C 0,R 

as R — > oo. 

Proof. Suppose (5.2.2.1) does not hold. Then there exists a sequence Rj — ► oo such 
that 

(5.2.2.2) lim R~: p(Rj) ~ 2 [ \u\(z)dz = A > 

Rj-HX J J 

r 2 

Consider the following family of <5-subharmonic functions: 
(5.2.2.2a) Uj (0 := RJ p{Ri) u(CRj) 

It can be represented as a difference Uj = u\ j — u 2 _j of subharmonic functions of 
the same form. 

Thus it is precompact in Li oc (Theorem 2.7.1.3). Let us choose a convergent 
subsequence for which we keep the same notation. Its limit v is a locally summable 
function. 

Now let Xj be the characteristic functions of the sets 

E j '■= ^ 

Since mesEj — > it is possible to choose a sequence (for which we keep the same 
notation) such that Xj — * almost everywhere. We will also suppose that Rj are 
the same for \j an d Uj. Thus 



\ Xj (Ouj(0-o-v(0\d(= J \ Xj (Ouj(0\d( ^ o. 

ICI<1 ICI<1 
By change of variables z — Rj( we obtain that 

rj»^- 2 J \ u \(z)dz= J | Xj (CK(C)MC-o. 

Hence the limit in (5.2.2.2) is equal to zero. Contradiction. □ 
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Proposition 5.2.2.2. Under condition (5.2.1.2) the set 

C:={z: \u{z)\\z\~p^ > e} 
is a Cq — set for arbitrary e. 

Proof. Assume the contrary; that is ,3a > such that 

(5.2.2.3) a - mesC = 26 > 0. 
One can see that for some n > 

(5.2.2.4) limsup(a - mesK vR )R- a < 5/2. 

Exercise 5.2.2.1. Check this. 

(5.2.2.3) and (5.2.2.4) imply that there exists a sequence Rj — > oo such that 

hm a - mes[C D (K Rj \ K vR] )]Rj a > h. 

Set 

It is clear that Ej C K\ \ K v and for sufficiently large j 

(5.2.2.5) a - mesEj > S. 

Set Uj as in (5.2.2.2a). We claim that for large j and ( e Ej 

(5.2.2.6) M(o>ficr 

Indeed, 

M(0-^-i^(i + ^))ia'MKI'- 

We used here properties of the proximate order and the equivalence 

z = R j CeCn (K Rj \ K vRj ) &(eEj. 

Exercise 5.2.2.2. Check this in details. 
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Now we will show that the condition (5.2.1.2) contradicts (5.2.2.6). Since u € 
SSH(p, p(r),R 2 ) it is a difference of Ui,«2 € SH(p, p(r),M 2 ). The corresponding 
sequences Uij and w 2 j are precompact in D' and there exist subsequences (with 
the same notation) that converge to v\ and v 2 , respectively. 

By Theorem 2.7.5.1 these sequences converge to v\ and Vi with respect to 
a — mes on K\ \ K^. Since Ut — > in T>' , it follows that v\ = i>2- Thus Uj — * with 
respect to a — mes on K\\K V . However, this contradicts (5.2.2.5) and (5.2.2.6). □ 

Proposition 5.2.2.3. Let{Cj}f be a sequence of C® -sets. There exists a sequence 
Rj — > oo such that the set 

oo 

(5.2.2.7) C=\J{C j n(K Rj+1 \K Rj )} 
is a C^-set. 

Proof. Choose tj J. and ctj J. 0. Set i?o := 1- Suppose was already chosen. 

Take Rj such that 

(5.2.2.8) aj - mes[Cn K Rj _^] < ejR^ 
for R> R r 

It is possible because of property rCl) Theorem 5.2.1.1. We can also increase 
Rj so that 

(5.2.2.9) a 3 - mes[Cj n K R ] < e 3 R a > 
and 

(5.2.2.10) a 3 - mes[C j+ i n K R ] < e 3 R a > 
for R> Rj. 

It is possible because Cj and Cj+i are Cq- sets. 

Let us estimate aj - mes[CC\K R ] for R 3 < R < R 3+1 . From (5. 2. 2.8), (5. 2. 2.9) 
and (5.2.2.10) we obtain 

(5.2.2.11) a 3 - mcs[C n K R ] < 3e 3 R a ' . 
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Let a > be arbitrary small. Find aij < a. For Rj+i > R > Rj we have 

a - mes[C n K R ]R~ a < a 3 - mes[C n K R ]R- a > < 3e r 

Hence a — mesC = 0. □ 
5.2.3. 

Proof of Theorem 5.2.1.2. Let e D(C) and supp <f> C Kr. Then for any e > 

/ \ 

(5.2.3.1) J(i) := y <p(z)u t (z)dz = / +/ ^{z)u t {z)dz := Ji(t) + J 2 (i) 
We have for J 2 (see 2.8.2.3): 

e 

(5.2.3.2) \J 2 \{t) <vnax.\<j>{z)\ x const. \ T(r,\u t \)rdr < const.T(e,\u t \)e 2 . 

M<e J 
o 

Further (see Theorem 2.8.2.1) 

T(r,M) < 2T(r, Ut ) + 0(r p(t) ) < 2[T(r, «i, t ) + T(r, u 2 , t )] + 0(t- p(t) ) < 

(5.2.3.3) < 2[M(r, ui, t ) + M(r, u 2 , t )] + 0(t""W 
Using (5.2.3.2), (5.2.3.3) and (3.1.2.3) we obtain 



(5.2.3.4) limsup|J 2 (t)| < const. e p+2 

t—>oo 



To estimate Ji(t) write 
(5.2.3.5) 



l^i (01 ^ const. 



J \u(z)\dz+ J \u{z)\dz 



t- p(t) - 2 := Ji,i(i) + Ji, 2 (i), 



where K t := {z : et < |,z| < Rt}. 

Exercise 5.2.3.1. Check this using the change of variable z = t(. 
The summand J^i is o(l) as t — > oo by (5.2.1.3). 
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Exercise 5.2.3.2. Check this using the properties of the proximate order 
(Theorem 2.8.1.3, ppo3). 

The summand Ji^. = o(l) by Theorem 5.2.2.1. Thus 

limsup|J(i)| < const. e p+2 

for any e. Hence it is equal to zero and the sufficiency of (5.2.1.3) has been proved. 

Let us prove sufficiency of (5.2.1.2). Let ej J. 0. By Theorem 5.2.2.2 we choose 
a Cg-set Cj outside which \u(z)\\z\- p { \ z ^ < ej. 

We construct the set C by 5.2.2.7. Outside C we have (5.2.1.3). And by 
Theorem 5.2.2.3 it is a Cg-set. □ 
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5. 3. Asymptotic approximation of subharmonic function 

5.3.1. One of the widely applied methods of constructing entire functions with 
a prescribed asymptotic behavior is the following: First construct a subharmonic 
function behaving asymptotically as he logarithm of modulus of the entire func- 
tion, and then approximate it in some sense by the logarithm of modulus of entire 
function such that the asymptotic is preserved. 

Various requests a precision of the approximation and on the metric in which 
such approximation was implemented generated a specter of theorems of such kind 
we will demonstrate. 

Historically the first theorems of such kind were proved for concrete functions 
the masses of which were concentrated on sufficiently smooth curves (in particularly, 
on lines, see ,e.g. [BM],[Ev],[Ki],[Ar], ...) 

In such cases the approximation was very precise and exceptional sets where 
the approximation failed were small and determined. 

The first general case was proved in [Az(1969)]. Next it was developed in 
[Yu(1982)], and made excellent in [Yu(1985)]. It is the following 

Theorem 5.3.1.1.(Yulmukhametov). Let u e SH(p). Then there exists an 
entire function f such that for every a> p 

\u(z)-log\f(z)\\<C a log\z\ 

for z £ E a , where E a is an exceptional set that can be covered by discs D Zj , rj :— 
{z : \z — Zj\ < rj} satisfying the condition 

rj =o(R p - a ), R^oo. 

\zj\>R 

This theorem is precise in the following sense: If 

IN - log |/(2)|| = o(log \z\), z->oo, z<£E, 
then for every covering of E by discs D z . >r and every e > 

\zj\<R 
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i.e. in any case this sum is not even bounded. 

However it is necessary to remark that the construction from [Yulmukh.(1985)] 
" rigidly" fastens zeros of the entire function, whereas the construction of [Az(1969)] 
and [Yu(1982)] gives some possibilities to move them , which is needed in some 
constructions. 

Let us also mention that such approximation generates an approximation of 
a plurisubharmonic function by logarithm of modulus of entire function in C p (see 
[Yu(1996)]) 

It is also useful to approximate subharmonic functions in an integral metric, 
for example L p , as was done in [GG]. 



Denote by Q(r,u) a function that satisfies the conditions: 

1) if u is of finite order, then Q(r, u) — O(logr); 

2) if u is of infinite order, then Q(r,u) = 0(logr + log fi u (r)). 

Theorem 5.3.1.2.(Girnyk,Gol'dberg). For every subharmonic in C function u 
there exists an entire function f such that ||u(re 4 ') — log |/|(re 4 ')|| p = Q(r,u). 

This theorem also considers functions of infinite order. In this case, it is possible 
replace /J, u (r) by T(r,u) or M(r,u) in Q(r,u) outside an exceptional set E C R + 
of finite measure. This theorem is also unimprovable for subharmonic function of 
finite order, because, for example, u = \ log \ z\ gives, as it is possible to prove: 



However it was find out [LS], [LM] that the reminder term 0(log \ z\) that was 
regarded the best possible is not precise and in some "regular" cases can be replaced 
with O(l) outside a bigger (but still "small") set . 



Set 




lim inf 



|Kre'*)-log|/|(re'*)|| 
logr 



v 



> 



Set for E cC: 



A(E) := lim sup 



mesE n D 0tR 
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Theorem 5.3.1.3. (Lyubarskii,Malinnikova). Let u be a subharmonic func- 
tion in C with p u satisfying the conditions: /U„(C) = oo and there exists a > 0, q > 
1, i?o > such that 

Hu(D 0yqR \ D . R ) > a 

for all R> R . 

Then there exists an entire function f such that for every e > 

|«(*)-log|/(z)||<C £ 

for z eC\E e with A(E e ) < e 

So if fi u has no "Hadamard's gaps" such approximation is possible. 
In this book we restrict ourself to weaker and simply proved theorem that is 
sufficient for our aim 

Theorem 5.3.1.4. (Approximation Theorem). For every u e SH(p, p(r)) 
there exists an entire function f such that 

D'- lim(u-log|/|) t = 0. 

t^oo 

Nevertheless this theorem has an important 

Corollary 5.3.1.5. For every u G SH(p, p(r)) there exists an entire function f 
such that 

Fr[n]=Fr[/]. 

5.3.2. Now we prove Theorem 5.3.1.4. We can suppose, because of Theorem 3.1.6.1 
(Dependence Fr on V,), that in the definition of (») t (see 3.1.2.1) V t = I 

We prove this theorem for the case non-integer p. For proving this theorem we 

need 

Lemma 5.3.2.1. Let u G SSH(p, p(r)), for p non-integer, and v is its charge. 
Then u t — > iff v t — > in V as t — > oo. 
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Proof. Sufficiency. Suppose u t := («i)t — i u 2)t ~h 0- There exists a subsequence 
tj — > oo and subharmonic functions wi and «2 such that 

(5.3.2.1) u tj = - (u 2 ) tj . -> ui - v 2 := v ^ 

Applying to (5.3.2.1) the continuity of A in V and using the conditions of the 
theorem, we obtain 

Vtj - JLa„ = o. 

Hence w is harmonic. Since vi,«2 € also w G C/[/o] (see Th. 2.8.2.1, t3),t4) 

and Th.2.8.2.3). 

Exercise 5. 3. 2.1. Prove this in details. 

By Th. 3. 1.4.3 we obtain v = 0. Contradiction. 

Necessity. Since the Laplace operator is continuous in P'-topology, the asser- 
tion Ut — > implies v t := ^Au t — > 0. □ 

Now we describe a construction of the zero distribution of the future entire 
function. 

Let u e SH(p) and p be its mass distribution. Set 

(5.3.2.2) R 3+1 :=R 3 { ] + lf^ 
where 

n:=min{p- [p], [p] + 1 - p). 

Let us divide all the plane by circles of the form '■— {\z\ = Rj} such that 
Rj+i/Rj — > oo and u(S R] ) = 0. 

Exercise 5.3.2.2. Prove that it is possible. 

Chose a sequence Sj J. 0. Divide every annulus K 3 := {z : Rj < \z\ < Rj+i} by 
circles Sj^ in for 

(1 + (5 \ n 



where 

log 



R3+1 
Ri 
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and by rays 

Lk := z : argz = k5j, k = 0, 1, [27r/<y. 

They divide all the plane into sectors K^ n ^. We can choose Sj in such way that 
n(dKj. n ^) — because fi(Kj, n ^) is monotonic function of 5j and have only count- 
able set of jumps. 

Exercise 5. 3. 2. 3. Explain this in details. 

Chose a point 2j, n ,k m every sector Kj in> k an d concentrate all the mass of the 
sector at this point. In other words we consider a new mass distribution jl that has 
masses concentrated in the points 2j, n ,k and /&(-2j, n ,fe) = n{Kj,n,k)- 

The next lemma shows that /t is close to /i. 

Lemma 5.3.2.3. One /ias 

At - m« -» o 

in D' as t — > oo. 

Proof. Assume the contrary, i.e., fit — fit -/> 0. Chose a sequence — > oo such that 
/it, — > j> and /Li ti - * v, v, z> £ A4[p], v ^ v. Then there exists a disc K Z(uro := {z : 
\z — z \ < r } such that u(K zo<ro ) ^ v(K zo>ro ). We can assume that this disc does 
not contain zero since for all the v G M[p] the condition v(K r ) < Ar p ,W > is 
fulfilled. 

Suppose, for example, 

(5.3.2.3) v(K ZOiro ) > v(K Zo , ro ). 
Set a := v(K ZOiro ) — i>(K ZQtro ) > 0. Chose e such that 

(5.3.2.4) v{K Zo ,r ) < HKzo.ro-e) + a/3. 

This is possible because the countable additivity of v implies ]im v(K zo r i) — 

Consider now the sets tiK ZOiT . ,tiK ZOiro _ e . For sufficiently large ti they are 
contained in the union of the annuluses Kj l U Kj l+1 . 
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As ji — > oo the diameters of all the sectors Kj un ^ are o(Rj t ) uniformly. Thus 
they are o{U). Hence for such ti's we can find a union T; of sectors covering tiK Zo ^ ra ^ e 
that does not intersect the circle of tiK ZOiro . 

We have fi(Ti) = n(Ti) by definition of fi. Using the monotonicity of measures, 
we obtain fj,(tiK Zo , ro _ € ) < p,(tiK Zo , ro ) whence 

MtlC^zo.ro-e) ^ AtiC^zo.ro)- 

Passing to limit as Z — > oo and using Theorems 2.2.3.1 and 2.3.4.4, we obtain 



v ( K zo,r -e) < H K zo,r )- Using (5.3.2.4), we obtain v(K ZOiro ) - l/3[v(K ZOt7 . ) - 
v(K Zo>ro )] < u(K Zo ^ ro ) and hence v{K Zo ^ ro ) < v{K Zo ^ ro ), that contradicts (5.3.2.3). 
Since v and v are symmetric in this reasoning the lemma is proved. □ 

Let us finish the proof of the Theorem 5.3.1.4 for non-integer p. 

We construct a distribution n with integer masses concentrated at points Zj t k,n- 

Set 

n(Zj t k,n) ■= [£(Zj,k,n)] 

and estimate the growth of the difference 

5fj, := fi — n 

that is also a mass distribution concentrated at the same points. 
Since 

5v(zj,k,n) < 1 

it is sufficient to count the number of points in the disc Kr. 

The number of points in the annulus {Rj < \z\ < R} is found from (5.3.2.2) 



Sn({Rj < \z\ < R}) < 
log(j + 1) 



log 



1 + 



1-5, 



— log— < 

Sj Rj 



const x -2 = const x (j + 1) log(j + 1). 



The mass of the disc Kr is estimated by the inequality 

n-l 

(5.3.2.5) ^(ifij) < const x J^(fc + l) 4 log(fc + 1) = o(n 6 ) = o(i? e ) 



k=0 
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for any e > because R > R n -i = ((n - 1)!) 4 / K . 
Exercise 5. 3. 2. 4. Check this in details. 
The estimate (5.3.2.5) shows that 

(5.3.2.6) Sfi t -» 
as t — > oo. 

Lemma 5.3.2.2 and (5.3.2.6) implies that 

(5.3.2.7) /** -»*-»() 
Set 

ui(z) := U(z,n,p) 

(see (2.9.2.1)) where II is a canonical potential. This is a subharmonic function 
in the plane with integral masses. Thus it is the logarithm of the modulus of the 
entire function 

f(z) = l[E(z/z j , k , n ). 

(5.3.2.7) implies by Lemma 5.3.2.1 that ut — («i)t — * and this is the assertion of 
Theorem 5.3.1.4 for non-integer p. □ 
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5.4. Lower indicator of A. A. Gol'dberg. Description of lower indicator. 
Description of the pair:indicator-lower indicator 

5.4.1. Now we consider the lower indicator. For an entire function of finite order 
p and normal type it can be defined in one of the following ways: 

(5.4.1.1) Zh(&/) :=sup{ liminf log \f{re l(t> )\r- p ^}, 

where C is the set of Co-sets (see [L(1980,ChII,§l]),i.e. the sets that can be covered 
by union of discs K$ j (zj) :— {z : \z — zj\ < Sj} such that 

lim I y S i = 0. 

\zj\<R 

The exclusion of Co-sets is necessary because we must exclude from our con- 
sideration some neighborhoods of roots of f(z) where log \f(z)\ is near — oo. 
Similarly, define 



(5.4.1.2) h 2 ((j>,f):= sup { liminf log |/(re 40 )|r- p(r) }, 

E(4>)e£ r^oc,r<£E(cf>) 

where £ is the set of iVsets (see [L(1980),Ch.III]), i.e. sets E C (0, oo] satisfying 
the condition 

lim mcs{£ n (0, i?)}ir 1 = 0. 

The definition (5.4.1.1) was introduced by A.A.Gol'dberg (see [Go(1967]). We will 
use the definition (3.2.1.2) 

(5.4.1.3) h(<f>, /) = mi{v(e^) : v E Fr[f}} 

Proved in [AP, Theorem 1] that the definitions (5.4.1.1), (5.4.1.2) and (5.4.1.3) 
coincide. 

Let us note that (5.4.1.3) uses the definition (3.2.1.2) only on the circle {\z\ = 
1}. However, it is easy to check, by using Theorem 3.2.1.2 that for h(z) — \z\ p h(a,rgz) 
properties hi) and h2) preserved. 

Exercise 5.4.1.1. Check this. 

We are going to prove 
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Theorem 5.4.1.1. Let g(<fi) be a 2n -periodic function that is either semicontin- 
uous from above or = — oo and p{r) — > p be an arbitrary approximate order. Then 
there exists an entire function f e A(p,p(r j) such that 

(5.4.1.4) h{^f)=g(4>) 

for all <p G [0,2tt). 

5.4.2. We will use the following assertion that is a corollary of Theorem 4.3.5.1 
and Corollary 5.3.1.5: 

Theorem 5.4.2.1. Let A C U[p] be a compact, connected andT,- invariant subset. 
Then for any proximate order p(r) — > p there exists f e A(p, p{r)) such that 

(5.4.2.1) h{(j), f) = sup{i;(e^) : v e A} 

(5.4.2.2) h(4>, f) = inf{u(e^) : v e A}. 
Exercise 5.4.2.1. Prove Theorem 5.4.2.1. 

For the sake of clarity let us restrict ourselves to non-integer p. We will con- 
struct a set A such that 

inf{w(e^) : v E A} = g{(j>) 

Denote 

P k 

H(z,p) :=log|l-z|+3?^^-; p = [p] 

fc=i K 

j{z, K, X) := -X + K\z-1\, X,K> 0. 

Note the following properties of these functions: 

a) min SH (z 7 p)\z\~ p — > 0, as S — > 0; 

\z-l\>6 

b) SH(z,p)\z\-P < AS, for all z e C, 
where A depends only on p; 
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(5.4.2.3) 




Exercise 5.4.2.2 Prove properties a),b),c). 

Let us note that H(l,p) = — oo. Consider the family: 

Aoo = {v ,r{z) ~ H{ze- tB T lP )T- p : e [0, 2tt), t e (0, oo)} U 

This family is contained in U[p] because of b) and closed in P'-topology. It is 
also T,- invariant, hence, satisfies the conditions of Theorem 5.4.2.1. For every 
4> € [0, 2n) there exists 9q(— 0), and t (= 1) such that fe ,To( e ^) = H(l,p) = — oo 



For general case this construction will be improved, cutting the "trunk" of the 
function H(ze~ l9 ,p). 

Take <5 small enough so that the following conditions hold 



Hence 



(5.4.2.4) 



inf{w(e 40 ) : v e A^} = -oo 



(5.4.2.5) 




(5.4.2.6) 



SH(z,p)>--, ior\z-l\=S.. 



(5.4.2.7) 




Then 



(5.4.2.8) 



6H(z,p)>'Y(z,K,X), for|z-l|=<5. 



Denote 



(5.4.2.9) 




for \z-l\<5 
for \z-l\>6 



207 

Lemma 5.4.2.2. The following holds 

aw) The function W(z, K, 5, A) is subharmonic in C; 

bw)supp fiw <s {\z — 1| < S}; 

cw) 

(5.4.2.10) supW(z,;6,X)\z\- p < AS, 

zee 

where A depends only on p. 

Proof of Lemma. For \z — 1| < 5 W is subharmonic as the maximum of two sub- 
harmonic functions. For \z — 1| > 6 it is harmonic even in the neighborhood of 
the circle \z — 1| = 5, because of inequality (5.4.2.8). So aw) and bw) hold. The 
assertion cw) follows from b) and c) (5.4.2.3) above. 

Now we get to the proof of (5.4.1.4). Let g n [ g a sequence of continuously 
diffcrcntiable functions that converges to g monotonically. This is possible, because 
g is semicontinuous from above. 

Exercise 5.4.2.3 Prove that Theorem 2.1.2.9 and the Weierstrass theorem of 
approximation of every periodic function by trigonometrical polioses imply the last 
assertion. 

Denote 

M n := max #+(<£) 

<P 

where as usual a + = max(a, 0) . 
Set 

v , n (z) ■= W{ze- W , K n , 5 n , M n + 1- g n {6)) + (M n + l)\z\", 
where S n is chosen small and K n is chosen large. Set z = re 1 ^ . It is clear that 

(5.4.2.11) v^*) = g n {<}>) 

for all K n ,S n . 

We can choose K n so large and S n so small that 

7 (z, K n , M n + 1- g(0))\z\-" > g n {4>) 
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for \z — 1| < 5 n , because g n has bounded derivative. 

After that we can make 5 n smaller so that for \z — 1| > 5 n the inequality 
(5.4.2.8) would hold. 

Exercise 5.4.2.2. Estimate exactly K n and <5„ via the derivative of g n . 

Then 

ve,n(z)\z\- p > g n (4>) 

for all z = re"t>. Thus 

nnnve^Te^T-" = g n (e^), 

and the minimum is attained for r = 1, 6 = <j>. 
Let us note that from (5.4.2.10) we have 

supsupv e ,„(z)|2;|- p < A6 n + M n + 1 < A + M x + 1. 

e zee 

Consider now the family of functions 

A := {ve,„(zT)\T\- p : e [0; 2tt), n = 1, 2, r e (0; oo)} 

It is contained in J7[p, cr] for cr = ^4 + Mi + 1 and is T.-invariant. Let A be its 
closure in V . Let us show that 

(5.4.2.12) g(<j>) = inf{w(e^) : v e A}. 

Indeed, for every sequence Vj e Ai 

v j {e i *)>mfg n {4>)=g{<l>) 

n 

Let u € A. By Theorem 2.7.4.1 (V and Quasi-everywhere Convergence) 
v(z) := (V' — lim Vj)(z) — (limsupvj)* (z) 

Hence 

v(e^) > g{<j>). 

However, the infimum is attained for every <p ° n the sequence v^ in (z) because of 
(5.4.2.11). Hence (5.4.2.12) holds and Theorem 5.4.1.4 is proved. □ 
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5.4.3. Now we describe of the pair: indicator-lower indicator. Let h be a 2tt- 
periodic, p-trigonometrically convex function (p-t.c.f) and let g be a 27r-periodic 
upper semicontinuous function. Further they are indicator and lower indicator of 
entire function, and hence must satisfy the condition 

(5.4.3.1) h(<j>) > g(<j>), 0e[O,27r). 

An interval (a, b) C [0, 2ir) is called a maximal interval of p-trigonometricity of the 
function h if 

(5.4.3.2) h{4>) = A cos p(f> + B sin pep, <f> e (a,b) 

for some constants A, B, and h has no such representation on any larger interval 
(a',b') D (a,b). 

A function h is said to be strictly p-t.c.i. if it is a p-t.c.f. and is not p 
-trigonometrical on any interval. 

If the function h is a strictly p-t.c.f., then h and g (satisfying other previous 
bounds) could be an indicator and lower indicator of an entire function / e A(p(r)). 
However this is not so if the function h has an intervals of trigonometricity. 

Recall, for example, the famous M.Cartwright Theorem [L(1980), Ch.IV,§2,Th.6] 
: if an indicator of an entire function is trigonometrical on an interval (a, b) with 
b — a > n/p then the function is a CRG -function on this interval, i.e., 

(5.4.3.3) h{cj>) =g(<f>), 0e (a, 6). 

Let us formulate all the necessary conditions of such kind. Let (a, b) be a max- 
imal interval of p-trigonometricity of the function h. The M. Cartwright theorem 
can be formulated as the implication: 

(5.4.3.4) {b-a > ir/p) (5.4.3.3). 
The following implications are also necessary: 



(5.4.3.5) (30o G (a, b) : h(<M = g{<po)) => (5.4.3.3) 
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(5.4.3.6a) (h(a) = g(a) A h' + (a) = h'_(a)) (5.4.3.3) 



(5.4.3.6b) (h(b) = g(b) A h' + (b) = h'_(b)) => (5.4.3.3) 

where h'± (a) and h'± (b) are the right and left derivatives of the function h at the 
points a and b. 

(5.4.3.7a) (b-a = n/pAh' + (a) = h'_(a)) => (5.4.3.3) 



(5.4.3.7b) (b - a = n/p A h' + (b) = h'_(b) => (5.4.3.3) 

(5.4.3.8a) filmin g ~ gW = W (5.4.3.3) 

(5.4.3.8b) fiimhj MziW =Q \^ (5 . 4 . 3 . 3) 

Now we shall give an exact formulation. The functions h and g are said to be 
concordant if at least one of the following conditions holds: 

1. h is strictly p-t.c; 

2. for each (a, 6) that is a maximal interval of p-trigonometricity of the function 
h the implications (5.4.3.4)-(5.4.3.8b) are satisfied. 

Theorem 5.4.3.1. Let < p < oo, 6e a 2tt -periodic, p-t.c.f., g(4>) be an 

upper semicontinuous, 2ir -periodic function, h((j>) > g(<j>) for all <fr, and h ^ g. 

A function f £ A(p(r)) which simultaneously satisfies the identity hf = h,hf = 
g with an arbitrary proximate order p(r) — > p exists if and only if the functions h 
and g are concordant. 

5.4.4. 

Proof of necessity. Note that implication (5.4.3.4) is a corollary of (5.4.3.6a) or 
(5.4.3.6b), because every p-trigonometrical function is continuous and has continu- 
ous derivative in (a,b). Recall that (»)[t] was defined by (3.1.2.4a). 
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From properties of the limit set Fr[/] (Theorem 3.1.2.2, fr2),fr3)) and the 
definition of indicators ( (3. 1.2.1), (3. 1.2. 2)) we can obtain for every function v G 
Fr[/] the inequality 

(5.4.4.1) w(re 40 ) < T p h{<j)), <\> e [0, 2tt), t > 0. 
Since h{4>) is p-trigonometrical for (j> G (a, 6), the function 

Hire**) := 

is harmonic in the angle 

r(o, b) := {re** : e (o, 6), r G (0, oo)}, 

whence the function v — H is subharmonic and nonpositive in T(a,b). By virtue 
of the maximum principle, either v < H in T(a, 6) or v = H in T(a, b) for each 
f G Fr[/]. Note that the condition t> = in T(a, 6) implies v = H in T[a, 6] for the 
closed interval because of the upper semicontinuity of v. 

Let us prove (5.4.3. 5).For every v G Fr[/] we have w(re^ ) - i?(re^°) = 
whence by the maximum principle v = H in T(a, 6). Hence (5.4.3.3) holds. 

Let us prove (5.4.3.6a). Assume the contrary:/i(a) = g(a) A h' + (a) = h'_(a) 
holds, but there exists 0o G (a,b) such that h(<po) > g(4>o)- Then there exists 
v G Fr[/] such that 

g(<Po) < vie** ) < h(cfr ) 

whence 

(5.4.4.2) t^re**) < T p h(<j>) G I>, 6). 

Without loss of generality ,we can assume that v(z) > — oo otherwise we can replace 
v with max(u, — C) for a large positive constant C > 0. 
We choose < n < r 2 and to the every function 

Wj(re^) := w [Tj] (re l0+a ) -r"fc(0 + a), j = l,2, 7 = fo-a, re^ G T(0, 7) 

we apply the following lemma due to A.E.Eremenko and M.L.Sodin [So] (see also 
[PW],[Ho]): 
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Lemma 5.4.4.1. (E.S.). Let W be a subharmonic nonpositive function inside the 
angle r(0,7), 7 > 0. Then the following implication is valid 

[ limsup W (f ^ = I ^W = 0. 

\ 0^0 <P J 

If the condition of this theorem is not satisfied for 
VT(re^) = max urr](re^) 

re[T lt T 2 ] 

it would be possible to insert a p-t.c. function between h(<f>) — e(<f> ~ ») (for a small 
e ) and w(e 4 ^) .However, such function does not exist, because of negative jump of 
derivative. So it will be a contradiction. See further for details. 
From Lemma 5.4.4.1 we get 

. t h(<j>)-v [Tl] (e^) 
limmf ■ — — := ai > 

4>^a+o m — a 



and likewise 



hmmf ■ — — := a 2 > 0. 

^— >a+0 d> — a 



So a A > can be chosen such that a + A < b and the inequalities 

(5.4.4.3) H(r j e i *)-v lTj] {e i *)>a7f(4>-a), j = 1,2, 

where a := 1/2 min(ai, a^), hold for all G [a,a + A]. 
We denote 

/?:= min (i7(re J ( a+A )) - w(Te J ( a+A >)) 

T£[ri,r 2 ] 

which is positive because of (5.4.4.2). 
Let us choose e > small enough to 

(5.4.4.4) e < min(a, P^yA' 1 ) 



and let us consider the p-trigonometrical function 

h t (4>) := p _1 (/i/(a) — e) sin p((p — a) + h(a) cos p(4> — a), <j> G (a, 6) 



that coincides with 

h{(f>) = p^ 1 h'(a) sinp(0 — a) + h(a) cos p{4> — a), <f> € (a, b) 

in the point </> = a but has a tangent that is lower then the tangent of h. 
Further 

(5.4.4.5) h(4>) - h e (4>) = p~ 1 esmp(4> - a) < e(4> - a), 4> <E [a, a + A] 
Combining (5.4.4.3)-(5.4.4.5) we obtain 

(5.4.4.6) w [Tj] (e^) < r/ft(0) - a{4> - a) < T p h{<j>) - e(<j> - a) 

<Tj p h t {<j)), (/>€ [a,a + A], j = 1,2 

(5.4.4.7) w(re^) < r p /i e (a + A) + T p eA - /3 < 

r p h e (a + A), re [n,T 2 ] 

We denote 

(5.4.4.8) G := {re* : <f> € [a,o + A], re [ri,r 2 ]} 
It follows from (5.4.4.6), (5.4.4.7) that 

v(re**) < r"fc e (<£), re'* e dG, 

where dG is the boundary of the domain G. Since the functions v(re 1 ^) and r p h e 
are subharmonic in G, by virtue of the maximum principle we have 

(5.4.4.9) v(re**) < r"/i e (<£), re 1 * e G. 
Let us consider the function 

Hi (re**) := r"/n(0), re 40 e T(a — A, a + A) 

where 

ft U) ■= { 0e (a - A,o], 

lW ' I fc e (0), </>e [a,a + A). 
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The function Hi is continuous in T (a — A, a + A) and subharmonic in the angles 
T(a — A, a) and T(a, a + A). Let us prove that it is subharmonic at the point z = e la . 
Let M(z, R, v) be the mean value of v over the circle {( : \( — z\ = R} (see (2.6.1.1)). 
Taking into consideration (5.4.4.9) and subharmonicity of v (see (2.6.1.1)), for all 
small R we have 

M(e ta , R, Hi) > M(e la ,R, v) > v(e ta ) = H x {e ia ). 

Hence Hi is subharmonic for z — e la . Since Hi is homogeneous, i.e. Hi(kz) = 
k p Hi(z), 

M(ke la ,kR,Hi) = k p M{e la ,R,Hi) > k p Hi{e la ) = Hi{ke la ) 

So Hi is subharmonic on the ray {z — ke la : k e (0, oo)} and hence in the angle 
T(a — A, a + A). Thus hi(<p) is a p-t.c.f. for <j> G (a — A, a + A). However, by 
construction 

{h 1 ) l _{a)=ti_{a) = ti + {a) = {h € )' + + e = {hi)' (a) + e 

and this contradicts the fact that hi is p-t.c.f. 

Concordance of the implication (5.4.3.6a) is proved. 

5.4.5. Here we continue proof of necessity. Pass to the proof of necessity of the 
condition (5.4.3.7a). Assume the contrary. Then there exists v e Fr[/] and O € 
[a, b] such that g((f>o) < v(e l ^°) < h(cf>o), whence by virtue of the maximum principle, 
u(re^) < T p h{(j)) for Te lct > e T(a,b). Actually u(re^) < rPh(<p) everywhere and 
on the circle we have strict inequality. If v{re ia ) — H(re la ) for a r > 0, then 
V[ T ] (e za ) = h(a), and it will suffice to repeat the arguments used in proving (5.4.3.6a) 
with V[ T ] instead of v. 

Exercise 5.4.5.1 Do that. 

So it is sufficient to examine the case v(re la ) < H(re la ), r > 0. Denote 



T{4>) := h'(a)p 1 sinp(0 — a) + h(a) cos p{4> — a). 
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This is a p-trigonometrical function the graph of which is tangent to the graph of 
h((f>) at the point a. 

There are two possibilities for T(<fi) on some small interval <j> <= ( a ~ 7, a ), 7 > : 
either T(<t>) < h(4>) or T{4>) = h{<j>). 

Inequality T(<f>) > h{<j>) contradicts to p -t. convexity at the point a. The equal- 
ity on the sequence of points <pj — > a — contradicts the maximum principle for 
p-t.c. functions. 

Exercise 5.4.5.2 Why is it? 

If T{4>) = h((f>),(f> G (a — 7, a), then h is p -trigonometrical on the interval 
(a — 7, b) D (a, b) that was already considered in the case (5.4.3.4) (M.Cartwright's 
Theorem). 

So we assume T{<j>) < h((f>), <fi € (a — 7, a). We set 

:=M0)-T(0),^e(a-7,o) 
Wl (re^) := w(re 40 ) - rT(0), re 1 * e F(a - 7, b). 

Then /ii(^) = for 4> e [a, 6], fti(^) > for e (a - 7,0) and h'(a) = 0. 

The function t>i(e*^) < 0, </> e [a, 6). Let us analyze the behavior of the function 
ui(e^) at the point 6. Either Vi(e* b ) < or «i(e lb ) = but 

limsupwi(e^)(6- 0)" 1 < -C 
0^6-0 

for some C > by Lemma 5.4.4.1 (E.S.) 

From the other side v\{e l( ^) is strictly negative also in some left (say, (a— A, a)) 
neighborhood of a because of upper semicontinuity. In any case wi(e^) can be 
majorated on the interval (a — A, b) by the function 

h e :— — Asm(p — e)(b — (f>) 

with sufficiently small A. 

A point of intersection of the graph of h e with the axis 0, <j) can be regulated 
by e and can be chosen so close to the point a that the graph of h £ also intersect 
the graph of h\{4>), at some point 9q < a because h\(a) = h[(a) = 0. 
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Exercise 5.4.4.1. Make the precise proof with all the estimates. 
Let the parameters A, e, 9 n be fixed as above. Denote 

S , :={re i *:0e(e o ,6),O<r<l}. 

Then H e (re 1 ^) :— r p ~ e h t ((j)) is harmonic in the sector S and satisfies the inequality 
H e (re irt> ) > wi(re^) on dS. Hence H e {re^) > Ui(re^) on S. Thus 

(5.4.5.1) w(re J0 ) < H{re^) + H £ (re**), re 10 e 5". 

Let jM(r, i>) be the mean value of the function on the circle {£ : |£| = r} (see 
2.6.1.1). Using (5.4.5.1) we have 

b 

M{r,v) < j [H(re i<t ')+H e (re i ' t ')}d<t>+ J H(re**)# < d ir p -d 2 r p - £ , d u d 2 > 

e [O,27r)\(0o,&) 

So we get .A4(r, v) < = t>(0) for sufficiently small r > which contradicts the 
subharmonicity of the function v at zero. 

5.4.6. Now we complete proof of necessity, proving (5. 4. 3. 8a, b). Assume the con- 
trary: suppose 

(5.4.6.1) liminf M0)-gW =Q 

0^a+O q> — a 

but there exists a <p £ (a, b) such that h(cpo) > g{<Po)- Then there exists a function 
v e Fr[/] such that 

(5.4.6.2) g(<Po) < v{e^) < h(<f>o) 

Then the function viire 1 ^) :— v(re l( ^) — H(re 1 ^) is subharmonic and nonpositive in 
F(a, b). By virtue of the maximum principle i>i(re^) < 0, re 1 ^ <G T(a, b). 
From (5.4.6.1) we obtain 

= liminf ^-^ > liminf i '- = - liminf '- 

0^a+O (j) — a cf>~^a+0 (j) — a 0— >a+0 (j) — a 

whence, recollecting that vi(e % ^) < 0, we get 

r V A^1 n 
hmsup — = U. 

0^a+O 4> - a 
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Applying Lemma 5.4.4.1 (E.S.) to the function 

W(re**) = Wl (re^ +a ), re^ e T(0, 7), 7 = fo-a 

we get «i = in T(a, 6) which leads to a contradiction. The implication (5.4.3.8b) 
is proved in the same way. So the proof of necessity in Theorem 5.4.3.1 is com- 
pleted. □ 

We do not include here the proof of sufficiency and refer the readers to the 
original paper [Po(1992)]. 
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5.5. Asymptotic extremal problems. Semiadditive integral. 

5.5.1. Suppose some class of entire functions is determined by asymptotic behavior 
of their zeros, and we want to know what is the restriction on asymptotic behavior 
of functions: for example, to estimate indicator of such function. The first example 
of such problem was considered by B.Ya. Levin in [L(1980),Ch. IV, §1, Example]. A 
developed theory of such estimates was constructed in the papers of A.A.Gol'dberg 
[Go(1962)] and his pupils [Kon(1967)] , [KF(1972)].We consider this theory from 
the point of view of limit sets. 

Let M <e M(p) (see (3.1.3.4)) be a convex set of measures which is closed in V 
and is invariant with respect to the transformation (») t (see (3. 1.3.1), (3. 1.3. 2))) and 
let A(Ai) be a class of entire functions / for which Fr[nj] C M.. We suppose p is 
non-integer. Recall that canonical potential Il(z,v,p) is defined by: (see (2.9.2.1)) 

U(z,u,p) := J G p (z/CHdC), 

c 

where v is a measure and 

G p (z) :^log|l-z|+5K]r^. 

fc=i K 

Theorem 5.5.1.1. [AP(1984)] The relation 

(5.5.1.1) h(4>, f) = sup{n(e i * ) v,p) : v e M} 

is valid. There exists f e A(A4) for which the equality holds in (5.5.1.1) for all <f>. 

Proof. We should only prove that there exists an entire function with such indicator. 
Consider the set 

A:={n(e**,i/,p) :veM} 

It is a convex set contained in U[p\. Thus there exists a subharmonic (see Corollary 
4.1.4.2) and hence entire (see Corollary 5.3.1.5) function / such that Fr[/] = A. By 
Theorem 5.4.2.1 (5.5.1.1) holds . □ 
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For some M it is possible to compute the supremum in (5.5.1.1) and thus to 
obtain explicit precise estimates of indicators in the respective class A(A4). As an 
example, we shall present an estimate given by A.A.Gol'dberg. 

We recall that the upper density of zeros of an entire function / e A(p) is 
defined by the equality 

A[n/] := limsup^^- 

'CO 

where n/ is the distribution of zeros of the function /, and denote 



(5.5.1.2) tf(*,0):=-[|G+(e*/t)]- 

where a + := max(a,0), a~ := min(a,0). This function is piece-wise continuous. 

Corollary 5.5.1.2. [Go(1962)]Lei the distribution of zeros rif of a function f be 
concentrated on the positive ray, and let A[n/] < A < oo. Then 

oo 

(5.5.1.3) h(<f>,f) <aJ t p K(t,cj))dt 7 <f>e [0,2tt) 

o 

and there exists a function from the same class for which equality is attained for all 



Proof of Corollary. We exploit Theorem 5.5.1.1. The class of the functions / sat- 
isfying the assumption of the Corollary coincides with the class of / for which 

(5.5.1.4) Fr[n/] c M = {v e M(p) : supp^ C [0, oo] A v{r) < Ar p }. 

C Exercise 5.5.1.1 Show this by using Corollary 3.3.2.6. 
Thus 

OO OO 

Yl(e^,u,p) = J G p (e* /t)v(dt) < j ' G+(e» /t)v(dt) 
o o 
Integrating by parts we obtain 

oo 

TUe»,v,p)<- J v{t)[jG+{e^/t)rdt 
o 
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By (5.5.1.4) we get (5.5.1.3). □ 
Denote 

M p (r) := max{G p (re^) : G [0,2tt)} 
In the same way one can prove 

Corollary 5.5.1.3. [Go(1962),Th.4.1].Lei distribution of zeros of the function f e 
A(p) satisfy only the condition A[n/] < A < oo. Then 

oo 

(5.5.1.5) H<f>,f) <Ap J f- 1 M p (l/t)di, e [0,2tt) 

o 

and £/iere exists a function from the same class for which equality is attained for all 

Exercise 5. 5. 1.2. Prove this Corollary exploiting 

M := {v e M(p) : v(r) < Ar p , Vr > 0}. 

5.5.2. To be able to obtain explicit estimates for more diverse classes of entire 
functions defined by a restriction on the density of zeros, Gol'dberg introduced an 
integral with respect to a non-additive measure and obtained estimates for indica- 
tors in terms of one-dimensional integral (along a circumference) with respect to 
such a measure ([Go(1962)]. Gol'dberg initially constructed integral sum of a special 
form. The construction presented here is based on the Levin-Matsaev-Ostrovskii 
theorem (see (see [Go(1962),Th.2.10]). Fainberg (1983) developed this approach 
using a two-dimensional integral. This made it possible to extend significantly the 
set of classes of entire functions for which the estimate expressed by a nonadditivc 
integral is precise. We shall present these results after the necessary definitions. 

Let S(X) be a non-negative monotonic function of X C C, the function being 
finite on bounded sets and 6(0) = 0. For a given family of sets X := {X} we denote 
by N(6,X) the class of count able- additive measures \x defined by the relation 



N(5,X) := {p : fj,(X) < S(X), X e X}. 
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For a Borel function / > we define the quantity 

(X) J fdS := sup | J fd/j, : fi e N{6, X)} > 

called an (A") — integral with respect to a nonnegative measure S. For a Borel set 
£cCwe set 

(X)J^fd8:= (X) J fI E dS, 
where Ie is an indicator of the set E, i.e., 



Ie{z) 



f, ifze£> 

liz^E. 



This integral possesses a number of natural properties: it is monotonic with respect 
to / and 6 and the family A", positively homogeneous and semi- additive with respect 
to the function / and S. If 5 is a measure, if X is a Borel ring, and if / is a measurable 
function, then (A)-integral coincides with the Lebesgue -Stieltjes integral. 
Exercise 5.5.2.1. Check these properties. 

Let (5(6) be a nonadditive measure on the unit circle T, defined initially on 
the family of all open sets 6 C T. It can be naturally extended to all closed sets 
Q F using the equality 

5(0 F ) := inf{<5(9) : 6 D 6 F }. 

Let xe be a set of open sets containing the set T. Denote 

£> r; e := {z = te ie : < t < r, e ld e 6}, X z ■= {A-,e : r > 0, 6 e Xe} 

The subscripts and z at \ indicate that the families under consideration are 
located either on T or on the plane, respectively. 

Let us define a non-additive measure S z on Xz by the equalities 

<J*(A-,e) :=r^(6), %G X , 
Now the integral ( Xz ) J Gj(e l9 /()d6 z is defined. 
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Recall that the classical angular upper density of zeros of an entire function 
/ € A(p) is defined by the equality (compare (3.3.2.7)) 

c i 

A [rif, 0] := limsupn/(D rj e)?' _p . 

r^oo 

Consider the class of entire functions A cl (8 1 xe) defined by the equality 

(5.5.2.6a) A c \5,xe) ■= {/ : A c '[n/,6] < 5(6), V9 e X e} 

for a given non-additive measure S(Q) and a family xe- 
Theorem 5.5.2.2. [Fa] Let 6(0) satisfy the condition 

(5.5.2.6) 6(0) = 6(G), V6 e xe 
(the dash means the closure of a set). Then 

(5.5.2.7) h(<j>,f)<( Xz ) J G+(e ie /()d5 z 

There exists a function f e A cl (8 1 xe) such that equality in (5.5.2.7) is attained for 
all (j) € [0, 2tt) simultaneously. 

Proof. Let us note the following: If we replace in this theorem 

A c \nf, 6] with its V counterpart A(Coq(Ii)) (see Theorem 3.3.1.2) and con- 
sider the corresponding class of entire function A(S, xe) the assertion of the theorem 
holds without conditions(5.1.5.6). You should only apply Theorem 5.5.1.1 with the 
corresponding M. . The condition (5.5.2.7) is exploited only for replacing "I?"' quan- 
tities by the classic ones using results of §3.3.2. □ 

Exercise 5.5.2.2 Prove this theorem in details. 

It is also worth to note that every family xe can be replaced for a family x'e 
that is dense in xe (see 3.2.2) and such that for x'e (5.5.2.6) already holds (see 
Theorem 3.3.2.3). 
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5. 6. Entire functions of completely regular growth. 
Levin-Pfluger Theorem. Balashov's theory. 

5.6.1. The most famous definition of a function of completely regular growth (CRG- 
function) is the following: 

A function / G A(p{r)) is a function of completely regular growth , if the limit 

lim r'P^ log \f(z)\, r := \z\ 

exists when z — > oo uniformly outside some C\ -set (see §5.2.1.) 

Actually, it is equivalent to all other definitions of the functions of completely 

regular growth in the plane (comp.[Le, Ch.III], [Pf(1938],[Pf(1939]). 

By A.A.Gol'dberg ([Go(1967)]) this definition was reduced to the following : 
A function / G A(p{r)) is a function of completely regular growth , if 

h f (<j>) = h f (</>), V^e [0,2tt). 

Because of the formulae (3.2.1.1), (3.2.1.2) (see also §3.2.7) we have the fol- 
lowing 

Theorem 5.6.1.1. A function f G A(p(r)) is a function of completely regular 
growth (CRG -function) iffFr[f] consists of only one subharmonic function h(z). 

Because of (3.2.1.11) the function h(z) has the form 
(5.6.1.1) h(z) = rOhie^) 

The function h((f>) := h{e %<l> ) is p -trigonometrically convex and it was studied in 
§§3.2.3, 3.2.4, 3.2.5. 

5.6.2. The initial definition of regular zero distribution [L(1980),Ch.II,§l] is the 
following : 

Let n be a zero distribution (divisor, or mass distribution) of convergence expo- 
nent pi := p[n] (see §2.8.3), and let p\ > [p\]. Let pi(r) — > p\ be a proper proximate 
order of n(r) (sec Th.2.8.1.2). It means that n G M{p(r)), p(r) -» p x (sec §3.1.3). 
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The initial definition of regular zero distribution for pi being non-integer is: 
A zero distribution n is regular if the limit 



lim 



n(Co( a ,p)(It)) _ 



:=A((a,/3)) 



7 exists for all a > (3 except may be for a countable set on the circle. 
By using results of §3.3, one can prove 

Theorem 5.6.2.1. The zero distribution n is regular iff Fr[n] consists only one 
measure v reg . 

Exercise 5.6.2.1. Prove this exploiting Th's.3. 3.3.1 and 3.3.2.4. 
Recall that for / e A(p(r)), p{r) — > p we have n/ <E M(p(r)), p(r) — > p. (see 
Th.2.9.3.2). Now we can formulate 

Theorem 5.6.2.2 (Levin-Pfiuger). [L(1980),Ch.II,Ch.III] An entire function 
f € A(p(r), p(r) ^ p of non-integer order p is of completely regular growth function 
iff its zero distribution is regular. 

After Theorems 5.6.1.1, 5.6.2.1 this theorem is a direct corollary of Th. 3. 1.5.1. 

5.6.3. Consider now the case of integer p. In general, this case is differs from the 
case of non-integer p. For example, Th. 2.9.4.2 (Brelot-Lindelof) implies that 



iff the family of polynomials (2.9.4.4a) is compact. 

To describe the regularity of zero distribution for the case of integer p we 
assume that the limit 



(/ e A{p{r)) lP {r) p)^n f e M(p{r)),p(r) -> p 



(5.6.3.1) 



lim 5r(z,v,p) := ^H[S 00 z p ] 



exists, where 




cos arg 



(n{d()+i J |Cr p sinargCn(dC) 

KK-R 



\(\<R 



7 for definition Co( a ^(It) see Exercise 3.3.1.5. 
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Now a zero distribution n e A4(p(r)), p(r) — > p with integer p is called regular 
if Fr[n] consists of only one measure ^ reg as in Theorem 5.6.2.1 and the limit 
(5.6.3.1) exists. 

Under this definition the Theorem 5.6.2.2 still holds, because the set (H, Pr)[log |/|] 
from Theorem 3.1.5.2 consists of only one element (3?[<5 oc z p ], v reg ). 
Note also 

Proposition 5.6.3.1. The measure v reg has the following form 

Vreg(drd(j>) = pr p dr <g> A(d(j>) 

where A is a measure of bounded variation on the unit circle. 

This assertion is a corollary of invariance of Fr[n], Th.3.1.3.3, frm3). 

5.6.4. In the papers [Bal(1973)][Bal(1976)] functions of completely regular growth 
along curves of regular rotation were considered. A curve of regular rotation is a 
curve that is described by the equation 

2 = te i(7(t)los * + ^,0<i <oo 

for a fixed <p. 

If j(t) = 7 then this curve is a logarithmic spiral. In general case j(t) is a 
differentiable function such that 

7(*)^7,*7 / (*)^0, t^oo. 

To describe this theory in terms of limit sets we consider the transformation 

u t (z) = u{P t z)r»v 

The following Theorem is similar to Th. 3. 1.2.1 
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Proposition 5.6.4.1(Existence of spiral Limit Set). The following holds 
esls 1) u t e SH(p(r)) for all t e (0, oo); 
esls 2) the family {u t } is precompact at infinity. 

The set of all limits V — lim u t does not depend on j(t) but only on the 

j->oo 

constant 7 since 

lim - 7) log* = lim fry'(i) = 

t— >oo t— >oo 

So it is the same that for 

P t =te 47log *, 

i.e., the case that was already considered in the general theory. 
In particular (3.2.1.8) for this case has the form 

(5.6.5.1) z°(z) = e i <-T ,lo * r+ *> 

Hence , from Theorem 3.2.1.2 the indicator (see (3.2.1.1)) has the form 

/i(re 40 ) = r p h(-7logr + <f>), z = re llf >, 

where h{(f>) is a p-trigonometrically convex 27r-periodic function (see §3.2.3). 

All other assertion of Levin-Pfluger theory can be obtained analogously from 
other general assertions as it was done in the previous §§. 

Theorem 3.1.6.1 connects limit sets for every 7. 

Exercise 5.6.1.1. Formulate and prove Balashov's analogy of the Levin- 
Pluger Theorem 5.6.2.2 and Theorem 3.1.6.1 for m = 2. 

For other generalization of the Levin-Pfluger theory see [AD] 
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5. 7. General characteristics of growth of entire functions. 

5.7.1. A functional T(u) acting in the unit circle and defined on subharmonic 
functions u € SH(p(r)) is called a growth characteristic if the following conditions 
are fulfilled: 

1. continuity: 

(5.7.1.1) F(uj)^F(u), 

if uj — > u uniformly on compacts (of course, for continuous functions u) or if Uj J. it; 

2. positive homogeneity: 

(5.7.1.2) .F(cu) = aF(r,u); 

for every constant c > 0. 

Here we shall list some widely used functionals that satisfy these conditions: 

(5.7.1.4) H^u) := u(e^); 

(5.7.1.5) T(u) = i- J u+(e^)dcP; 

o 

(5.7.1.6) M a (u) := max{u(e^) : \</>\ < a} 

(5.7.1.7) M(u) := M n (u); 

(5.7.1.8) I aP {u) := J u(e**)# 

a 

(5.7.1.9) J(«, ff ) := J u(e^)g(<P)d<P, g e ^[0,2^]. 

o 

Exercise 5.7.1.1. Check properties 1. and 2. for these functionals. 
Let a(t) and a e (Q be the "hats" defined by the equalities (2.3.1.1)-(2.3.1.3) 
and let R f u be defined by (2.3.1.4). 

This averaging has the following properties. 
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Proposition 5.7.1.1. 

1. if u is subharmonic, then R t u is subharmonic; 

2. R e u I u as e I for every subharmonic function; 

3. if uj —* u in V and Uj,u are locally summable functions, R e uj — ► R e u 
uniformly on every compact set. 

Exercise 5.7.1.2. Prove this using Th.2.3.4.5, 2.6.2.3. 

Now we can define the asymptotic characteristics of growth of entire function 
/ G A(p{r)) : 

(5.7.1.12) T[f] := limlimsup T{R e u t {*)), 

(5.7.1.13) £[/] := limliminf^(ii e u t (»)), 
where u = log|/| and (») t is defined by (3.1.2.1). 
Proposition 5.7.1.2. For T{u) defined by (5.7.1.4) 

T[f] = h f {<t>); E[f]=h f {4>). 

For other functionals from the list (5.7.1.5)-(5.7.1.9) one may replace R e u by u 
and omit lim. 

Exercise 5.7.1.3. Prove this. 

The following assertion connects the asymptotic growth characteristics with 
limit sets. 

Theorem 5.7.1.4. The relations 

T[f] = sn V {T(v) : v G Fr[/]}, 
£[/] = mf{F(v) : v e Fr[/]} 

are true. 

Proof. Let v G Fr[/] and u tj — > w in I?'. Then R e u tj — > R t v uniformly on every 
compact set. Hence 

lim T(R e u tj ) =F{R e v). 

tj— >CX> 
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Passing to the limit as e — > we obtain 

lim lim T(R e u t ,) = F{v). 

Choosing a sequence that corresponds to lim sup or lim inf we obtain the assertion 
of the Theorem. □ 

Applying this theorem to the functional (5.7.1.4) we obtain the RHS's of 
(3.2.1.1), (3.2.1.2) and hence another definition for the indicator and lower indi- 
cator. 

5.7.2. A family of growth characteristics \A '■= {^F a (r, •) : a £ 4} is called total if 
the equation 

(5.7.2.1) ^ a (»i) = T a {v 2 ), Vr > 0, a E A 

implies v\ = v 2 for vi,v 2 E U[p] (see 3.1.2.4). 

Here are some examples of the total families: 

(5.7.2.2) X H := {^(«(e**) : <t> € [0, 2^)}; 

(5.7.2.3) xi ~{I*Au) :a,0e [0,27r)}; 

(5.7.2.4) xfo := {c k (u) = I(u, g k ) : k E Z}; 
where 

(5.7.2.5) go ■— 1, <7fc := coskcfi; g-k — sinfc^, fc e N 
It is easy to deduce from Th.5.6.1.1 

Theorem 5.7.2.1. Let a family {!F a {*) ■ a E A} be a total family of characteris- 
tics. An entire function f is a CRG -function iff 

(5-7.2.6) T a [/]=£»[/] 

Exercise 5.7.2.1. Check this. 
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5.7.3. Let us consider a total family of characteristics of the form 
(5.7.2.7) X *:={/( U ,^):^evl/}, 

where ^ is a set which is complete in L x [0, 2n}. For instance, such are the families 
Xi and xfo- 

Theorem 5.7.3.1. [Po(1985]Let / e A(p{r)) is a CRG-function if and only if at 
least one of the following assertions are equivalent: 

a)T[fg]=T[f}+T[g],\/Fex*, 

«]=£[/]+£[fl]>Vfex*, 

for all entire functions g e A(p(r)). 
c)f is a GRG-function. 

Let us prove c) =^> a) and c) => b). 

Using the Theorem 5.7.1.4 we obtain for every characteristics T 

(5.7.3.1) T[fg] = sup{T(w) : w e Fr\fg]}. 

Because of Th.3. 1.2.4 frul) 

Fr[/.g]cFr[/]+Fr[ 5 ] 

Since / is CRG-function Fr[f] consists of only one subharmonic function v reg (see 
Th 5.6.1.1) and it is easy to check that in this case we have equality 

Fr[fg]=v reg + Fr[g}. 

Exercise 5.7.3.1. Check this. 

Since T{v reg + v g ) = T(v reg ) + T{v g ) We We obtains 

T[fg] = T{v reg ) + sup{f(v g ) : v g e Fr[g}} = T[f]+J[g] 

So c) =4> a) was proved. In the same way one can prove c) => b). 
Exercise 5.7.3.2. Prove this. 
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In the proof of sufficiency of the conditions of this theorem we can suppose 
that ip belong to the space D(T) of infinitely differentiable functions on the unit 
circle T because 2?(T) is complete in L x [0, 2tt]. We prove now sufficiency of b) in 
the Theorem 5.7.3.1. 

We recall that (see (3.1.2.4a)) 

v [t] (z)=v(tz)t- p ,v£U\p] 
to distinguish it from (») t that defined by 

u t (z) = u(tz)r p(t \u e SH(p{r)) 

The main constructive element for the proof of Theorem 5.7.3.1 is 

Lemma 5.7.3.2. Let tp° e T>(S). There exists v e U[p] with the following proper- 
ties: 

(5.7.3.2) V - lim t) [t , = V - lim vm = 5, 

t^O t^oo 

(5.7.3.3) (v [t] (e")^ a ) > MO, for t e (0, oo), t ± 1, 

(5.7.3.4) (5(e 4 *),V°) > MOV' ) 
Proof. Let t^ be represented by Fourier series 

oo 

ljP{4>) = — + COS n ® + ^" Sm 

2 n=l 

Since V>° ^ there exists ^ or ftj ^ 0. Suppose there exists at ^ 0. In the 
proof we will consider three cases: l.k = 0; 2. fc ^ A fc < p; 3. fc > p + 1. The 
number p is supposed noninteger and p = [p]. 
Consider the case ao ^ 0, a > 0. Set 

V-(z) := log(-e- a l x l + C), a > 0, C > 1 
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(5.7.3.4a) v(z) := \ z \P e ^ lo z^ = exp(plogr + ^(logr)) 

Applying the Laplace operator, we obtain: 

At; = \r^r^v{r) = e -2*|L^(*) = 
r z Or Or ox z 

(5.7.3.5) = exp((p - 2)x + i>(x))[(p + $ ' {x)f + ^"(x)}, x = \ogr 

Since 

tp'(x) — asgnxexp(— a\x\) — > 0, ip" (x) = — a 2 sgnxexp(— a\x\) — > 

as x — ► ±oo, it is possible to chose a such that the expression (5.7.3.5) be positive. 
So v(z) is subharmonic. 

It is easy to check that all the assertions of the lemma are satisfied and v(z) — 
b\z\ p where b(> 0) is a constant. 

Exercise 5.7.3.3. Check this. 

Continuation of the proof. If ao = — |ao| < 0, consider the function 



v\z) := | 



logM, \z\ > 1, 
0, U|<1; 



it is subharmonic and 



(5.7.3.6) < «p t] (e 4 *), ^° >= a i- p log+ * 

Since the RHS of (5.7.3.6) is minimized for to = e p 1 , the function 

v ( z ) : = ^fto- 1 ]^) 



satisfies the assertions of the lemma with v = lim vm = 

Now let ao = 0, a k ^ 0, < k < p. We will search for a function v of the form 

(5.7.3.7) vire^) := J G p (re l ^-^){1 - sgna k cosk6)d6 
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This is the convolution G p (re 1 ') * g of the primary kernel (see §2.9.1) 

p 

G p (z)=log\l-z\+$tJ2z n /n 

71=1 

with a positive function g{9) := (1— sgna/c cos k6) on the circle. So it is subharmonic. 
Recall that the cos -Fourier coefficients of the function G p {re 10 ) are (see Exercise 
2.3.7.2) 



(5.7.3.8) G p (™,r) = <* if r < 1 

L (l/m)r , m=p+l,... 

and 



(5.7.3.9) G p (m,r) 



log r, m = 

< ^(r m -r- m ), m = l,...,p if r > 1 
(l/m)r m , m=p+l,... 

All the sin-Fourier coefficients are equal to zero. The Fourier coefficients of the 
function g are 1 and — sgna^. 

Using well known properties of Fourier coefficients, we obtain for < k < p 



»[t](°) = { tzt 
< t.p 

V[t](k) -- 



0, t<l 
t > 1 



tp 

0, t < 1 

-I'—tf 1 ^^ t>l 
0, t < 1 



-l/k(t k ~P -i- fe - p )|a fc | t>l 
The function £ (v t (e' l '),ip ) tends to zero when i — > 0, oo and has its only 
minimum at the point 

to = 



, i \ l/fc 



Thus W( t() )-i satisfies the conditions of the lemma with v = 0. 
For k > p + 1 we should take the same g and then 

(wt(e W) = (-(i/^w *>i 

So the corresponding function £ i— > (w t (e**), -0°) obtains minimum at the point 
t = 1 and the function w satisfies the assertions of the lemma with v = 0. □ 

Exercise 5.7.3.4. Prove the lemma for the case bk ^ 
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Lemma 5.7.3.3. Let v e U[p] with the following condition fulfilled 

V'-lhav [t] =V'-limv [t] =v 

and let u € SH{p(r)) with some v° e Fr[u]. 

Then there exists w° e SH(p(rj) such that 

(5.7.3.10) Fr[w°] = {v [t] : t e (0, oo)} U v 

and the following condition holds: 

l.if the sequence lim w° = v\ t \ for some t € (0,oo) and the sequence u tn 
converges in V as t n — > oo then lim u tn = v? f] . 

For proof sec Corollary 4.4.1.3. 

Lemma 5.7.3.4. Let w e SH(p(r)), ip e T>(S). Then the following holds: 

liminf (w, ip) = min {v,ip) 

limsup(u>, ip) = max (v, - !/ 1 ) 

Exercise 5. 7. 3. 5. Prove this exploiting completeness of Fr. 

Proof of sufficiency in Theorem 5.1.3.1. In assumption b) we should prove that / 
is a CRG-function, i.e., by Th.5.6.1.1 its Fr[/] consists of only one function. Since 
l°g l/l <= SH(p(r)) and because of Th. 5. 3. 1.4 (Approximation) it is enough to prove 
the corresponding theorem for subharmonic functions. Suppose 

(5.7.3.11) T[u + w] =£M+£H,Vf ex* 

for all w € SH(p{r). We exploit Lemma 5.7.3.5 and write (5.7.3.10) in the form: 
min (v,ip) — min (v,ip) + min (v,ijj},\/ip E ty. 

veFr[u+v] vGFru v£Frw 

Suppose the contrary, i.e., u is not a CRG-function and Fru does not consists of 
only one w m ; n e U[p\. Then there exists v° ^ v m i n . The family x* is total; therefore 
there exists ip° G * such that V' ) 7^ («min, V" ) an d hence 

(5.7.3.12) (v°,i>°) > (tyn,/). 
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Using Lemma 5.7.3.2, construct for the function ip® a function v € U[p] satisfying 
the conditions (5. 7. 3. 2), (5. 7. 3. 3) and (5.7.3.4). Apply Lemma 5.7.3.3 to construct 
a function w° satisfying (5.7.3.10a) and the condition 1. Under conditions of the 
Theorem 

(5.7.3.13) min (u,ip°) = min (uj,ip°) + min (uj,ib°) 

ujeFr(u+w°) ujeFr(u) u>eFr(w°) 

Let 7 € Fr(w + w°) be the function on which the minimum of LRH in (5.7.3.11) is 
attained. Using (5.7.3.3), (5.7.3.4) and (5.7.3.10), we can rewrite (5.7.3.11) in the 
form 

(5.7.3.14) ( 7 , V°) = min (w, V>°) + (v, V>°) 

cuGFru 

Since 7 G Pr(w + 10 ),7 = V — lim (u + w )^. Passing to subsequences, we can 

n^oo 

suppose that the sequences {u tn } and {w^} have limits. Since Frw° has the form 

(5.7.3.10) , there are two possible cases : w t ° n — > U[ t ], t e (0, 00) and w t ° n — > v. 
Consider the first case. Because of condition 1. from Lemma 5.7.3.3 u tn — > uj^ 

and 7 = + Substituting this in (5.7.3.13), we obtain 

(^p/)- mm (c,^ ) = (^°) - ( U[t] ,/) 

This equality leads to contradiction because for t = 1 it contradicts (5.7.3.12) and 
for t 7^ 1 it contradicts (5.7.3.3). 

Consider the second case, when w f ° — > v. Denote v 2 = lim u tn and rewrite 

n n—*oo n 

(5.7.3.11) in the form 

(v\^)- mm ( W ^°> = (v,i>°) - (v,iP°) 

u£Fru 

The last equality contradicts (5.7.3.4). □ 

Sufficiency of condition a) of Theorem 5.7.3.1 can be proved using the Lemmas 
5.7.3.3 ,5.7.3.4 and the following lemma. 

Lemma 5.7.3.2'. Let e D(S). There exists v e U[p] with the following prop- 
erties: 

(5.7.3.2') V - lim v [t] = V - lim v [t] = v, 
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(5.7.3.3') (v [t] (e'*),^ > < forte (0,oo),t^l, 

(5.7.3.4') («(O,^ > < Me*),^ ) 

Exercise 5.7.3.6. Prove this lemma and sufficiency of a) in Theorem 5.7.3.1. 

5.7.4. In this § we consider the question of summing the asymptotic characteristics 
connected with the functional (5.7.1.4), i .c. indicator and lower indicator. Recall 
that / £ A{p(r)) is completely regular on the ray {argz = <f>} ( / £ A reg ^) if 

(5.7.4.0) h f (<f>) = h f (<t>) 

We are going to prove the following assertions: 
Theorem 5.7.4.1. Let f £ A reg ^. Then for every g £ A(p(r)) 

(5-7.4.1) h fg {4>) = hf{4>) + h g {4>) 

(5.7.4.2) h fg (<j>) = h f (cj>) + h g (cj>) 

Theorem 5.7.4.2. Suppose the equality (5.7.4-1) holds for every g £ A(p{r)). 
Then f £ A reg ^. 

Let us note that the assertion of the Theorem 5.7.4.2 holds also if the equality 

(5.7.4.1) fulfilled for some sequence <f> n — > <f>, because indicator is continuous func- 
tion (see §3.2.5). So if the equality (5.7.4.1) holds for the set <& of <j) that is dense 
in [0, 2n) (or the set 

(5.7.4.3) e 2 * := {e** 

is dense on the unit circle), then / £ A reg ^ for all </>, i.e. / is a CRG -function. 
On the other hand, the following assertion holds 
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Theorem 5.7.4.3. If the set 9 of 9 is not dense in [0,2n), there exists f e 
A reg ,0,O € 6 that is not a CRG-function. 

The situation with lower indicator is analogous, but in another topology. 
A set E is called non -rarefied at a point zq if for every function v subharmonic 
in a neighborhood of z the following holds: 

v(zo) = limsup v(z) = limsup v(z). 

z£E,z — >zo,z^zo z€lE : z — >Zq 

A set is rarefied if it is not non-rarefied. 

Note that if hf{4>) = — oo then Kf g {<p) = — oo for every g e A(p{r)). It is 
obvious that / ^ A reg ^. 

The next theorems was proved in [GPS]. 

Theorem 5.7.4.4. Let (5.74.2) be fulfilled for i/> e E for all g e A(p(r)) and e iE 
is non rarefied at the point e 1 ^ . Then f G A reg ^. 

Theorem 5.7.4.5. Let E be a set such that e tE ° is rarefied at all the points of 
unit circle. Then there exists f € A(p(r)) for which (5.7.4-2) fulfilled for all (f> € E a 
and all g € A(p(r)), but f ^ A reg ^ for all <j) and hf{4>) > — oo, V0. 

Let us note that Eq can be dense in [0, 2ir) and E from Theorem 5.7.4.4 can 
even be of zero measure. 

The proof of Theorems 5.7.4.4 and 5.7.4.5 is based on the following assertion 
that gives a criterion for (5.7.4.2) in terms of limit sets Pr[/]. 

Theorem 5.7.4.6. Let f e A(p(r)) andh f (4>) > -oo. The condition (5.7 4.2)holds 
for every g G A(p(r)), such that h g ((j>) > — oo iff 

(5.7.4.4) liminfv(te^) = h f {<j>) 
for all v e Fr[/]. 

An analogous criterion holds for (5.7.4.1). 
Theorem 5.7.4.7. Let f e A(p(r)). (5.74.2) holds for every g e A(p(r)), iff 

(5.7.4.5) limsup u(te^) = h f (cp), 

t->i 

for all v e Pr[/]. 
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Corollary 5.7.4.8. The equality (5.7.4-5) implies f G A reg ^. 

Actually , for every v G we have, using semicontinuity of subharmonic 

functions and the definition (3.2.1.1) of the indicator, 

h f {(j>) = limsupw(te^) < w(e^) < h f {<j)) 

for all v G Pr[/]. So Fr[/] consists of functions v that coincide at the point e 1 * and 
hence on the ray {re 1 * : r G (0, oo)}. 

Note also that the set e lE for which (5.7.4.1) holds is closed and Theorem 
5.7.4.4 means that the set where (5.7.4.2) holds is thinly closed, i.e., closed in thin 
topology (see [Br§6].) 

Therefore if e 1 * is a limit point of e lE in the euclidian (respectively, thin) 
topology, then (5.7.4.1)((5.7.4.2), respectively) is also a sufficient condition for com- 
pletely regular growth at (f> . 

5.7.5. The main constructive element for proving Theorem 5.7.4.6 is 

Lemma 5.7.5.1. Let e > 0,to > and 4>o G [0, 2ir) be fixed. Then there exists 
v G U[p] with the following properties: 



(5.7.5.1) V - lim v [t] = V - lim v [t] = 



(5.7.5.2) v(e^) <v [t] (e^°), t G (0, 1) U (1, oo) 

(5.7.5.3) -oo < i;(e 100 ) < -e, 
and the inequality 

(5.7.5.4) *>[t](e i0 °) -vie** ) < e/2 
implies 

(5.7.5.5) t£[l/t ,to] 
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The last condition means that the function ip(t) := v^(e l ^°) can be less than 
tp(l) + e/2 only in a neighborhood oft—1. 

Proof. Set 

p i 

w(z) := max(log|l - ze^^-N) + ^Y1 -(*e~'*°) n > 

n=l 

(5.7.5.6) N>0,p=[p\. 

It is obvious that w is subharmonic, with masses v w concentrated in a neighborhood 
of the point e^°. Thus v w E M[p] (see (3.1.3.4)) and 

V' - Y\m(v w \t\ = V - lim {v w \ t] = 

Hence (see Th.3.1.4.2) w e U[p], and (see (3.1.5.0)) 

(5.7.5.7) V - lim torn =T>' — lim wm = 

t— >0 t^oo 

Let us capitalize on the behavior of i0[ t ] on the ray {argz = cj) }. 

p i 

(5.7.5.8) W[t](e**°) := V(*) = (max(log |1 - t\, -N) + » ^ -)r p t n , 

n=l " 

It is possible to prove directly the following properties of V'(i)- 

i) outside interval (1 — e~ N , l+e~ N ), ip(t) = G p (t)t~ p ; where G p is the Primary 
Kernel (see §2.9.1) and inside this interval the first summand is —N; 

ii) ip(t) > for t > t\ where t\ is a zero of the equation G p (t) = 0, tp(t) 
decreases monotonically on the interval (0, 1 — e~ N ) and increases monotonically 
on the interval (1 — e~ N ,t\). 

Exercise 5.7.5.1. Prove this. 

Now set t% := 1 — e~ N and v(z) :— Dwt 2 (z), where D is a constant. This 
function satisfies the conditions (5.7.5.1) and (5.7.5.2) of the lemma and v^(e l ^°) 
has the only one negative minimum for t = 1. Thus it is possible to take D 
sufficiently large to satisfy the conditions (5.7.5.3) and (5.7.5.4) for fixed e and 
t . □ 
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Exercise 5.7.5.2. Prove this in details. 

In the proof of Theorem 5.7.4.6 we also use Lemma 5.7.3.3. We can prove all 
the assertions for subharmonic functions from SH(p(r)). 

Proof of Theorem 5.7.4.6. Necessity. We should prove that if the equality 

(5.7.5.9) h(e itt>0 ,u + w) = h{e^ a , u) + h(e l,p " , w) 
holds for a fixed u G SH(p(r)) 7 (j) and every w € SH(p(r)) 7 then 

(5.7.5.10) liminfw(te^) = h(e i ' t ',u) 

for all v e Fru. Assume that /i(e*^,u) > — oo and h(e l ^"' 7 w) > — oo. Suppose the 
contrary, i.e. there exists v° G Fru such that 

(5.7.5.11) liminfw°(te 400 ) >/i(e^°,u) 

The inequality (5.7.5.11) implies that there exists e > and t n > such that for 
every t £ [l/t , t ] the inequality 

(5.7.5.11a) u°(ie^°) > h(e^°, u) + e 

holds. Let us construct by Lemma 5.7.5.1 for these e,t ,4>o a function v and by 
Lemma 5.7.3.3 for the functions u,v° and the already found v a function to . Let 
us show that for w° the equality (5.7.5.9) does not hold. 
Compute h(e lcl> ,w ). From (3.2.1.2) 

/j(e^°,w ) = min{0,inf{v [t] (e^° : t G (0,oo)}}. 

The inequalities (5.7.5.3) imply that can be omitted and (5.7.5.2) implies that 
the infimum is attained at t = 1, i.e., 

(5.7.5.12) h(e l<l > ,w ) =v(e i4 " > ). 

Find v e e Fr(u + w°) such that h(e i4 " > ,u + w°) > w e (e^°) - e/3. Let t n -> oo and 
(m + w°) (n — > v c in I?'. Passing to subsequences we can assume that u tn and w^ n 
also converge. Consider two cases. The first, when 

(5.7.5.13) V — lim w® n = , ie(0,oo) 
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By Lemma 5.7.3.3 \imu tn — and hence v e — lim(w° + u) tn — «[ t ] + uj^. If 
t £ [l/*o,*o] then by (5.7.5.4) 

(5.7.5.14) « [t ](e^°) >v{e i<t ' ) + e/2 = h{e i4 ' ,w ) + e/2 
In this case we have 

(5.7.5.14a) h(e llt > ,u + w ) > w e (e^°) - e/3 > v [t] +vf t] -e/3 

Using (5.7.5.14a), we obtain 

(5.7.5.15) ft,(e^°, u + w°) > /i(e^,io ) + /i(e^,u) + e/6 
If t e [l/*o,*o] then from (5.7.5.11) we have 

(5.7.5.16) /i(e # ° ,u + w°)> h(e i<l>0 ,w ) + /i(e 400 , u) + 2e/3 

So the case (5.7.5.13) is settled. 

Let V — limwj n = 0. In this case we have 

h(e i4,0 ,u + w°) > u e (e^°) - e/3 > h{e l(t> \u) - e + e - e/3 = /j(e^°, u) - e + 2e/3. 

Using (5.7.5.12) and (5.7.5.3) we obtain 

h(e llf >° ,u + w°)> h{e i<t>0 , u) + h(e l4, ° ,w°) + 2e/3. 

So we proved in any case that (5.7.5.9) does not hold if (5.7.5.10) does not hold . 

Let us prove sufficiency in Theorem 5.7.4.6. We prove it for subharmonic 
functions. Let u e SH(p(r)) and for every v € Pru (5.7.5.10) holds. Let us show 
that for all to G SH(p(r)) (5.7.5.9) holds. It is sufficient to prove that 

(5.7.5.17) h(e llf >°,u + w) < h(e llf >° , u) + h(e i<h , w) 

holds since the inverse inequality holds for every w <G SH(p(r)) (see (3.2.1.5)). 
Let us note for beginning that for every v 2 € Frw there exist v e Fr(u + w) and 
v 1 £ Fru such that 



(5.7.5.19) 



v = v 1 + v 2 
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Indeed, let t n — > oo be a sequence such that w tn — > v 2 . We can suppose , choosing 
subsequence, that u tn — » w 1 and (u + w) tn — > u. Then (5.7.5.19) holds. 

Let e be arbitrarily small.Chose v 2 £ Frw such that v 2 (e 1 ^) < h(e l ^,w) + e 
holds. From upper semicontinuity of v 2 we have 

(5.7.5.20) lim sup v 2 (e^) < Ue^ ,w) + e. 

t->i 

Let w 1 e Frw and u G Fr(w + to) satisfy (5. 7. 5. 19). Then we have 

h(e^\u + w)<(v 1 + v 2 ) [t] (e 1 ^) = v\ t] {e 1 ^) + vf t] (e^), Vt. 

Hence 

ft,(e 40o ,u + w7) < lim inf ^(e^ ) + limsup^ t] (e^°). 
Using (5.7.5.10) and (5.7.5.20) we obtain 

/i(e <0 ° , u + w) < h(e i4,a , it) + h{e l,pa ,w)+e. 

This proves the inverse inequality and hence the equality (5.7.5.9), because e is 
arbitrarily small. □ 

5.7.6. Now we are going to prove Theorem 5. 7. 4. 4. We need the following assertion 
from Potential Theory. 

Lemma 5.7.6.1. Let E be a set that is non-rarefied at the point e % ^° . Let E' be 

a set in C, such that Ve*^ € E and V<5 > there exists a point z' e E' on the ray 
{argz = </>} such that \z' — e l ^\ < S. Then E' is also non-rarefied at the point e 1 ^ . 

Proof. We can suppose without loss of generality that E' have no intersection with 
some neighborhood of zero. Denote by P{z) the map z i— > e 4argz . It is easy to see 
that for all pairs z[,z' 2 € E'the inequality \P(z[) — P(z' 2 )\ < A\z[ — z' 2 \ hold for some 
constant A. Thus the logarithmic capacity (2.5.2.5) satisfies ([La, Ch. II, §4, it. 11, 15]) 

(5.7.6.2) capi(M) < Acap^M') 

where M' C E' , M — P(M'). Now we exploit the following properties of non- 
rarefied sets. First, if E is non-rarefied at a point z , then there exists a compact 
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set that is non-rarefied at z ([La,Ch.V,§l,it.5,§3,it.9] Second, for a compact set K 
that is non-rarefied at z 

oo 

(5.7.6.3) — " - , . = oo 

^ log(cap ; if„)- 1 

where K n := K D {z : q n+1 < \z - z \ < q n }, < q < 1. 

Using the inequality (5. 7. 6. 2), we obtain that divergence of the series (5.7.6.3) 
for a compact K C E implies divergence for K' C E' where K — P(K'), i.e., E' is 
non-rarefied at the point P(e^°) = e** . □ 

Proof Theorem 5. 7. 4- 4- Let e((f>) — > as — > </> and let w e Pru. Suppose 
(5.7.5.9)holds for e £. By Theorem 5.7.4.6 the equality (5.7.5.10) holds. Thus 
VA > 0, 3z' = z'(e^, A) such that 

(5.7.6.4) \z' -e^l < A,argz' = cp,v(z') < h(e^) + e(cf>) 
Set 

OO 

E':= |J \Jz'{e^,l/n) 

4>eE n=l 

By (5.7.6.4) and upper semicontinuity of h(e 1 ^) we obtain 

(5.7.6.5) limsup !)(z')<M e *) 

Since £" is non-rarefied by Lemma 5.7.6.1 the upper limit of v coincides with 
v(e^°) and hence v(e^°) < h{e l ^°). The inverse inequality holds always. Thus 
w (e^») = /i(e^°),W e Fru. Hence ft(e^°) = /i(e^ ). □ 

5.7.7. Now we are going to prove Theorem 5.7.4.5. Before this we need to describe 
a construction and prove some auxiliary assertions. 

Let B 3 := {z : T° < \z\ < T ]+1 }, j = 0,±1,±2,... where T > 1 is a fixed 
number. Denote Le ■— {z : e* argz <E e lEa }. Recall that e lEo is a set rarefied at 
every point of the unit circle. Let Q be the set of rational numbers on the interval 
(1,T). Set 

S Q := {z : \z\ G Q}, T% := {zP : z € S Q }, Aj := L^nT^Sq, j = 0, ±1, ±2, ... 
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Lemma 5.7.7.1. There exists v e U[p] such that 

(5.7.7.1) v(z) = -oo 
for z G A and 

(5.7.7.2) ^(e) = 0, VecC\B - 

Proof. The set E is rarefied at its every point, hence it is polar ([Br,Ch.7, §4]). Thus 
the set {z : \z\ — r} n Le is polar (see [Br,Ch.3,§2]). A countable union of polar 
sets is polar ([Br,Ch.3,§2]). Thus A is polar. Hence there exists a positive measure 
jj, concentrated on B for which the potential v(z) :— J G p (z/()dp is equal to — oo 
on A (see [Br,Ch.4,§6, Applications]). It is easy to see that p € M(p) and hence 
v e U[p] (see Th.3. 1.4.2). □ 

Lemma 5.7.7.2. There exists u e U[p] such that the following conditions are 
fulfilled: 

(5.7.7.3) Lo(z) = -oo, z e A := U+fi^A,-; w(Tz) = T p w(z) 
Proof. Set for every E^C\0 

j=+oo 

(5.7.7 A) v(E) := £ T>(r^UB„) 

j=-oo 

(compare Th. 4. 1.7.1). We have v e M(p). Set 

lo{z) := /" G p (z/Qv(d£dri), ( = £ + w?. 

This w satisfies (5.7.7.3). □ 

Exercise 5.7.7.1. Prove this using Th. 4. 1.7.1. 
Lemma 5.7.7.3. Let u> be a subharmonic function in C. Denote 

m{<j)) := max{w(re^ : r € [1,T]}. 

Then there exists a constant C > — oo sweft that m{<f>) > C V</>. 
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Proof. If not, there exists a sequence 4> n that we can assume to converge to (f>oo such 
that m((f) n ) — > — oo. By upper semicontinuity of to we have lo(z) = — oo, ze~ 4 ^°° e 
[1, T]. Thus u(z) = — oo because the capacity of the segment in the plane is positive 
and hence it is not polar for some subharmonic function. □ 

Recall that for v e U[p] (see (4.1.3.1)) 



(5.7.7.5) 



C(v) := V - c\os{v [t] : < t < oo}, 



(5.7.7.6) 



fi(v) := W G U[p] : (3t k 



(5.7.7.7) 



A(v) := {v 1 e U[p] : {3r k 



0)(v' = lim v [tk] } 

k—>co 



By Theorems 4.1.3.4 and 4.2.1.2 if 



(5.7.7.8) 



A(v) n Q(v) ^ 0, 



there exists u e SH{p(r)) such that 



(5.7.7.9) 



Fru = C(v). 



Lemma 5.7.7.4. There exists v 1 <G U[p] such that the following holds: 



(5.7.7.10) 



Aiv 1 ) = niv 1 ) 




(5.7.7.12.) 



sup{w(e^) : v e Civ 1 )} ^ inf{w(e^) : v e Cfa 1 )}. 



Proof. Let u>(z) be constructed by Lemma 5.7.7.2. Set 

v(z) :=oj(z) + Dlog + 2\z\. 
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The condition (5.7.7.3) implies 

A{u)=n(u) = {u [t] :te[l,T\} 

because it is a Periodic Limit Set (see Th. 4. 1.7.1). 

Since (log + 2|z|)[ t ] — > 0, t — > 0, t — > oo the function w satisfies the condition 

A(t)) = n(«) = {w w :i6[i,ri} 

By Theorem 2.1.7 .4 for the function w 1 := v + we have 

A(« 1 ) = n(i; 1 ) = {a;+:te[l,r]}. 

Note that v 1 (z) = for z e A and since A is dense in Le (5.7.7.11) holds. 
Choosing D sufficiently large it is possible (using Lemma 5.7.7.3) to find on every 
ray {argz = <fi} a point where v 1 (z ( p) > 0. Hence sup{i>(e l< ^) : v G C(w 1 )} > 0. 
Because of (5.7.7.11) and upper semicontinuity of inf{v(e 4 ^) : v G C(w 1 )} it is zero 
for every e^. Thus (5.7.7.12) holds. □ 

Proof of Theorem 5.7.4-5. Let us construct by Theorems 4.1.3.4 and 4.2.1.2 a func- 
tion u e SH(p(r) such that Fru = C(w 1 ) where is taken from Lemma 5.7.7.4. It 
does not belong to A reg ^ for any <j). The equality (5.7.5.9) holds for every (j> £ E 
because of (5.7.7.11) by Theorem 5.7.4.6. □ 

5.7.8. The proof of Theorem 5.7.4.1 is a copy of the proof of Theorem 5.7.3.1. 
Exercise 5.7.8.1. Prove Theorem 5.7.4.1. 

Now we are going to prove Theorem 5.7.4.7 which implies (as it was shown in 
Corollary 5.7.4.8) Theorem 5.7.4.2. The main constructive element of the proof of 
necessity is 

Lemma 5.7.8.1. Let e > 0,to > and <po <G [0, 2w) be fixed. Then there exists 
v e U[p] with the following properties: 



(5.7.8.1) 



V'-limv [t \ =V- lim v [t] =0 

t—>0 1 t— too 1 ' 



247 

(5.7.8.2) v(e^)>v [t] (e^°), t € (0, 1) n (1, oo) 
and the inequality 

(5.7.8.3) V[t](e llp0 ) - v(e llf >°) > -e/2 

(5.7.8.4) t e [to, 1/to] 

The last condition means that the function ^(£) := V[ t ](e 4 ^ ) can be more than 
-0(1) — e/2 only in a neighborhood of t — 1. 

Proof. Consider the function 

(5.7.8.5) w{z) := log+ \z\ 

It is subharmonic and satisfies (5.7.8.1). Since the function 

m :=w [t] (e i «°)=t-nog + t 
has its only strict maximum in the point t max > 1, the function 

v(z) := w(z/t max ) 

has all the properties (5.7.8. l)-(5. 7.8.4). □ 

After this lemma all the proof of Theorem 5.7.4.6 can be repeated with minimal 
changes. 

Exercise 5.7.8.2. Prove Theorem 5.7.4.7. 

5.7.9. Now we are going to prove Theorem 5.7.4.3. Let us prove the following 

Lemma 5.7.9.1. Let Q be a closed subset of [0, 2n). Then for every a > there 
exists a 2ir- periodic p -trigonometrically convex function h{<j>) such that 

(5.7.9.1) h(<j))=a 
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for <j> e 6 and 



(5.7.9.2) 



/l(0) > cr 



for 0^9. 



Proof. We can suppose that € 6 otherwise we can shift it a little. The set 
[0, 27r) \ 9 is open and it can be represented as union of non-intersecting open 
intervals. If length of an interval is < w/p we can construct a p-trigonometrical 
function that equals to a on the ends of the interval. It is greater than a in the all 
inner points of the interval because /(</>) = a is strictly p-trigonometrical function. 
If the length of the interval is greater than n/p, for example this is (—1/2, 1/2) with 
I > 7r/2p, we cover it by intersecting intervals of length less then n/p, construct 
hj((t>) as before for every interval I and set h((j>) — max hi (((>). It is obvious that 
h(<j>) is greater than a and it is p- trigonometrically convex. □ 

Theorem 5.7.4.3 is a corollary of Lemma 5.7.9.1 and the following 

Theorem 5.7.9.2. Let hi and hi be two p -trigonometrically convex functions. 
Then there exists a function f e A(p(r)) such that 



It consists of invariant subharmonic functions, it is contained in U[p] and satisfies 
the condition of Theorem 4.1.4.1. Hence (Theorems 4.2.1.2, Corollary 5.3.1.5) there 
exists a function / e A(p(r)) such that 



hf(4>) = max(fti(0),/i 2 (0)), h f 



(4>)=wm{hi(<f>),h2(4>)) 



Proof. Consider the set 



(5.7.9.3) 



U := {v(z) = cr p /n(0) + (1 - c)r p h 2 {(j>) : < c < 1} 



(5.7.9.4) Frf = U 

By formulae (3. 2. 1.1), (3. 2. 1.2) we obtain the assertion of the theorem, using (5.7.9.3). 
Exercise 5.7.9.1. Prove Theorem 5.7.4.3. 



□ 
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5.7.10. The family of characteristics {T a , a € A} is called independent if for 
every subset A! C A (or subset in some class of subsets , for example, measurable 
or closed) there exists a function / = /a' € A(p(r)) such that 

£ Q [/]^a[/], aeA\A' 

It means that for every pointed subset of characteristics there exists a function 
that has regular growth with respect to this subset of characteristics and is not of 
regular growth with respect to all other characteristics. 

Theorem 5.7.4.3 can be considered as an assertion of independence of the family 
(5.7.2.2). 

Theorem 5.7.10.1. The family xfo (5.7.2.4) * s independent, 
i.e., for every A C Z there exists / € A(p(r) such that 

lim r-"M / \og\f(re^)g k {<P)d<P 

exists for all k € A and does not exists for k e Z \ A. For beginning we prove 

Lemma 5.7.10.2. There exist two p-trigonometrically convex functions h\ and h 2 
for which 

/>27T />27r 

(5.7.10.11) / h 1 {<t>)g k {<t>)d<t>= h 2 (<j>)g k (<i>)d<!>, k e A 
Jo Jo 

(5.7.10.12) / h^gki^dcf) ^ h 2 (cf>)g k ((j>)dcj>, keZ\A 
Jo Jo 

Proof. Let g(<f>) £ C 2 be a function, the Fourier coefficients of which with indices 
k e A are equal to zero . We can represent it as a difference of p-trigonometrically 
convex functions in the following way. Suppose for simplicity that p is non-integer. 
Then take T p g = g" + p 2 g and consider 

1 f 2n 

hi{4>) ■= 7T-- / - V> - 7r)(7»+(0)#; 

2p sin 7rp J 
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1 f 271 

h 2 (4>) ■= 7T-- / COS P (0- V-7T)(T, 5 )-(0)#. 

2p sin 7rp 7 

By Th.3.2.3.3 these functions are p trigonometrically convex and hi — h 2 = g. Hence 
(5.7.10.11) , (5.7.10.12) holds. □ 

Proof of Th. 5.7. 10.1. We consider a function / S A{p{r)) with the limit set U :— 
{v(z) = cr p hi((p) + (l—c)r p h2(4>) : < c < 1 } with hi,h 2 from Lemma and exploit 
Theorem 5.7.1.4. □ 

Exercise 5.7.10.1. Do this in details. 
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5.8. A generalization of Valiron- Titchmarsh theorem. 
5.8.1. The point of depart on this topic is the following 

Theorem VT. [Va] , [Tich] Let f G A(p), p < 1 have its zeros on the negative ray. 
If the limit 

lim r~ p log |/(r)| 

1 — >oo 

exists, then the limit 

lim r~ p n(r) 

r^oo 

exists. 

The latter means that / is a CRG-function. 

The general problem is the following. Let p be any non-integer number, / e 
A(p{r)) and suppose all zeros of / lie on a finite system of rays 

(5.8.1.1) K Sl := {z = re^ : < r < oo, € Si} 
where 

(5.8.1.2) Si :={e*' : j = 1,2, ...,m} 

We write n/ G A4s r 

Let rij be a zero distribution on the ray {argz = 9j} and all the limits 

(5.8.1.3) lim r- p nAr) := A,- 

exist. In such case we write rif € A^reg^j. 
Let be one more system of rays 

(5.8.1.4) S={e i,/ " s :ft = l,2,...,n} 

Some tpk can coincide with some 9j. Suppose that / has regular growth on this 
system, i.e., 

(5.8.1.5) h f {</>) = h f (4>), e** e S 
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In such case we write / € A regt s- 

The problem is, what is the connection between S and Si so that the implica- 
tion (/ G A reg ^s) => (jlf E M re g,Si) holds. 

This problem can be reformulated in another way. For n/ € -M re g,Si if n/ € 
jMsj it is necessary and sufficient that / is a CRG -function, because existence the 
angle density is equivalent to the existence of all the limits. So the problem can 
be reformulated in the form: what is connection between S and Si, so that the 
implication (/ e A re9t s) ==> (f is CRG — function) holds. 

Denote 

(5.8.1.6) G(t, 7 , p) := G p {e*-*)e-'*, p = [p] 

where G p is the Primary Kernel: 

v 

G p (z) =log\l-z\ + $tJ2z k /k 
k=i 

Set 



G(s, 7 ,p) := J G(t, 7 ,p)e- ist dt 



This is the Fourier transformation of G(t, 7, p). It can be computed (see, e.g,[Oz,Lemma3]) 

g(s,,,p) = ;™ { \ + ^ + : s \ 

{p + is) smw(p + is) 

Consider the matrix 

(5.8.1.7) G(s,Si-S) := \\G(s, 0j - Vfe, p)\\. 

We are going to prove 

Theorem 5.8.1.1. The implication 

{/ € A reg ^s} A {nj e Alsi} =^ {/ is a CRG — function} 

holds iff 

(5.8.1.5) rank G(s, Si - S) = m, Vs € (-00, 00) 



As a corollary we obtain the following ([De]) 
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Theorem 5.8.1.2.(Delange). Suppose that S\ and S consist of one ray, i.e., 

S 1 ={e lBl }, S = {e i + 1 }. 
The implication (5.8.1.5) holds iff 

(5.8.1.6) 6>i - Vi + (1 - (2k + l)/2p)7r, k = 1,2, ... 

5.8.2. A Fourier transformation for distribution v on the real axes is a distribution 
in the standard space S' (see [Ho, v.l,Ch.7,§7.1] For locally bounded measure which 
variation "not very quickly" growing it can be defined by 



(Tv){s) := lim / e lts e~ — v[dt). 



where the right side is understood in the sense of distributions. 

For example, if v(dt) := e tSat dt, we have Tv(s) = 6(s — s ) where S is the Dirac 
function. 

Exercise 5.8.2.1. Check this. 

For distribution and a summable function one can b define the convolution , 
for which the property T(f * ^)(s) = T ' f(s)Tv(s) holds. 

Proof of Theorem 5.8.1.1.. Since / € Mgj the limit set Frn/ is concentrated on 
Ks 1 . So every v € Fr[/] can be represented in the form (see Th. 3. 1.5.1): 

j=m °° 

(5.8.2.1) v(z) = J2 G p (z/re»')nj(dr) 

i=i { 

where [ij is concentrated on the ray {arg£ = 9j} and belong to U[p\. After changing 
variables: 

r = e*, \z\ = e* 

we obtain from (5.8.2.1) 

(5.8.2.1) v \te i *)=Y J J G(t-T,4>- 3 , p)n) (dr) 
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where 

(5.8.2.2) e pT ij}(dT) := ^(dr), v 1 ^) := W (|z|e^) e - p|z| . 
The equality (5.8.2.1) can be written as 

j—'tn 

(5.8.2.3) v\te^) = £ [G(; <P - 9j, p) * 

where * stands for convolution. Then / G v4 re9! g with n/ G -A4s 15 iff every pair 
v\,V2 G Fr[/] satisfies the condition 

(5.8.2.4) wi(z) = w 2 (^),^G J ft:s 

Denote by pij,p,2,j the restriction of p Vl p Vl , to the ray {argz = 9j}. Set ^ := 
— M2,j Using (5.8.2.3) we can rewrite (5.8.2.4) in the form 

j=m 

(5.8.2.5) ^ [G(., 4> k - 9j,p) * i/}](t) = , k = 1, 2, n. 

i=i 

Applying Fourier transforms we obtain a system of linear equations: 

j=m 

(5.8.2.6) ^ [G(., - 9j,p) ■ v]]{t) = , k = 1, 2, n. 

i=i 

Suppose now that rank G(s, 5 — 5i) = m for every s£l. The system (5.8.2.6) 
has only the trivial solution for every s. Thus vj(s) = 0, for j = 1,2, ...,m. This 
implies ^j(t) = for j = 1, 2, m and Vj = for j = 1, 2, m. Thus /x^ = /x„ 2 , 
i.e, (by (5.8.2.3) )Fr[/] consists of one function v G U[p]. Thus / is a CRG-function. 
Conversely, suppose that rank G(s, S — Si) < m for some so 
Then there exists a nontrivial solution (b r ..b m ) that satisfies the corresponding 
system. We obtain that {OjbjS(s — so), j = l,2...m} is a solution of (5.8.2.6) for 
all s G K and hence the 



i^(df) = bje itSo dt, j = 1,2,. ..m 
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Since vj have bounded densities dvj/dt, we can find a constant C such that 
swp{\duj/dt\ : < t < oo, j = 1,2.. .m] < C. 
Set 

(5.8.2.7) (j\j(dt) = Cdt + v]{dt); p\j = Cdt. 

Both of these are measures. Now we pass to mij, m 2j via (5. 8. 2. 2). It is easy to 
check that mij, m,2,j <E M.{p). 

Exercise 5.8.2.2. Check this. 

Consider pi,^2 & M (p) which are defined uniquely by their restrictions pij , p 2 ,j 
respectively on Ks 1 ■ Set 

vi(z) := J G p (z/Opi(dtd V ):v 2 (z) := J G p (z/C)p 2 (d^di 1 ); ( = £ + i v . 

c c 

It is easy to check that the equality 

(5.8.2.8) v 1 (z)=v 2 (z), zeK s 
holds. 

Exercise 5.8.2.3. Check this. 

Since p\ and p 2 is a finite sum of trigonometrical functions, for v\ and v 2 the 
condition (4.1.3.3) is satisfied. Thus by Theorem 4.3.6.1 there exists a function 
/ G A(p(r j) for which 

Fr[/] = |J C(cwi + (1 - c)v 2 ) 

0<c<l 

Since for w € C(cui + (1 — c)v 2 ) (5.8.2.8) also holds, the same holds for v e Fr[/] 
and this function is not a CRG-function. □ 
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6. Application to the completeness of exponential systems 
in convex domains and the multiplicator problem 

The completeness of exponential systems in convex domains is intimately con- 
nected to the multiplicator problem. Considering a special form of exponent system 
is related to the study of special subharmonic functions, that determine the peri- 
odic limit set, so called automorphic subharmonic functions. The next §§6.1, 6.2 
are devoted to these problems. 



6.1.1. Let $ G A(p(r)) and let H(<fr) be a p-trigonometrically convex function. A 
function g £ A{p(r)) is called an H- multiplicator of <J> if the indicator h g <t> of the 
product g$ satisfies the inequality 



In some questions (see §6.3) we need to determine whether a given function $ has 
a multiplicator. We shall study this problem in terms of the limit set of $. Define 
H(z) := rPH {<!>), z = re*. Let v £ U[p] (see (3.1.2.4)). Consider the function 



As will be proved in Corollary 6.1.9.3, the maximal subharmonic minorant of 
m(z, v, H) exists and is continuous. The maximal subharmonic minorant of m 
(m.s.m.) belonging to U[p] will be denoted by Gh v , while the domain of definition 
of the operator Qh will be denoted by Dh- Though m(0, •,•) = 0, the m.s.m. of 
m can differ from zero (as was remarked by A.E.Eremenko and M.L.Sodin), but if 
the m.s.m. of m equals zero at zero , then it belongs to U[p\. 
Exercise 6.1.1.1. Consider the function 



It is subharmonic and belongs to U[l]. Show that the maximal subharmonic mino- 
rant of K\z\ — w(z) is different from zero in for every K > 0. 



6.1. Problem of multiplicator. 



hg*{4>) < H(<f>),v<f>. 



m(z, v, H) := H(z) — v(z). 
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Theorem 6.1.1.1. <I> G A(p(r)) has an H -multiplicator iff 

(6.1.1.1) Fr[$]cD ff . 

Proof o/ necessity. Let g be a multiplicator of <I>, i.e., 

(6.1.1.2) hg*(<l>) < H((f>) 

and let v G Fr[$]. We can choose w g $ G Fr[g<l>] an d w s G Fr[g] such that = v+v g 
(see Th.3.1.2.4, frul)). 

Exercise 6.1.1.2. Prove this directly. 

By definition of indicator (3.2.1.1) and (6.1.1.2) we have v g &(z) < H(z) or 
v g (z) < m(z,v,H). Since v g G U[p], v G Dh- □ 

For proving sufficiency we need the following 

Theorem 6.1.1.2. The operator Qh is 

1. upper semicontinuous in the V -topology, 6.1.1.5i.e., 

{ Vj -» v) A (&/«,- -» io) => (to G [/[/?]) A (io(z) < Qh{z), zeC); 

2. invariant: (Q H v)^ = Q H V[ t y, (see (3.1.2.4a) for P = I;) 
3. concave: 

(V«i,«2 eDs, c G [0; 1]) => (« c := c«i + (1 - c)u 2 G £>/*) 

and 

fe(«c) > C&r(«l) + (1 - C)gff(«2). 

Proof. Let us prove 1). Suppose Uj G U[p] — > w and few, — > w. Then 

(6.1.1.3) &f«j < ff(z) - Vj(z), z G C, 
Applying (») e from (2.6.2.2) and Th.2.3.4.5 reg 3), we obtain 

w e < (H) e (z) ~ {v) e (z), zeC w £ (0) > 
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Passing to the limit as e J. we obtain by Th.2.6.2.3, ap2) 

w(z) < H(z) — v(z) = m{z 1 H, v), z G C. 

Since < w(0) < m(0,H,v) — we have w(0) — and , hence, w G U[p]. Thus 
v G Du and w(z) < Qhv{z). 

Let us prove 2). Since -ff(z) is invariant with respect to (•)[*], 

(Gv)[t] <H(z)-v [t] . 

Hence, 

(6-1.1.4) (gv) [t] (z)<(g(v [t] ))(z), 

because Q{v[ t \) is m a x i m a 1 subharmonic minorant. We can replace v with V[\/t] 
and obtain (Gv[i/ t ])[t](z) < Qv{z). Applying {*)[t\ to the two sides of the inequality, 
we obtain Gv[i/ t ](z) < {Gv(z))[\/ t y Now we can replace \jt with t and obtain the 
reverse inequality to (6.1.1.4), which, together with (6.1.1.4), proves 2). 
3). Let Vi,V2 G Dh and c G [0; 1]. One has 

gvi(z)<H(z)-Vi{z), i = 1,2, Vz. 

Then 

[ C g Vl + (1 - c)Gv 2 ](z) < H(z) - [cwi + (1 - c)«2](«). 

Thus 

[cGvi + (1 - c)5«2](a;) < G\cv x + (1 - c)w 2 ](z). 

□ 

Proof of sufficiency in Theorem 6.1.1.1. Assume that Fr[<i>] C Dh and consider 
the set 

(6.1.1.5) U := {(v', v") : v" < Gv' , v' G Fr[$]}. 

Then U is non-empty, because of (6.1.1.1), closed, because of Th. 6.1.1.2, 1), and 
invariant, because of Th.6.1.1.2, 2). 
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Every fiber U" = {v" : v" < Qv'} is convex because of Th.6.1.1.2, 3). By Th. 
4.4.1.2 there exists u" € U(p(r)) such that for the curve u := (u' , u") 

(6.1.1.6) Fr[u]=U. 

By the Th.5.3.1.4 (Approximation Theorem) the function u" can be replaced 
with log \g\, where g e A(p(r)), retaining the property (6.1.1.6). 

Let us prove that g is an iJ-multiplicator of <f>. Indeed, set II := <?$. It is 
enough to prove that for every vn e Fr[IT] 

(6.1.1.7) vn(z)<H(z) 

Note that every vu has the form v n = v g + v, where {v,v g ) € U. Thus, because of 
the definition (6.1.1.5) «n satisfies (6.1.1.7). □ 

Let us note that the pair (y, Ghv) € U because of closeness of U. Hence the 
following assertion holds 

Proposition 6.1.1.3. Every <& € A(p) that satisfies (6.1.1.1) has a multiplicator 
g € A(p) such that 

(6.1.1.8) v + Q H v e Fr[g<$>]. 
Exercise 6.1.1.3. Check this in details. 

Although v e U[p] is in general an upper semicontinuous function, 

Theorem 6.1.1.4. The function Qhv(z), v € U[p], is a continuous function that 
is harmonic outside the set E = {z : Ghv(z) — m(z, v, H)}. 

Proof. Gg v { z ) is continuous because of Corollary 6.1.9.3. If Ghv(zo) < v(z ) and if 
Ghv(z) is not harmonic in a neighborhood of z , we can make sweeping of masses 
from a small disc {\z — z \ < e} (see Th.2.7.2.1). The obtained subharmonic function 
will be grater than Ghv(z), contradicting maximality. □ 

6.1.2. Suppose that some 7J-multiplicator g = g(z,$,H) of the function $ is 
found. We examine the function II = g$.The structure of its limit set is described 
by the following statement: 



260 



Proposition 6.1.2.1. Every vu € Fr[g$] can be written as Vu = v + W\, where 
w £ Fr[$] and w\ £ U[p] with the condition 

(6.1.2.1) w 1 (z)<g H (z),yzec, 

and, conversely, for every v e Fr[$] there exists a v g , v g (z) < Ghv(z), such that 

v + v g e Fr[g$}. 

Exercise 6.1.2.1. Prove this, like in Exercise 6.1.1.1. 

An _ff-multiplicator G of the function <I> will be called ideally complementing 
if it satisfies the condition 

Fr[G$] = {v n = v + g H v : v e Fr[$]}. 

If a multiplicator is ideally complementing then equality is achieved in (6.1.2.1) 
for all v € Fr[$]. This make the multiplicator optimal in another respect. Recall 
that an entire function / is of minimal type with respect to a proximate order 
p(r),p(r) -> p if (see (2.8.1.6)) 

07 := lim sup log M(rJ)r- p(r) = 0. 

r^oo 

Proposition 6.1.2.2. Let G = G(», $, H) be an ideally complementing H -multiplicator 
of a function <&.Then each H -multiplicator of the function II = G$ is of minimal 
type. 

This proposition is proved in §6.1.3. 

A function $ is said to be ideally complementable if for each H the condition 
(6.1.1.1) implies that $ has an ideally complementing multiplicator. For instance, 
if $ is a function of completely regular growth (see §5.6) then it is ideally comple- 
mentable. 

Exercise 6.1.2.2. Prove this. 
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Theorem 6.1.2.3. Every function with periodic limit set is ideally complementable. 
This theorem is proved in §6.1.6. 

Let C C K z be an ^-dimensional connected compact and let {h(<j>, c) : c e C} 
be a set of p-t.c. functions that is continuous with respect to c € C. For example, 
c e [0, 1] and h(</>, c) = ch^cj)) + (1 - c)h 2 {4>). The set 

(6.1.2.2) U md := {v(re^s) = r"h(<j>, c) : c e C} 

is the limit set of an entire function. 

Exercise 6.1.2.3 Prove this using Theorem 4.3.6.1. 

Such a set is called a set of indicators. Entire functions with such limit sets 
can be also considered as a generalization of CRG- functions. 

Theorem 6.1.2.4. Every function <3> whose limit set is a set of indicators is ideally 
complementable. 

This theorem is proved in §6.1.7. 

The existence of an ideally complementing H- multiplicator depends, of course 
, both on <f> e A(p(rj) (or, more precisely, on its limit set Fr[$]) and on H. 

Theorem 6.1.2.5. Let $ and H be such that the condition (6.1.1.1) is satis- 
fied. The function $ has an ideally complementing H -multiplicator if and only if the 
operator Qh is continuous on Fr<!>. 

This theorem is proved in §6.1.6. 

Now we formulate a sufficient condition for continuity of the operator Gh ■ We 
shall say that the maximum principle for U[p] is valid in the domain G, (which is, 
generally speaking, unbounded), if the conditions w <G U[p], w(z) = for z £ G 
imply w(z) = 0. 

Let us denote by 7i w a region of harmonicity of w € U[p], i.e., a region where 
the conditions "w is harmonic in G" and "G D H w " imply G = H w . 

We remark that H w is a connected component of the open set on which w is 
harmonic. Generally it is not unique. 
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The image of U € U[p] will be denoted by GhU, while its closure in the V 
-topology will be denoted by clos GhU. 

Theorem 6.1.2.6. Suppose for every w Gc/os GhU and every Ji w the maximum 
principle for U[p] holds. Then Gh is continuous on U. 

This theorem is proved in §6.1.5. 

In §6.1.8 we will construct an example of $ and H such that the operator Gh 
is not continuous on Fr [<!>]. This is also an example of the function that has not 
ideally complementing multiplicator. 

6.1.3. 

Proof of Proposition 6.1.2.2. Let g be an ideally complementing multiplicator of 
the function II = G<!>. We denote 

(6.1.3.1) 9(z) := (gG$)(z). 
Let v g G Pr[g]. Let us choose tj — ► oo such that: 

Qog\g\) tj -> v g ; (log|n|) t; -> v n e Frp]; (Iog|fl|) t , -» v e e Pr[0]. 
It follows from (6.1.3.1) that w = w g + u n . Since g is a multiplicator of II, we have 

(6.1.3.2) v e {z) = v g {z) + v n {z) < H(z). 

Since G is an ideally complementing multiplicator, vn — v + Ghv. So for all z e C 
(6.1.3.2) implies 

(v g +G H v)(z) < (H-v)(z). 

Since Ghv is the maximal subharmonic minorant, v g (z) < and hence v g (z) = 0. 
Thus (see (3.2.1.1)) we have h g {<p) = and therefore 

G g = max h g ((j)) = 

O<0<27T 

□ 
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6.1.4. In order to prove Theorem 6.1.2.6 we need a number of auxiliary statements. 

Lemma 6.1.4.1. Let the maximum principle be valid in G for U[p] and for some 
continuous functions iui,we U[p] satisfy: 

a) w is harmonic in G; 

b) wi(z) = w{z) outside of G. 
Then 

(6.1.4.1) wi{z) < w{z), zeG. 
Proof. We set 

r ( Wl -w)+(z), zeG 
MZ) '= { 0, z iG . 

This function is continuous in C and, evidently, subharmonic both in G and in 

C\G. Since w (z) > 0, the inequality for the mean values 

= wo(z) <^-fw {z + ere^dcp, z e dG, 
2tt J 
o 

implies the subharmonicity on dG. Since G satisfies the maximum principle for 
U[p], we have wo = 0, which is equivalent to (6.1.4.1). □ 

Now we shall dwell on some properties of maximal subharmonic minorants 
and, in particular, of w — Qhv. Let 

(6.1.4.2) E v :={zeC: Q H v{z) = m(z, v, H)} 

We remark that m(z, v, H) is a S -subharmonic function in C whose charge will be 
denoted by u(»,v), its positive and negative parts will be denoted by v + and v~ . 

Let us denote by fin the measure of H(z), It is decomposed into the product 
of measures (see §3.2) 

(6.1.4.3) /j, h = A H ®pr p - 1 dr, 

where Ah is the measure on the unit circle and pr p ~ 1 dr is the measure on the ray. 
It is obvious that 

(6.1.4.4) v + {;v) <M»)- 
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We shall denote the mass distribution of w e U[p] by p w . 

The modulus of continuity of w (if w is continuous) will be denoted u) w (z, h), z <G 
C, h>0. 

The following lemma lists various properties ofw £ QhU, U C U[p] which will 
be useful in the sequel: 

Lemma 6.1.4.2. Let w e QhU. Then 
l.w e U[p, a] where 

a = 4 • 2 p [max{#(e^) : <j> € [0, 2tt]} + 2<n] 

CTi = max{v(z)|z|~ p :zeC,ue!/}; 
U.f/ie charge restriction v{;v)\e v to E v is nonnegative, i.e., 

v{;v)\e v = ^ + (», v)\ Ev ; 

3. outside E v the function w is harmonic, i.e., 

Hw\c\e v = 0; 

4 - the measure p w is bounded from above by v + (u,v), i.e., 

Pw < v + (;v); 

5- QhU is equicontinuous on each compact set, i.e., 

uj w {z,h) < C(R,a,p)Vhlog(l/h), \z\ < R, 

where C(R,a,p) is independent of w <G QhU. 
Proof. Let us prove property 1. We have 

T(r,w) := -!- / w+ire^dcf) 
2n J 
o 

2ir 2ir 2tt 

< r" J H+{e l,t >)d<j) + j v+ (re**)d0 + J v~ (re lcl> )d<j) 

L 
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Since v(0) = 0, we have 

2tt 2tt 

o o 

Therefore 

T(r, to) < [max{iJ(e^) : <f> e [0, 20]} + 2eri]r p . 

It is known (see Theorem 2.8.2.3, (2.8.2.5)) that M(r) < 4T(2r). So we conclude 
that 

w(z) < 4 • 2"[max{fl"(e < *; G [0, 2tt]} + 2<ti] |z| p - ct|z|". 

Let us prove property 2. To this end we shall use the following theorem (Grishin's 
Lemma) [Gr] 

Theorem A.F.G. Let g be a nonnegative S-subharmonic function, and let v g be 
its charge. Then the restriction v 9 \e to the set E = {z : g(z) = 0} is a measure. 

Applying this theorem to the function g := m(z, v, H) — Ghv(z), we get 
(6-1.4.5) v(;v)\ Ev > Vw\e v , 

hence, we obtain property 2. 

Let us prove property 3. Since w and v are upper semicontinuous, and H is 
continuous (see Th.3.2.5.5) , the set {z : (w + v)(z) — H(z) < 0} is open. 

Let us take a neighborhood of an arbitrary point of this set and replace the 
function w within it with the Poisson integral constructed using this function, i.e., 
let us sweep out the mass from this neighborhood. The subharmonic function ob- 
tained would be strictly greater than the initial one, if the latter were not harmonic. 
This means that the initial w was not the maximal minorant. We have arrived at 
a contradiction, which proves property 3. 

Property 4. immediately follows from property 3. and (6.1.4.5). 

In order to prove property 5. we shall need auxiliary statement which will be 
stated as lemmas. Let 

1 R 2 -\z\ 2 
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be the Poisson kernel in the disc K R — {z : \z\ < R}. 
Below C's with indices will denote constants. 

Lemma 6.1.4.3. In the disc K R / 2 , we have 

|srad z P(s,&.R)| <C7i(fl), 

where C\ (R) depends only on R. 
Exercise 6.1.4.1. Prove this. 

We shall introduce the notation for the Green function for the Laplace operator 
in the disc K R '■ 

C(.,C,*):=log||^. 
The disc {( : \( - z\ < t} will be denoted by K Zyt . 
Lemma 6.1.4.4. Let z e K R / 2 \ Then for a small h 

\grad z G(z,(,r)\<C 2 (R)/Vh 

Exercise 6.1.4.2. Prove this. 
Let us denote p,(z,t) := p(K z , t ). 

Lemma 6.1.4.5. For z e K R / 2 , < t < R/10, we have 

HH(z,t) < C 3 (a,R)t. 

Proof. Applying Th.2.6.5.1 (Jensen-Privalov) to the function H(z), we obtain 

M H = m&x{H(e llp : <p G [0; 2tt]} = A H (T)/p 

where T is the unit circle. 
Now 

\z\+t 

H(z,t) < A ff (T) J rP^dr < p 2 M H R p - 1 t<(jC{p)R p - 1 t 

\z\-t 

where C{p) is a constant depending only on p. This proves the lemma. □ 
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Lemma 6.1.4.6. Let h < 1 and suppose that a monotonic function satisfies 
the condition 

(6.1.4.6) n{t) < ct 

Then 



J log{l/t) fi(dt) < {3/2)cVh\ogh 



o 

Exercise 6.1.4.3. Prove this integrating by parts and using (6.1.4.6). 
Lemma 6.1.4.7. Let z e K R / 2 and ( e Kr. Then 

\\og\(R 2 -Cz/R\\<C 4 (R) 
Exercise 6.1.4.4. Prove this. 

Now we pass to the proof of assertion 5. from Lemma 6.1.4.2. According to 
the F.Riesz theorem (Th.2.6.4.3) we represent w in the circle as 

(6.1.4.7) w(z) = H(z,w)- J G(z,C,R)thv{d^dri), C = £ + «?, 
where 

H(z,w) = ^- ( P{z,(j),R)w{Re l ' l ')d(j>. 
2ir J 
o 

It follows from Lemma 6.1.4.3 and 1. of Lemma 6.1.4.2 that 

(6.1.4.8) \grad z H(z,w)\ < C^R)^- [ ^{Re^dcj) < C 1 {R)2aR p . 

2tt J 
o 

We split the integral in (6.1.4.7) into three terms 

i>i(z,h):= J G(z,(,R)n w (d£dri), 



ip 2 (z,h) 



= J \og\(R 2 -zOlR\^didn) 
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ip 3 (z,h) J log|C - z\n{d£,drj), 

K z ,Vh 

where zq is an arbitrary fixed point in K R / 2 - 

Combining property 4. and inequality (6.1.4.4) we have 

(6.1.4.9) v w {E) < n H {E), V£ c K R . 
For all z G K zq Lemma 6.1.4.4 yields 

(6.1.4.10) |grad^i(z,ft)| < C 2 {r)aR p /Vh. 
Combining Lemmas 6.1.4.5 and 6.1.4.7 with inequality (6.1.4.9), we get 

(6.1.4.11) \Mz,h)\ < C 4 {R)C 3 (a, R)Vh. 

Further, from Lemmas 6.1.4.5 and 6.1.4.6, taking into account the fact 
that log |C — z\ < 0, we obtain 

(6.1.4.12) \Mz,h)\ < (3/2)C 3 (a,R)Vh\ogh. 
Now consider the difference 

Aw := w(z + Az) - w(zo), \Az\ <h< Vh/2. 
It can be represented as 

(6.1.4.13) Aw = A-01 + A-02 + A-03 + AH(z, w). 

Choosing h small enough, one may assume that z n + Az e K^j 2 ZQ .Thus, according 
to (6.1.4.11), 

(6.1.4.14) \Ai> 2 (z ,h)\ < \M*o,K)\ + \M*o + h,h)\ <C 6 (a,R)Vh. 
Likewise (6.1.4.12) yields 

(6.1.4.15) \Aip 3 (z ,h)\ < \tp 3 (zo,h)\ + \tp 3 (zo + h,h)\<C 7 (a,R)Vhlogh. 
Finally, from (6.1.4.10) and (6.1.4.8), respectively, we obtain 

(6.1.4.16) |AV>i| < C 3 (a 7 R)Vh, \AH(z ,w)\ < C s (a,R)h. 

Substituting (6. 1.4.14)-(6. 1.4.16) into (6.1.4.13), we obtain relation 5. of Lemma 
6.1.4.2. □ 

The lemma is proved. 
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6.1.5. In this item we are going to prove Theorem 6.1.2.6. However, before that, 
we prove 

Lemma 6.1.5.1. Let w n — Gh^u, v n — ► v and w n — > Woo. Sei 

:={z: Woo (z) = H(z)-v(z)}. 

Then is harmonic in C \ -Eqo . 

Let us note that Woe, in general, is not the maximal subharmonic minorant 
because the operator Qh can be only upper semicontinuous, as will be demonstrated 
by example in §6.1.8. However, w^, is a minorant of H — v because of Th. 6.1.1.2, 
1. 

Proof. Let z E x . Then there exists a 5 > such that 

WooOo) + v(z ) < H(z ) - 25 

Since the function b(z) := + v(z) — H{z) is upper semicontinuous, there exists 
an e = e(5) such that b(z) < —5 for all z G {\z — z \ < 2e}. 

v' 

Let (») e be a smoothing operator from (2.6.2.3). If w n — > w then (w n ) e — > 
to uniformly on every compact set (Th.2.3.4.5, reg3) and for every subharmonic 
function t> the sequence v e (z) J. u(z),whcn e J. (Th.2.6.2.3, ap2). 

Then (6) £ (z) < -6, for |z - z \ < e or ( Wco ) e (z) + {v) e (z) < {H) e {z) - 5. The 
function H is continuous, hence uniformly continuous on the circle {z : \z — zq\ < e}. 
Thus we can replace (H) e in the last inequality with H and 5 with 5/2. So, we have 

(6.1.5.1) {wMz) + Ve(z) < H{z) - 5/2, \z - z \ < e. 

Since (») e is monotonic on subharmonic functions, we can replace e in (6.1.5.1) with 
any ei < e. So we obtain 

(6.1.5.2) ( Wco ) £l (z) + v ei (z) < H{z) - 5/2, \z - z \ < e 

Since (w n ) €l — > (woo) ei uniformly in the disc |z — zo| < e we can replace in (6.1.5.2) 
Woo with w„ and respectively v with w„, changing 5/2 with 5/4. After that we can 
pass to the limit as e\ J. for every sufficiently large n. So we obtain 

w n (z) + v n (z) < H(z) - 5/4, \z - z Q \ < e 
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It means that the disc {\z — z \ < e} C C \ E Vn . Because of Lemma 6.1.4.2, 3. w n 
is harmonic in this disc for all large n. Thus Woo is also harmonic, as the D'-limit 
of w n . □ 

T>' 

Proof of Theorem 6.1.2.6. Let v n — > v. Then the set w n — Ghv u is cquicontinuous 
by Lemma 6.1.4.2, 5., and we can choose from it a subsequence uniformly converging 
to a continuous function u^. Let w — Qhv,E = Ew.E^ being defined in Lemma 
6.1.5.1. 
Since 

{ Woo + v){z) < H(z), (w + v)(z) < H(z), VzeC 

and v is upper semicontinuous, whereas w and H are continuous, the sets E and 
Eoo are closed. 

Since w oc (z) < H(z) — v(z) we have 

(6.1.5.3) WooO) < w(z), Vz e C, 

and therefore E^ C E. 

The function w is subharmonic in C \ E^, and is harmonic in C \ Eoa 
by Lemma 6.1.5.1. They take the same values on E^. As the maximum principle 
holds in H Wx by assumption we have, according to Lemma 6.1.4.1 the inequality 

(6.1.5.4) w(z) < Woo(z), Vz e C. 

The inequalities (6.1.5.4) and (6.1.5.3) imply that w(z) = w QO (z), i,e., Qh is con- 
tinuous. □ 

6.1.6. 

Proof of Theorem 6.1.2.5. Sufficiency. We exploit the following criterion for exis- 
tence of a limit set that follows from Theorems 4.2.1.1, 4.2.1.2, 4.3.1.2 and Corollary 
5.3.1.5: 

Proposition 6.1.6.1. In order that U C U[p] be a limit set of an entire function 
f G A(p(r)) it is necessary and sufficient that there exists a piecewise continuous, 
uo-dense in U asymptotically dynamic pseudo-trajectory (a.d.p.t) v(»\t). 
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Exercise 6.1.6.1. Check this. 

Let v<i>(»\t) be an a.d.p.t. corresponding to Fr$. Consider the pseudo-trajectory 
v g (»\t) :— GHVi>(»\t). It exists because of (6.1.1.1). Prove that this pseudo-trajectory 
is asymptotically dynamical, i.e., (4.3.1.1) is fulfilled. Recall that T r « = (•)[<=•>-]. 

Using the property of invariance of Qh (Th 6.1.1.2, 2.) we have 

TrVg^e*) - v g (.\e t+T ) = fe[T T ^(.|e*) - v*(.|e* +T )]. 

Thus (4.3.1.1) is fulfilled because of continuity of Qh- Also the condition of ui- 
denseness (4.3.1.4) is fulfilled and 

{w e U[p] : {3tj -> oo) w = V - Y\mv g {»\e^)} = (Fr$) 

The corresponding entire function g G A(p(r)) with the limit set U g = Qh(Ft^) is 
an ideally complementing multiplicator, because 

Fr[g$] = {v + g H v : v G Fr[$]}. 

Exercise 6.1.6.2. Check this. 

Necessity. Let G be an ideally complementing multiplicator of <£>. Let us show 
that Qh is continuous on Fr[$]. Assume this is not the case, i.e., there exists 
a sequence Vj — > v such that QnVj — > W and W ^ Ghv. Since the limit set 
Fr[G$] is closed, we have Vj + GnVj — > v + Ghv, vj G Fr[$]. On the other hand , 
Vj + QrVj — > v + W. Thus, W = Qhv that is a contradiction. □ 

Proof of Theorem 6.1.2.3. Let Fr[$] be a periodic limit set, that is 

Fr[$] - C(v) = {v [t] : 1 < t < e p }, 

where v G U[p]. We shall show that Gh is continuous on U[p]. By Theorem 6.1.1.2, 
2) the equality (Q H v)[ t ] = GHV[t] holds. Since the operation (•)[£] is continuous for 
all t, is continuous on C(v). □ 
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6.1.7. Now we are going to prove Theorem 6.1.2.4. However, we need some prepa- 
rations. 

Let h(cp), G [0, 2w) be a 27r-periodic p-t.c. function, satisfying the condition 

max h((h) = a 

06[O,2tt] 

We denote this class as TC[p, a] and denote 

TC[p] := \jTC[p,a}. 

cr>0 

The class of function w = hi — h 2 where hi,h 2 € TC[p,a] will be denoted as 
STC[p, a] and denote also 

5TC[p] := |J 5TC[p,a}. 

cr>0 

From properties of p-t.c. function (see §§3.2.3-3.2.5) we can obtain the following 
properties of 5 — p t.c. functions: 

Proposition 6.1.7.1. For w e 5TC[p] the following holds: 

1. w'{(p ~ 0) and w' ((f> + 0) exist at each point and are bounded in [0; 2tt]; 

2. w'{<p ^ 0) = w'((f> + 0) for all G [0; 27r] , except, perhaps, a countable set; 

3. the charge A w generated by the function 

w(9)d9 

has bounded variation \A W \; the variation \A w \(a,(3) of the charge on the interval 
(a;/3) and the variation of the charge generated by derivative \w'\(a; (3)on the same 
interval satisfy the relation: 

\A w \(a,f3)>\w'\(a;P)+p 2 (P-a). 

I For all we STC[p,a] 

max(|u/(0-O)|,|u/(0 + O)|) < C(p,a), <f> £ [0;2tt]; 

5. if r p w n V — > r p w and w n G 5TC[p,a], then w n w uniformly on [0;27r]. 

Exercise 6.1.7.1. Prove this using properties of p -t.c. functions. 
We also need a technical 
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Lemma 6.1.7.2. Let M n ((f>) be a sequence of functions which satisfies the condi- 
tions: 

1. M n > 0; M„(0) = 0; 

2. M„ converges uniformly to Moo(<$) > Asmp(f>, A > 0; 

3. M' n (4> — 0), M' n (<j) + Q) exist at every point, and they coincide almost every- 
where; 

4 . there exists a sequence 4> n J. smc/i iftai for each arbitrarily small e > and 
arbitrarily large n € N i/iere eiiste n > n for which the inequality M n ((f) n ) < e<f) n 
holds. 

Then there exists a sequence ((„,>)„) of disjoint intervals and a subsequence 
Mk n such that 

(6.1.7.1) M' kn {Q n )-M' kn {r, n )> Ap/2. 

Proof. Set e = 1/2, 770 = 7r/4 and choose the required sequence recurrently. Let 
£ n, Vn, (n be already chosen. Set e n+ i = e„/2, find n +i < r?„ and choose fco = ko(n) 
so that for k > k 

M k {cj) n+1 ) - Ap<j) n+ i > —e n+ i4> n +i- 
This is possible because of 2. and sinp0 ~ 0, <j> — > 0. So we have 

(6.1.7.2) ^±l) >j4p _ e „ + , 

Now, choose Vn+i < 0n+i and fc n +i > fc so that 

(6.1.7.3) M kn+1 (i/) n+1 ) < e„+iV™+i 

This is possible by 4. Thus for small e n+ i from (6.1.7.2) and (6.1.7.3) we obtain 

(6.1.7.4) M fc „ +1 (0» +1 )-M fc „ +1 (^ +1 ) > 

On the other hand 

(6.1.7.5) < e„+i 
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On the interval (VVi+i, <?Wi) there is a point r] n +i where the derivative exists and 
the inequality 

(6.1.7.6) M L+i ( Vn+1 ) > M ^ l(0 " +l) ' Mfc - ( ^ +l) 

<Pn+l - Wn+l 

is valid. Also there is a point e (O^n+i) where derivative exists and the 

inequality 

(6X7.7, M LJiM )< M ^^-^ m 
is valid. 

From the inequalities (6.1.7.4)-(6.1.7.7) we obtain (6.1.7.1) □ 

Proof of Theorem 6.1.2.4- Denote by Guh the maximal p-t.c.minorante of H(e 1 ^) — 
h{4>). It follows from Th.6.1.1.2, 2. that 

M^M</>))(re # )=r^ ff /i(0) 

Exercise 6.1.7.2. Prove this. 

So taking in consideration Proposition 6.1.7.1, 5., one must prove 
Proposition 6.1.7.3. The operator Gh is continuous on the set 

Uind ■= {h{4>, c):ceC} 

in the uniform topology. 

Proof. Let h n — > h, h n , h € U ind . Denote w n = G H h n , w = G H h, = lim^oo w n . 
We set also M n = H — h n —w n , Moo = H —h — w^, M = H — h — w. Let (a„; f3 n ) 
be a maximum interval where M n (<f)) > 0. We shall show that (i n — a n < n/p. 
Indeed, for a fixed n let us consider the function 

W n := w n + e n L{4> - (a n + f3 n )/2) 

where 

lO, 0€ [-7r;7r]\(-7r/2p;7r/2p), 
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and e„ is small enough. If (i n — a n > n/p, then W n is also a p-t.c. minorant of 
H — h n , i.e., w„ is not maximal. 

If /?„ — a n — n/p, then, to ensure that w n is a maximal minorant, at least one 
of the conditions 

(6.1.7.8) hminf ^ = 0, Hminf %M = 0. 

0->a„+O <}> — Ot n <p~> 0n-O p n — (f> 

must be satisfied. 

Let us choose (and preserve the previous notation) a subsequence M n {4>) f° r 
which a„ — > a, and /?„ — > /?. 

If /3 — a < tt/p, then the maximum principle for p-t.c. functions is valid. Re- 
peating arguments of proof of Theorem 6.1.2.6, we obtain w^, = w for all </>, which 
proves Proposition 6.1.7.3 for the case considered. 

Exercise 6.1.7.3. Repeat them. 

Consider the case when (3 — a = n/p. 

Set q(4>) = (w — Woo)(4>). The function q is p -trigonometric on the interval 
(a;/3) since w and Woo are p-trigonometric, i.e., have the form A sin p<j> + B cos p<f>. 
Exercise 6.1.7.4. Explain this. 

Besides, we have q > and q(a) = q{fi) = 0. It is easy to see that q has the 

form 

(6.1.7.9) q{4>) = As\np((j} -a), A > 0. 

Exercise 6.1.7.5. Prove this. 

Since M{<j>) > 0, we have Moo(0) = M{4>) + (w - Woo){<t>) > {w - »«,)((/)), V0, 
whence 

(6.1.7.10) Moo(4>) > Asmp((/>-a), A > 0. 

Since f3 n — a n < n/p, the segment [a, 0\ contains the infinite sequence a n or f3 n . 
Let us single out a subsequence, let it be, for example, a n — > a + 0, a„ G [a; /?]. 

Consider the sequence M n {cf)) — M n (<f)—a). From the definition of M n and from 
relation 6.1.7.10 it follows that conditions 1. and 2. of Lemma 6.1.7.1 are fulfilled. 
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Condition 3. is fulfilled because of property 1. of Proposition 6.1.7.1. Further, if 
a n ^ a, then condition 4. of Lemma 6.1.7.1 is trivially true, since M n (a n — a) = 0; 
otherwise, if a n = a, condition 4. follows from (6.1.7.8). 

Applying Lemma 6.1.7.1, we obtain the union of intervals satisfying (6.1.7.7). 
The equality H(<f>) = M n — h n — w n yields the following inequality for the measure 
Ah '-Ah ((?7 n ; £«)) > Ap/2. Summing this inequality and taking into account the 
fact that the intervals do not intersect, we obtain Ah (U„(?y„, £„)) — oo, which is 
impossible. So, Proposition 6.1.7.3 is proved. □ 

Hence, Theorem 6.1.2.4 is proved. □ 

6.1.8. In this item we show an example of H and an entire function without an 
ideally complementing H- multiplicator. 

According to Th.6.1.2.5 , to construct such an example it is sufficient to con- 
struct a limit set on which Qh is not continuous. 

We set 

L( ) = { C ° S ' ?7 '' 71 G ^l 29 ' 1 77 / 2p ^ 

lO, r?e [-7r;7r]\(-7r/2p;7r/2p). 

Let us define X e C°° so that X(£) = 1 for £ < and X = for £ > a. 

We set 

(6.1.8.1) k := (1/p 2 ) max [2pX' + X"](£), H (r,) := L{rj) + «. 

(— oo;+oo) 

We also set 

v((, c) := [H - X(£ - c)L( V )}ert, C = Z + iv, 

where H and L have been periodically extended from the interval [— n; tt] to 
(—oo, +oo). 

As H{z) we take 

H(z) := H (<P)rP 

Lemma 6.1.8.1. We have 



(6.1.8.2) 



v(\og z, c) € U[p, a], a=l + K, 



(6.1.8.3) 



g H v(;c) = 0, 
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(6.1.8.4) lim v(log z,c) = nr p 

c—>oo 

uniformly with respect to z G K <e C, and 

(6.1.8.5) Q H {nr p ) = L(4>)r p . 

Proof. For the Laplace operators in £ and z it is true that = A z /|£| 2 . Let us 
check that v((, c) is subharmonic in (. We have 

A c v((, c) = {[l-X{£- c)) (L" + p 2 L) ft) + [ P 2 k- HQ [X"(x -c) + 2pX'(x - c)] }e* 

Exercise 6.1.8.1. Check this computation. 
Since X(£) < 1 and L{r}) is p-t.c. 

[l-X(e- C )](L" + p 2 i)(ry)>0 

Since < 1 and [X"(x - c) + 2pX'(x - c)] < Kp 2 we have 

[ P 2 k - L(Q[X"(x -c) + 2pX\x - c)] > 0. 

Thus u(logz,c) is subharmonic. 

Exercise 6.1.8.2. Prove that w(logz, c) G U[p, a] for er = 1 + «. 
Let us prove (6.1.8.3). We have 

H(z) -v(log z,c) = X{logr-c)L((j))r p . 

Since X = for r > e c+a , the maximal subharmonic minorant of H — v is zero by 
the maximum principle. 

Relation (6.1.8.4) is obvious, since Xilogr — c) converges to 1 uniformly on 
every disc {\z\ < R}. Relation 6.1.8.5 follows from the equality H{z)—nr p = L{(f))r p , 
since L((f>)r p G U[p}. □ 
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Now we pass to the construction of the example. Examine the set 
U\ := clos{v(logz, c) : c e [0; oo)}. 

It contains the function 

V' — lim v(\og z,c) = nr p . 

C—tOO 

Let us consider the minimal convex (»)[t] -invariant set U containing t/i.The set is 
contained in U[p,l + n]. It is a limit set for a certain entire function <J>. Let us show 
that Qh is not continuous on Fr[$]. We take an arbitrary sequence Cj — > oo and set 
vj(z) :— v(logz, Cj) G U. Now V — lim^oo Vj = nr p by (6.1.8.4) and GifVj(z) = 0, 
so V — Hindoo GnVj = but 

g H (lira Vj ) = g H {nr p ) = L^)r p £ 

which shows the lack of continuity. 

By virtue of Th.6.1.2.5 $ it is not ideally complcmcntable. 

6.1.9. Here we prove existence and continuity of maximal subharmonic minorant 
for some classes of functions m(z) . 

Theorem 6.1.9.1. Let m(z) be a continuous function such that the set of sub- 
harmonic minorants is nonempty. Then the maximal subharmonic minorant of m 
exists and is continuous. 

Proof. The set of subharmonic minorants is not empty and partially ordered. In- 
deed, for every subset {u a ,a e A} of subharmonic minorants there exists ua = 
(sup{M Q : a G ^4})* which is subharmonic and is a minorant of m, because m is 
continuous. 

Exercise 6.1.9.1. Explain this in details. 

Thus there exists a uniquely maximal element m.s.m.(2;, to), which is a sub- 
harmonic minorant of m. 

Let us prove that it is continuous at every point zq. Since m.s.m.(z, to) is upper 
semicontinuous, 

m.s.m(z 7 to) > m.s.m(z n , to) — e 
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for \z — zq\ < 5 for arbitrary small e and corresponding 5 = 5(e). So we need to 
prove the inequality 

m.s.m(z, to) < m.s.m(z n ,m) + e 

for arbitrary small e and corresponding 5 = 5(e). 

Perform sweeping m.s.m (z, to) from the disc \z — z \ < 5 such that the result 
u(z, 5) satisfies the inequality 

m.s.m(z, to) < u(z, 5) < m.s.m(z, to) + e < m(z) + e. 

Thus u(z,5) — e < m(z). Hence m.s.m(z,m) > u(z,5) — e for all z. Since u(z,5) 
is continuous u(z,5) > u(z ,5) — e in the disc {\z — z \ < 5\}. So m.s.m.(z,m) > 
u(zo, 5) — e >m.s.m (zo, m) — e □ 

Theorem 6.1.9.2. Let m = mi- m 2 , where mi,m 2 are subharmonic functions. 
Then the maximal subharmonic minorant of m exists. If mi is continuous, then 
the maximal subharmonic minorant is continuous. 

Proof. Set M e (z, m) := M t (z,mi) — M e (z 7 m2), where M e (z,mi),i = 1,2 is de- 
fined by 2.6.1.1. Since A1 £ (z,to) is continuous (see Theorem 2.6.2.3 (Smooth ap- 
proximation)), there exists m.s.m. (z, M t (z, m)). We have 

u(z,m) :— lim sup m.s.m(z, M t (», m) < lim M t (z,m) = m\ — m 2 (z) = m(z) 

Now we prove that the upper semicontinuous regularization u*(z,m) also satisfies 
the inequality u*(z,m) < m(z). Indeed, m 2 + u(z,m) < rrii(z). Hence, 

Me(z,rri2) + M € (z,u(»,m)) < M € (z,m\). 

Passing to limit we obtain three subharmonic function and inequality 

m 2 (z) + u*(z, m) < mi(z). 

We prove that u* (z, m) is the m.s.m. (z, to). If not, there would exist a subharmonic 
function u\ which exceeds u*(z,m) on a set of positive measure (otherwise they 
coincide) ;thus we would have for some z and e 

u*(z,m) < M e (z,ui) < m.s.m.(z,M,:(z,m)) 
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This contradicts the definition of u*(z, m). 

Now suppose that m\ is continuous at a point zq. From Th.2.6.5.f (Jensen- 
Privalov) we obtain that it is equivalent to 

r ^A{z:\z-z \<t}) dt = o{ ^ 
Jo t 

Similarly to the proof of Th.6.1.4.2, 5, we obtain 

^m.s.m(z,m) ^ Mrai ■ 

Hence m.s.m.(z,m) is also continuous. □ 

Exercise 6.1.9.2. Prove continuity in details. 

Corollary 6.1.9.3. For m = m(z,v,H) the function Ghv(z) :— m.s.m.(z,m) 
exists and is continuous. 

Exercise 6.1.9.3. Prove Corollary 6.1.9.3. 
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6.2 A generalization of p-trigonometric convexity. 

6.2.1. One of the important and useful kinds of limit sets is periodic limit sets. 
They are determined by one subharmonic function v G U[p] that satisfies the con- 
dition 

(6.2.1.1) v(Tz) = T p v(z), zeC 

Such a function is called automorphic . They generate the class of so called L p - 
subfunctions, that is a generalization of p -trigonometrically convex functions. In 
this part we are going to review of properties of such functions from different point 
of view, that will be useful for applications (see [ADP] ) . 

In connection with property (6.2.1.1) it is natural to consider so called T - 
homogeneous domains in C, i.e., such domains G that satisfy the condition {Tz : 
z G G} = G or shortly TG = G. As we can see they are invariant with respect 
dilation by T. For example, every component of an open set of harmonicity of an 
automorphic function is a T-homogeneous domain. 

Let v satisfy (6. 2. 1.1). Then the function 

(6.2.1.2) q(z) := v(e z )e- px 

is 2tt periodic function in y and P-periodic in x, where P = logT. 

The function q can be considered as a function on a torus Tp, obtained by 
identifying the opposite sides of the rectangle II = (0,T) x (— 7r,7r). 

The homology group of Tp is nontrivial, and generated by the cycles j x ,7 y , 
where lx = Tp n {y = 0}, j y = Tp n {x = 0}. 

Let 7r be the covering map of C onto Tp, then <j) — t o log is a well-defined 
covering map of C \ {0} onto Tp, where the group of deck transformations is given 
by the dilations by T m for m G Z. So if G is a given T-homogeneous domain, then 

(6.2.1.3) D = 7rologG = 4>{G) 

is a domain in Tp. On the other hand, not every domain in Tp has a T-homogeneous 
domain as its preimagc under <p. The preimage (f>~ 1 (D) under <p is a possibly 
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disconnected set which is invariant under dilations by T m for m e Z. An intrinsic 
description is given by the next proposition. 

Proposition 6.2.1.1. Let 7 be a closed curve in a domain D C Tp that is homol- 
ogous in Tp to a cycle 7 = n x j x + n y j y , n x ,n y e Z. Then 

1. Ifn x — for every such 7 in D, , then 

where Gj = T^Go, Go is an arbitrary connected component of </> -1 (D), and Gj n 
Gi = for 3^ I. 

2. If there exists a curve 7 as above with n x 7^ 0, then 

cb- 1 (D)=U k q - 1 G q , 

where k = mining with the minimum taken over all such curves 7; Go is an 
arbitrary component of(f>^ 1 (D); Gj, j = 0, 1, fc— 1, are disjoint T k -homogeneous 
domains, and for every m e Z, T m Go = G q , provided m — Ik + q, for some 

?eZ, 0<q<k-l, lei. 

We call domains as in part 2 of Proposition 6.2.1.1 connected on spirals. In 
particular, this proposition shows that for every D connected on spirals, we can 
find a connected T k - homogeneous domain that relates to D by (6.2.1.3). 

Let us give some examples. The domain D' = Tp n {|a; — P/2\ < P/4} is not 
connected on spirals, whereas D" = Tp d{\y\ < tt/4} is. It follows that D' n D" is 
not connected on spirals whereas D' U D" is. 

The situation can be more complicated. Set 

x'(x,y,a) :— x cos a + y sin a; y'(x, y, a) :— — xsina + ycosa; < a < 7r/4; 

Pi := (1/2) |z'(P,27r,-a)|; P 2 := (1/2) \y'(P, 2tt, -a)\. 

Then R' = {z 1 = x' + i'y' : -Pi < x 1 < Pi; -P 2 < y' < P 2 } is a fundamental 
rectangle for Tp in the corresponding coordinates. Set f(y') := (P2 — y') _1 — (j/' + 
P.)- 1 and ^0,0 := : -P2 < y' < P 2 ; f(y') < x' < f(y') + d} where < d < Pi- 
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Then the domains A,m := -Do.o + 2PiZ + 2P2fni' , l,m G Z are disjoint, and their 
union D determines a domain D C Tp. This l) is determined completely by the 
intersection of D with the rectangle R — (0, P) x (— ir,n). The domain P is not 
connected on spirals. 

One more example. Consider the family of lines L\ := {z = x + iy : y = 
it /(kP)x + Iw/k, x € R}, I G Z. It determines a closed curve (spiral) 7 on Tp with 
ni = fc. The open set D k = {z : \z - C| < e, ( e L u I G Z}, < e < P/2y/n 2 + k 2 , 
determines a domain l)^ on Tp that is connected on spirals, and such that </> -1 (I)fc) 
consists of k components, every one of them T fc -homogeneous. 

Since the function v in (6.2.1.1) is subharmonic, the function q of (6.2.1.2) is 
upper semicontinuous and in the D' topology on Tp satisfies the inequality L p q > 0, 
where 

(6.2.1.4) L p := A + 2p-^- + p 2 . 

Such functions q are called subfunctions with respect to L p , or L p -subfunctions. 
L p q is a positive measure on Tp. 

The operator L p arises naturally by changing variables z 1— > log z in the Laplace 
operator A^. 

Exercise 6.2.1.1 Check this. Set C = e z . 

Let us note that if q depends only on the variable y, it is a 27r-periodic p- 
trigonometric convex function because L p turns into T p = (•)" + p 2 (») (c.f. §3.2.3). 

6.2.2. Consider the solution of the homogeneous boundary problem 

L p q = in D; 

(6.2.2.1) 

q \ dD =o, 

where D is a domain in Tp and q is bounded in a neighborhood of dD with boundary 
value zero quasi-everywhere. This is a spectral problem for a pencil of differential 
operators ( [Ma]). 

A solution of this problem can be defined for an arbitrary domain D C Tp 
with a boundary of positive capacity. 
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The spectrum of the problem (6.2.2.1) consists of those (complex) p for which 

(6.2.2.1) holds for some function q ^ 0. The minimal positive point of the spectrum 
p{D) exists iff there exists the spectrum. The spectrum exists iff the domain D 
is connected on spirals. In this case p(D) is the order of the minimal harmonic 
function in everyone of the domains Gi that corresponds to D by Prop. 6. 2. 1.1. 

The quantity p(D) is strictly monotonic. It means that if two domains D\, D 2 € 
Tp are such that D\ C D 2 and the capacity of D 2 \ D\ is positive, then p(D 2 ) < 
p{D\). For example, thus is the case of D 2 = {\y\ < d, d < 2n} and D\ is the same 
strip without the segment {it : < t < d}. 

In connection with the problem of multiplicator we considered the maximal 
subharmonic minorant of a function m = H — v where v is a T- automorphic 
function. From Th.6.1.1.2, 2. we can obtain that if v is a T- automorphic function, 
then Qhv is also T- automorphic. 

Exercise 6.2.2.1 Check this. 

Thus for this case finding Dh in Th. 6.1.1.1 is reduced to finding a maximal 
Lp-subfunction q that satisfies the inequality 

(6.2.2.2) q(z) < m(z) := [H(e z ) - v(e z )} e - px , z e Tp. 

We say that m(z) has an L p — subminorante. 
The idea of p(D) give possibility for the 

Theorem 6.2.2.1. If m has a non-zero L p -subminorant, then p(D) < p for some 
component D of the open set M+ := {z : m(z) > 0}. 

Conversely, if p(D) < p (strict inequality) for some component D of the set 
M+, and m(z) > for all z G Tp, then m has a non-zero L p -subminorant. 

Exercise 6.2.2.2 Prove that A4 + is open. 

6.2.3. If p Z, the operator L p has a fundamental solution E p (» — () in Tp, where 
C is a shift by the torus, i.e., by the modulus P + i2ir. It means that 



L P E P (.-0=5 C , 
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in T>'(Tp), where 5^ is the Dirac function, concentrated at (. 

If p e Z, there exists, like for operator T p and spherical operator (see Th.3.2.4.2, 
Th.3.2.6.3), a generalized fundamental solution E' that satisfies the equation 

l p e ' p {* -Q = k~ cos p(v -v), ( = t + iv 

in V'{T 2 P ). 

Theorem 6.2.3.1. Let p > 0, p ^ Z. TTien eijery L p - sub function on Tp can be 
represented in the form 

(6.2.3.1) q(z)= f E p (z-Qv(dQ, 
where v = L p q. 

This theorem is the counterpart of Th.'s 3.2.3.3, 3.2.6.2. 

Theorem 6.2.3.2. Let p > 0, p e Z. T/ien t/ie mass distribution v = L p v satisfies 
the condition 

(6.2.3.2) / e ±w V(dz) = 0, 

Jf 2 P 

and the representation 

(6.2.3.3) q(z) - K(Ce^) + / E' p (z - CHd() 
holds with C that is a complex scalar. 

This theorem is the counterpart of Th.'s 3.2.4.2, 3.2.6.2. 

Let D C Tp and p(D) > p. Then the operator L p has in D the Green function 
—G p {z^C,,D). Thus for every q that is a L p -subfunction in D and bounded from 
above in D we have the representation 

(6.2.3.4) q(z)=g(z)- [ G p (z,(, D)v(dQ, 

in which v = L p q and g is the minimal majorant on dD of the function q, satisfying 
L p g = m D. 

This is the counterpart of Th.2.6.4.3 (F.Riesz representation) and Th.3.2.5.1. 
From (6.2.3.4) one can easily obtain 
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Theorem 6.2.3.3. (Maximum principle). If p(D) > p and q(z) is an L p 
-subfunction such that q(z) < 0, z € dD, then q(z) < 0, z G D. 

Exercise 6.2.3.1 Prove this. 

Theorem 6.2.3.4. An L p - sub junction in Tp can not attain zero maximum if it is 
not zero identically. 

Exercise 6.2.3.1 Prove this exploiting (6.2.1.2) and properties of subharmonic 
functions. 

Theorem 6.2.3.5. Let q be an L p -subfunction in Tp. If ' q(z) < for z € Tp then 
q(z) = 0. 

Exercise 6.2.3.2 Prove this using Th.3. 1.4.7 (**Liouville). 

Proposition 6.2.3.6. Let qo be the solution of the problem (6.2.2.1) in a domain 
D with a smooth boundary, corresponding to p = p(D). Suppose that qo(zo) = 1 
for some z G D. Then 

^>oy z edD. 

on 

Exercise 6.2.3.3 Prove this, using properties of positive harmonic functions. 

6.2.4. In the part devoted to completeness of exponential system (§6.3) we will 
need the notion of minimality of a subharmonic function from U[p]. A function 
v G U[p] is called minimal if the function v — er p has no subharmonic minorant for 
arbitrary small e > 0. If v is T- automorphic, the corresponding L p -subfunction q is 
called minimal if the function q — e has no Lp-subminorant in Tp . We formulate one 
sufficient condition for minimality and one sufficient condition for nonminimality. 

Theorem 6.2.4.1. Let H p {q) be the maximal open set on which L p q = 0. // there 
exists a connected component M C Ti. p (q) such that p(M) < p, then q is a minimal 
L p - subfunction. 

For example, q = is minimal. 
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Proposition 6.2.4.2. The function q is nonminimal if q(z) > c or L p q — c > 

for some positive c for all z £ T 2 p . 

For example, q = c > is nonminimal. 
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6.3. Completeness of exponential systems in convex domains. 

6.3.1. Let A := {A*,}, k = 1,2,... be a set of points in the complex plane C, 
satisfying the condition A& =/= and Xj =/= Afc , if k =/= j. 

Consider the canonical product 

(6.3.1.1) $ A (A) := J](l - A/Afc) cxp A/A fe 

k 

We suppose in this § that < 1 ) a(A) is an entire function of order one and normal 
type, i.e., a function of exponential type(see [Levin, Ch.l,§20]. 

This fact can be expressed in terms of A by using the Brelot-Lindelof Theorem 
2.9.4.2. 

Exercise 6.3.1.1 Formulate this theorem for entire functions of order one and 
normal type under assumption that p(r) = 1. 

We will suppose that the upper density of zeros (see §2. 8, §5.1). Aa > 0. 

6.3.2. Let G c C be a convex bounded domain containing zero . This last request 
does not restrict any of the further considerations connected to completeness, be- 
cause expA := {e x ' z : Xj e A} can be replaced by the system {e A j( z_z °) : Xj e A} 
and e x ^ z - z ^ = C 3 e^ z . Let A(G) be the space of holomorphic functions in G with 
the topology of uniform convergence on compacts. We will study the completeness 
of the exponential systems 

(6.3.2.1) expA := {e XjZ : Xj e A} 

in A(G). 

We will be interested in the following questions: 

1. completeness of exp A in A(G). 

2. maximality of G for exp A, which is complete in A(G); 

3. extremal overcompleteness of exp A in A(G) for a maximal G. 

Let us give a precise definitions of maximality and extremal overcompleteness. 
The completeness means that every function / € A(G) can be approximated on ev- 
ery compact set K <s G with arbitrary precision by linear combinations of functions 
from exp A. 
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A convex domain G is called maximal for a system exp A, which is complete in 
A(G) if for every domain Gi such that G <e Gi exp A is not complete in A{G\). 

A system exp A is called extremely overcomplete in A(G) for a maximal G, if 
for every sequence Ai :— {Aj} such that Ai n A = and A Al > the domain G is 
not maximal for the system exp A U Ai. 

Another words, every essential enlargement of an extremely overcomplete sys- 
tem enlarges also the maximal domain of completeness. 

6.3.3. Let 

h A (4>) := limsuplog |$A(re^)|r _1 

be the indicator of $a- It is 1-trigonometrically convex function or simply trigono- 
metrically convex function (t.c.f). Let Ga be the conjugate indicator diagram of 
$A, i.e., a convex domain of the form 

G A := {z : max 9?(>e 40 ) < h K {4>)}. 

zEGa 

Let us describe conditions for completeness, maximality and extremal over- 
completeness when A is a regular set (see §5.6) and $a is a CRG - function (see 
§5.6). 

We say that Ga is enclosed in G if it can be enclosed in G by parallel translation, 
it is enclosed with sliding, if it can be moved after enclosing only in one direction, 
enclosed rigidly if it is impossible to move after enclosing, freely enclosed in every 
other case of enclosing. 

Theorem 6.3.3.1. Let A be a regular set. Then the following holds: 

L{exp A is not complete in A(G)} {Ga is freely enclosed to G}; 

2.{G is maximal for exp A} <=> {Ga is not freely enclosed to G}; 

5.{expA is extremely overcomplete in A(G)} {Ga is enclosed rigidly in 

G}. 

Let us note that G is maximal for exp A but not extremely overcomplete if and 
only if Ga is enclosed with sliding in G. 
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This theorem is a corollary of the more general Theorem 6.3.4.1, but will be 
proved independently in §6.3.10. 

6.3.4. If A is not regular, it is natural to exploit the notion of limit set (see §3.1) 
to characterize of exp A. 

Suppose the limit set of $a has the form 

Fr[$ A ] := {t>(A) = |A|(c/ii + (1 - c)^ 2 )(argA) : c e [0; 1]} 

where h\,h 2 are t.c.f. 

Such limit set is a particular case of Ui n d (6.1.2.2). It is called indicator limit 
set and it is indeed a limit set of an entire function (see Exercise 6.1.2.4)). 

The asymptotic behavior of the set A (i.e., the limit set of the corresponding 
mass distribution) can be described completely using Th.3.1.5.2. 

Exercise 6.3.4.2. Do that. 

We will call such A an indicator set. Denote by Gi, G 2 the conjugate diagram 
of hi,h 2 . Since G±, G2 are convex, the set 

aG 1 +/3G 2 := {az 1 +/3z 2 : z 1 e G 1 ,z 2 € G 2 }, a, (3 > 

is also convex and is a conjugate diagram of the t.c.f. h := ah\ + (3h 2 . 

Theorem 6.3.4.1. Let a set A be an indicator set. Then the following holds: 

1. {exp A is not complete in A(G)} {G\ and G 2 are freely enclosed to G}; 

2. {G is maximal for cxp A} {G\ and G 2 are enclosed in G and at least 
one of them is not freely enclosed to G}; 

5.{exp A is extremely overcomplete in A(G)} ^=^> {cG\ + (1 — c)G 2 is enclosed 
rigidly in G Vc G [0; 1]}. 

This theorem is proved in §6.3.10. 
The equality holds: 

(6.3.4.1) h A = max(/ii,ft 2 ) 

Thus the conjugate diagram Ga of the function h\ is the convex hull of G\ and 
G 2 . 
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Let us note that the indicator Ha does not determine the completeness of the 
system exp A if A is not regular set, as the following example shows 
Example 6.3.4.1. Let 

Gi := {z = x + iy : x = 1; -1 < y < 1}, 

G 2 := {z = x + iy : x = -1; -1 < y < 1}, 

and 

G = {z : \z\ < 1 + e} 

with a small e. 

Exercise 6.3.4.3 Prove that G\ and G 2 are freely enclosed to G and their 
convex hull is not enclosed. 

Let A be a set such that the interior of G\ coincides with G. If A is regular 
set then exp A is complete in A(G), G is maximal for exp A and exp A is extremely 
overcomplete in A(G). 

If A is an indicator set, then the first two assertions hold but exp A can be not 
extremely overcomplete: 

Example 6.3.4.2 Set 

G\ := {z = x + iy : — 1 < x < 0; y = 0}; G2 ■= {z = x + iy : x = 1; —1 < y < 1}. 

Here Ga is triangle in which G\ is freely enclosed and G2 is rigidly enclosed, but 
cG\ + (1 — c)G2 is free enclosed for all c : < c < 1. 

Exercise 6.3.4.4 Check this. 

Example 6.3.4.3 Set 

Gi := {z = x + iy : x = -1; y e [-1; 1]}; 

G 1 :={z = x + iy:x = l;ye [-1;1]}. 

Exercise 6.3.4.5 Check that G\ and G2 are inclosed with sliding in Ga- 
If Gi and G2 are rigidly enclosed in G it docs not imply in general that cGi + 
(1 — c)G2 are rigidly enclosed for all c e [0; 1]. 
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Example 6.3.4.4 Let G\ be an equilateral triangle inscribed in the circle 
\z\ = 1 , let G 2 be the same triangle rotated by the angle tt/6, and let G be the 
unit disc. 

Exercise 6.3.4.6 Show that \(G\ + G 2 ) is freely enclosed in G. 
If G\ n Gi is rigidly enclosed in G then cG\ + (1 — c)G*2 is rigidly enclosed for 
ce [0;1]. 

Exercise 6.3.4.7 Check this. 

However this is not a necessary condition. 

Example 6.3.4.5 Set 

G := {z = x + iy : \x\ < l;\y\ < 1}; 

Gi := {z = x + iy : x e (— 1, 1); —x > y > -1}; 

G 2 := {z = x + iy : x e (— 1, 1); -1 < y < a;}. 

Exercise 6.3.4.8 Check that every triangle cG\ + (1 — c)G2 is rigidly enclosed 
in G and Gi n G2 is freely enclosed. 

6.3.5. Consider in more details the conditions for extremal overcompleteness in 
the case when A is indicator set and Ga — G or, in other words, if 

(6.3.5.1) h A = h G . 

We can suppose that h\ and are linearly independent, otherwise we exploit 
Theorem 6.3.3.1. If, for example, the inequality h\{<p) < /12 (</>), V<£, holds, the 
extremal overcompleteness is in the case when Gi is rigidly enclosed in G2 because 
Gi n G2 = Gi , and this case was mentioned above (Exercise 6.3.4.7). 

Consider the general case. Denote g{<j>) := \h\ — h 2 \(<j)), and set 9a := {4> ■ 
g((j>) > 0}. This is an open set on the unit circle. Denote as Ia ■— (ai,Q!2) 
the maximal interval contained in 6a and denote by d\ its length. Since g{<f>) is 
continuous 



(6.3.5.1) 



g( aj ) = 0, j = l,2. 
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If also at least one of the conditions: 

liminf -£**L = 0, 7 = 1,2, 
is fulfilled we say g is zero with tangency on 81a- 

Theorem 6.3.5.1. Suppose A is an indicator set that satisfies (6.3.5.1). In order 
that expA be extremely overcomplete in A(G) it is necessary and sufficient that at 
least one of the following condition holds: 

1. d\ < 7r; 

2. d\ = 7T and g is zero with tangency on 81a- 

This theorem is proved in §6.3.11. 

6.3.6. We call A periodic if Ft[<I>a] is a periodic limit set (see Th. 4. 1.7.1). In such 
case all the limit set is determined by one subharmonic function v G U[l] (see 
(4.1.3.1)). Let us characterize the system exp A for periodic A. 
Set 

(6.3.6.1) h G (<t>) ■= max{3fi(ze^) : z G G} 

(6.3.6.2) m(X,G,v) := |A|/i G (argA) - v(X) 

Denote as Qqv -the maximal subharmonic minorant of the function m(A, G, v) 
A function w G U[l] is called minimal if the function to — e|A| has no subharmonic 
minorant in U[l] for every small e > 0. The harmonic function of the form 

(6.3.6.3) H(X) := |A|(,4cos(arg A) + Bsin(argA)), 

for example, is minimal. 

We will denote as HARM the set of the functions of the form (6.3.6.3) . 

Theorem 6.3.6.1. Let A be a periodic set. The following holds: 

L{exp A is not complete in A(G)} {Gg v exists and is non minimal}; 
2.{G is maximal for exp A} 4=> {Gg v exists and is minimal}; 
5.{exp A is extremely overcomplete in A(G)} {Gg v € HARM}. 

This theorem is proved in §6.3.12. 
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6.3.7. Let us characterize the completeness of exp A for periodic A in other terms. 
For this we need the information that was presented in §6.2. We will take p = 1. 
Denote 

(6.3.7.1) q A (z) :=v A (e z )e- x 

(compare with (6.2.1.2)). As it was explained in §6.2 this function is an L\- 
subfunction on the torus Tp. Set 

m(z, G, <za) - h G (y) - q A , D(G, A) := {z : m{z, G, q A ) > 0} C Tp 

The set D(G,A) is open because — m is an upper semicontinuous function (see 
Th.2. 1.2.4), denote 

p(A,G) := min p{M) 

where the minimum is taken over all components M of D{G, A), and it is attained 
on one of the components because they are not intersecting and Tp is compact. 
Exercise 6.3.7.1 Explain this in details, using properties of p{D) (§6.2). 

Theorem 6.3.7.1. // 

(6.3.7.2) p(A, G) > 1 

then exp A is complete in G. 

This theorem is proved in §6.3.12. 

Let w := gGlh{z) be the maximal Li-subminorant of q A . Denote by Ti. A the 
open set in Tp where L\w = 0. 

Theorem 6.3.7.2. If there exists a component M ofH A such that p(M) < 1 then 
w is minimal , 

and, hence, G is maximal for exp A. 

This theorem follows directly from Th.6.2.3.1. 

It is not known if the condition (6.3.7.2) is necessary. 
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Consider in details the situation, in which the domain G coincides with Ga , 
the conjugated indicator diagram of h A , i.e., we suppose that 



(6.3.7.3) h G {<p) = h A (4>), V0. 

In this case m(z, G, q\) > and we obtain the following criterion: 

Theorem 6.3.7.3. In order that cxpA be complete in Ga it is necessary and 
sufficient that 

(6.3.7.4) p(A,G A )>l. 

This theorem is proved in §6.3.12. The condition (6.3.7.3) automatically im- 
plies maximality if there is completeness. 
Since 

(6.3.7.5) h A (y) = m&x{q A (x + iy) : x E [0; P}, 

the function m(z, Ga, 9a) has a zero in x for every fixed y. 

Thus the set D(G, A) does not contain any curve y = const on the torus. 

Theorem 6.3.7.4. Let Go be a strictly convex domain and let D C Tp be such 
that Tp \ Do intersect every line {y — yo} 7 yo € [0, 2tt]. 
Then there exists a periodic A such that 

(6.3.7.6) G A = G , D{G A ,A) = D . 
This theorem is proved in §6.3.13. 

Example 6.3.7.1 Let Do be the complement in Tp to the set 

(6.3.7.7) M:={z = x + iy:x = f(y),ye [0;2tt]} 

where f(y) is a continuous 27r-periodic function satisfying the condition 

< f(y) < P- 
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Then p(D ) = oo , because this domain is not connected on spirals (see §6.2.). It 
means that for every strictly convex Go there exists a periodic A such that Ga = Go 
and expA is extremely overcomplete in Go- 

Example 6.3.7.2. Let Do be the complement to the set 

P 

M := {z = x + iy : x = —y, < y < 2tt} 

Then 

(6.3.7.8) P {D,)= l -(l + {2K/Pf) 

(see §6.3.13) 

Thus, choosing P, and using Th. 6. 3. 7. 4, it is possible make exp A complete or 
non-complete in Go(= Ga) for every strictly convex domain Go- 

6.3.8. Now pass to generalizations. Denote by Dq the natural domain of definition 
of the operation Qq, i.e. the set of v <G U[l] for which m(A, G, v) (see (6.3.6.2)) has 
a subharmonic minorant belonging to U[l\. 

Let $a be defined by the equality (6. 3. 1.1). The condition that for every v e 
Ft[<I>a] the function to(A, G,v) has a subharmonic minorant belonging to U[l] is 
possible to express by the relation 

(6.3.8.1) Fr[$ A ] C D G 

(compare with (6.1.1.1)). 

We call the set U <zU[l\ minimal (U € MIN) if for arbitrary small e > there 
exists w = w e G U such that the function w e — e\\\ has no subharmonic minorant, 
belonging to U[l]. 

Let us note that if U contains a minimal function in the sense of (§6.3.6), then 
U e MIN. 

We denote the image of Ft[<I>a] under the mapping by the operator Qq as 
MA). 
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Theorem 6.3.8.1. The follow holds: 

L{exp A is not complete in A(G)}^=> {(6.3.8.1) holds AJ G £ MIN;} 

2.{ G is maximal for exp A }<=? {(6.3.8.1) holds AJ G e MIN;} 

5.{exp A is extremely overcomplete for maximal G} {(6.3.8.1) holds A Jq G 

HARM;} 

6.3.9. In the proof of Theorem 6.3.8.1 that we are going to prove now we exploit 

Theorem 6.3.9.1. (A.I.Markushevich) [see,Lev„Ch.4,§7]. Let A(C\G) be a 
class of functions ip which are holomorphic in C \ G and equal to zero in infinity. 
In order that the system exp A be complete in A(G), it is necessary and sufficient 
that the function 



where rb e A(C \ G), and <e G is a rectifiable closed curve, has the following 
property: the condition 



implies ^(A) = 0. 

Proof Theorem 6.3.8.1, 1.. Necessity. Let exp A is not complete . By Theorem 
6.3.9.1 $(A fe ) = 0, but $(A) ^ 0. The function g(X) := $(A)/$ A (A), where $ A is 
from (6.3.1.1), is an entire function and it has order one and normal or minimal 
type by Th.2.9.3.1. Set 

u° :=log| ff (A)|; u*(A) :=log|*(A)|; u A (X) := log |$(A)|. 

We have from (6.3.9.1) u*(A) < max{3?(Az) : z <E L^,} + C$}, where is a 
constant, depending possibly on %b. 
This implies that 



(6.3.9.1) 




(6.3.9.2) 



$(A fc ) = 0, VA fe e A 



(6.3.9.3) 



«*(A) < hcMr + C^, \ = re i *, 
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for some convex domain G\ <g G. 

Let v e Fr[$A]. Choose a sequence tj — > oo for which (u A ) tj — > u, and the 
sequences (u*)tj and (it 9 )^- also converges to and v 9 respectively. From the 
equality u 9 {\) — u*(A) — u A (A) we obtain v 9 (\) = v*(A) — v(X) where v 9 e 
Fr[g], e Fr[$]. 

Since (6.3.9.3) implies u*(A) < ha 1 ((j))r 

(6.3.9.4) w 9 (A) < /i Gl (0)r - w(A) 

and it means that for every v € Ft[$a] Ggi v and hence £/ G i> exist, i.e., the condition 
(6.3.8.1) holds. 

Let us show that the condition Jg(A) ^ MIN is satisfied. We have for some 
8 > the relation 

haM ~ hott) < S. 

From (6.3.9.4) we obtain 

(6.3.9.5) v 9 {\) +5r < m(X,G,v) 

The left hand side of the inequality (6.3.9.5) belongs to U[l]. Thus w v := Ggi v 
satisfies the condition v 9 (\) + Sr < w v (X) for every v € Ft[$a]- It means that 
J G (A) i MIN. 

Necessity is proved. □ 

For proving sufficiency we exploit the following assertion 

Theorem 6.3.9.2. (I.F.Krasichkov-Ternovskii). Suppose there exists an en- 
tire function g such that 

(6.3.9.6) MaW <h G {(j>), V0. 

Then the system exp A is not complete for some convex domain G\ <e G. 

This theorem connects the problem of completeness to the multiplicator prob- 
lem. 
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Proof of Th.6.3.9.2. Let g{\) satisfy (6.3.9.6). Denote by ip(z) the Borel transfor- 
mation for <I>(A) := £t(A)$a(A). By Polya Theorem (see, for example, [Lev.,Ch.l,§20]) 
all the singularities of tp are contained in a convex domain G$ which is the conju- 
gate diagram of the indicator /i$ (</>). Thus the representation (6.3.9.1) holds with 
L^, that embraces G$. It follows from (6.3.9.6) that G$ <e G. Thus it is possible to 
choose between <9G$ and dG. Since (6.3.9.2)for $ is fulfilled and <f>(A) ^ 0, exp A 
is non-complete in some convex G\ <s G such that <e Gi by Th. 6.3.9.1. □ 

Now we can prove sufficiency in Th.6.3.8.1, 1. From the condition Jg(A) ^ 
MIN it follows that one can choose S > such that Vw G Ft[<I>a] the functions 
w v — Sr where w v := Q G , have subharmonic minorants. As we already said in §6.3.2 
completeness does not depend of shift by any fixed zq. Thus we can suppose that 
e G and, hence, h G (<p) > for all <f>. Let 7 < 26 be such that h G {cj)) — 7 > and 
Gi dG satisfy 

(6.3.9.7) /i Gl (0) - 7/3 > 0, h G (<f>) - h Gl (0) < 7/2 
Let us check that 

(6.3.9.8) £> Gl D Fr[$ A ], 
Indeed, for v e Ft[$a] we have 

m{\G u v) := h Gl (<P)r ~ v{\) > h G {4>)r - ( 7 /2)r - v{\) > 

(6.3.9.9) h G ((p)r - v(X) - Sr > w v - Sr 

Since the right hand side of (6.3.9.9) has a subharmonic minorant from U[l], then 
(6.3.9.8) is proved. By Theorem 6.1.1.1 there exists a multiplicator g(z) e A(l) 
such that 



(6.3.9.10) hg*{<f>) < haM < hc(<l>). 

From Th.6.3.9.2 we obtain that exp A is non-complete in G. 
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Proof Theorem 6.3.8.1, 2.. Necessity. Let Gj, j = 1, 2, ... be a sequence of convex 
domains, satisfying the conditions Gj 3> G, Gj J. G. Since exp A is not complete in 
every A(G 3 ), D Gj D Pr[$ A ] by Th.6.3.8.1, 1. 
The sequence Wj := G Gj v satisfies 

Wj(X) < h Gj (<t>)r-v(X), AeC. 

Since {iVj} is compact and h Gj — > h Gl one can find a subsequence with the limit 
w e U[V\. Then w(X) < ha(4>)r — v(X). Hence Q G v exists. 

If J G G MIN would not hold, then, by Th.6.3.8.I, 1., exp A were non-complete 
in A(G), which contradicts maximality. 

Necessity is proved. Let us prove sufficiency. 

Completeness of exp A in A(G) follows from Th.6.3.8.1, 1.. We will prove that 
exp A is non-complete in A{G\) for every G\ D G under the condition Dq ^ Ft[$a]- 
Set 

5:=mm[h Gl (<f>)-h G (<j>)}>0 

<t> 

Then Vu e Fr[$ A ] 

G G v + 6r< h Gl {<j))r - v{\), AeC. 

This means that G Gl v > G G v + Sr. Hence J Gl (A) £ MIN and, by Th.6.3.8.1, 1., 
exp A is non-complete in A{G\). □ 

Proof of Th.6.3.8.1, 3.. Necessity. By Th.6.3.8.1, 2. from maximality G (6.3.8.1) 
follows. We will prove that Q G v e HARM Vw e Fr[$ A ]- Suppose it is not fulfilled, 
i.e., there exists u € FtI'&a] such that the mass distribution v of the function 
wo = G G vo is not zero. By Proposition 6.1.1.3 there exists a multiplicator g such 
that vo + w € Pr[g$A]- Let A be the set of zeros of g. Since v a e FrA , A(Ao) > 0, 
because v ^ and by the definitions in §3.3.1. 

We can shift a little zeros of g and suppose without lack of generality that they 
are simple and A n A = 0. 

The condition for a multiplicator gives the inequality: 

hg* K {<f>) <h G (4>), V^. 
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It implies 

m(A, G, v n ) = rh G {4>) - v n > 

for all vu £ Pr[g$A]- It means that m(X,G,Vu) has zero as a minorant Vwn £ 
Fr[g$A], i-e., Dg 3 Pr[g$A]. So the domain G maximal although the system exp A 
is replaced with the system exp(AuA ). This contradicts to extremal overcomplete- 
ness. Hence, v = and w a — Gg v o € HARM. 
Necessity is proved. Let us prove sufficiency 

Let the condition Qqv £ HARM Vu £ Ft[$a] hold. Suppose that there exists 
Ao such that Aa > and G is maximal for the system exp (A U A ). 
Theorem 6.3.8.1,, 2. implies 

(6.3.9.11) D G D Pr[$ Al ], 

where Ai = A U A . 

For every v £ Fr[<f>A ] one can find v G Ft[<I>a] such that 

vi := v + v £ Fr[$ Al ] 

The condition Aa > implies that one can choose vq for which the Riesz measure 
^ 0. For w\ — Gg v i one has the inequality w\ < rhc — v\ by (6.3.9.11), so 
wi + v < rhc — v holds. Hence w v := Qqv satisfies the inequality 

(6.3.9.12) ( Wl + v )(X) < w v (X), VA £ C. 

Let us show that (6.3.9.12) is impossible. Indeed, since w v £ HARM w := w\ + 
vo — w v < and w £ U[p]. Thus w = 0. However the Riesz measure v w > v ^ 0, 
hence w ^ 0. This contradiction proves sufficiency. □ 

6.3.10. Now we prove Theorems 6.3.3.1, 6.3.4.1 and 6.3.5.1. We need some auxil- 
iary assertions. 

Lemma 6.3.10.1. Let v := rhi{(f>) and G\ be the conjugated diagram of hi. Then 
the following holds: 

l.{ G\ is freely enclosed in G} <==^> {Gg v is non-minimal}; 
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2. {G\ is enclosed to G but not free enclosed}^=> {Gg v is minimal}; 

3. { Gi is rigidly enclosed in G} {Q G v G HARM }; 
4-{ G\ is not enclosed in G} •<=>■ {Ggv does not exist}; 

To prove this lemma we need the following two: 

Lemma 6.3.10.2. Let v := rh{4>). Then Qqv = rh\{4>) where h\ is the maximal 
trigonometrically convex minorant of the function 

m{<j>,G,h) := h G (<P) - h(cf>) 

Proof. Let v\ = Qg v - Since = v for all t > 

[vi)[ t ] = GcV[t] = Ggv 

by Th.6.1.1.2, 2. 

Thus the function 

vi ■= ^sup(wi) w ^ (A) > wi(A) 

and is also a subharmonic minorant belonging to U[l]. Thus v\ = v\ . However, 
the function v\ is invariant with respect to the transformation Hence it has 

the form rh\ (</>). The maximality of hi(<f>) follows from the maximality v\. □ 

Lemma 6.3.10.3. In order that v := rh\ be a minimal function it is necessary 
and sufficient that Gi, the conjugate diagram of hi, be a segment (in particular, a 
point). 

Proof. Let v = rh\ be minimal and let G\ be the conjugate diagram of h\. If G\ 
is not segment, then it contains some disc of radius S > 0. Hence there exists a 
trigonometric function Acos(</> — <po) such that 

5 + Acos((j) - fa) < hi(<f>). 

Multiplying this inequality by r, we obtain that v — Sr has a harmonic (and hence 
subharmonic) minorant. This contradicts to minimality. 
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Inversely, Suppose v is not minimal. Then there exists S > and t.c.f. h2{<t>) 
such that 

(6.3.10.1) h 2 (<p) < -6. 

For every t.c.f. h 2 there exists a trigonometric function Acos((j) — </>o) such that 

(6.3.10.2) h 2 {4>) + Acos(0- 4> ) > 

This corresponds to a shift of the diagram which contains zero. From (6.3.10.1) 
and (6.3.10.2) we obtain 

S — Acos(<f) — O ) < hi(cj)), 

which means that G\ contains some disc of radius 5 > 0. So it is not a segment. □ 

Proof of Lemma 6.3.10.1. G is freely enclosed iff the following assertion holds: there 
exists 5 > and a trigonometrical function Acos(<f> — <fio) such that the inequality 

(6.3.10.3) /n(0) + £- Acos((j) - (f> ) < h G (<f>). 
holds. 

Exercise 6.3.10.1. Prove this. 

Let Qgv be non-minimal. By Lemma 6.3.10.2 it has the form w 2 = rh 2 , where 
h 2 is the maximal trigonometrically convex minorant of m((j), G, hi). There exists 
S > such that the function w 2 — Sr has the maximal subharmonic minorant 
^3 = fhzicf)). Let Acos(4> — 4>o) be a trigonometric function for which 

h 3 (<j>) + Acos(4>- cf> ) > 0. 

In addition, 

h 3 (<f>) < h 2 (4>) - 6, h 2 {<j>) <h G - h!(4) 

From this we obtain (6.3.10.3) and hence that G\ is free enclosed. 

Inversely, let G\ is freely enclosed in G. From (6.3.10.3) it follows that 

(6.3.10.4) 5 - Acos(0 - O ) < h G {4>) - hi{4>). 



304 

Multiplying (6.3.10.4) by r, we obtain that m(X,G,v) has a minorant vo — r(S — 
Acos(<fi — </>o)) which obviously is non-minimal. Hence, Qqv is non-minimal. 

G\ is enclosed in G with sliding, hence there does not exists 6 > such that 
(6.3.10.3) is fulfilled, but there exists a segment with support function 

E{4>) = B\ sin 0| + Acos(</> - cp ), 

such that the inequality 

(6.3.10.5) luty) + E(4>) < h g (4>) 

holds. 

Exercise 6.3.10.2 Prove this. 

Let Qgv be minimal. By Lemma 6.3.10.2 it has the form W2 = rhi and by 
Lemma 6.3.10.3 hi — E{<p). Thus E{<j>) < (ha — h{]{4>), which is equivalent to 
(6.3.10.5). 

Prove 2., suppose G is not freely enclosed and hence only (6.3.10.5) is possible. 
If Qqv were non-minimal, (6.3.10.3) would follow, as it was proved above. This 
contradicts the supposition. 

The rigid enclosure is equivalent only to the inequality of the form 

h{<j)) - Acos(0 - 4> ) < h G {4>) y<f>, 

and impossibility of enclosure is equivalent to the impossibility of even such an 
inequality. Thus all other assertions of the lemma can be proved analogously. 
Exercise 6.3.10.3 Do this in details. 
□ 

Proof Theorem 6.3.3.1. Regularity of A means that Fr[<^^] — {w } where v = rh\- 
Thus Jg(A) = {GgVo} and all the assertions of Theorem 6.3.3.1 follows from Th. 
6.3.8.1 and Lemma 6.3.10.1. □ 

Exercise 6.3.10.4 Check this in details. 

For proving Theorem 6.3.4.1 we need an additional 
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Lemma 6.3.10.4. Let A an indicator set, v\ = rh\, v 2 = rh 2 . Then 

{ Jg(A) <^ MIN} -i==^> {Qg v i an d Gg v 2 are non — minimal}. 

Proof. Suppose w\ := GgVi and w 2 := Ggv 2 are not minimal, i.e., w\ — Sr and 
w\ — Sr have subharmonic minor ants g\ and g 2 . 

Then cgi + (1 — c)g 2 is a minorant of the function cw\ + (1 — c)w 2 — Sr, i.e., 
Jg(A) ^ MIN. The inverse implication is trivial. □ 

Exercise 6.3.10.5 Prove this. 

Proof of Theorem 6. 3. 4-1. Suppose expA is not complete. By theorem 6.3.8.1 
Jg ^ MIN. By Lemma 6.3.10.4 Qgv\ and Qqv 2 are not minimal. Hence G\ and 
G 2 are freely enclosed in G by Lemma 6.3.10.1. Since every one of these assertions 
is reversible, the inverse implication also holds. Analogously the other cases are 
proved. □ 

Exercise 6.3.10.6 Prove all this in details. 

6.3.11. To prove Theorem 6.3.5.1 we need some auxiliary assertions. 

Lemma 6.3.11.1. Let <p$ be a maximum point of t.c.f. h(4>) and h(<fio) > 0. Then 

(6.3.11.1) M0)>M0o)cos(^-0o), \4-<h\ <n/2. 

Proof. Denote y((j>) :— h(<f>o) cos(<f> — <fio). We have y(4>o) = h(<j>o) and y((f>) is a 
trigonometric function. If y(<fii) — h(<j>i) for some (f>i such that \<pi — 4>q\ < ir/2 
this contradict to Th.3.2.5.2. If y{(f) does not intersect h{4>), this contradicts to 
Prop.3.2.5.6. 

□ 

Lemma 6.3.11.2. Let H((j)) be a trigonometric function on the interval I — (a, (3) 
of length < n, such that H{4>) = at one of the ends of I. Then every of the 
conditions 

l.H(<j> ) = 0, 0o € {a; [3); 
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2.H{4>) is zero on dl with tangency; 
implies H{(f>) = 0, <fi £ I. 

Exercise 6.3.11.1 Prove this. 

Lemma 6.3.11.3. Let g > be a continuous periodic function, and let 9a, Ia, 
be defined as in Theorem 6.3.5.1. In order that its maximal t.c. minorant be a 
trigonometrical function, it is necessary and sufficient satisfying at least one of the 
conditions: 

1. d\ < 7r; 

2. d\ — 7T and g((f>) is zero with tangency on dl. 

Proof. Necessity. Suppose d\ > 7r. Without loss of generality we can suppose that 
Ia = (a; —a), where a > n/2. 
Set cos + <p '■= max(cos </>, 0), 



where a\ < a. 

The function h(<p) is a t.c.minorante of g(<p) and it is not a trigonometric 
function, which contradicts the supposition. Thus d\ < it. 

Suppose d\ = 7r and the condition to be zero with tangency on dl does not 
hold. Then for a defined by (6.3.11.2) the condition minoranta > holds and h{<f>) 
defined by (6.3.11.3) is a non-trigonometric of g. 

Sufficiency. The first condition holds and I = (a; [3) be an arbitrary interval 
belonging to 9a; let h{<j>) be the maximal t.c.minorante of g(<j>). 



(6.3.11.2) 




We have a > 0. 



Set 



(6.3.11.3) 




|0| <7T/2 
M >7T/2, 



Set 



H(4>) := h(<f> ) cos(0 - 4> ) 
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where 0o is the maximum point of h((f>) on /. From inequality (6.3.11.1) and the 
conditions g(a) = g(j3) = follows H{a) = H{(3) = 0. Then, by Lemma 6.3.11.2, 
we obtain H{<j>) = 0. Thus h((f>o) = and h{<p) = for <f> e {a; (3), i.e., h{4>) is 
trigonometric. 

Let the second condition be fulfilled. Lemma 6.3.11.1 implies that H(<j>) is zero 
with tangency on dl. By Lemma 6.3.11.2 we obtain that h((j)) = 0. 

□ 

Proof of Theorem 6.3.5.1. Necessity. Let us note that if v e Ft[$a] then for 
c e [0; 1] we have the equality 

(6.3.11.4) m(A, G,v)=r (c(h 2 - /n)+ + (1 - c){h 2 - /ii)") (0) := rm((j>, c) 

Let expA be extremely overcomplete in A(G). By Th. 6.3.8.1 Jq C HARM, i.e., 
for every c € [0; 1] the maximal t.c.minorant of the function m(4>, c) is trigonometric. 
Since 

Vce [0;1], e A = {(/) : m(4>, c) > 0} 

the necessity follows from Lemma 6.3.11.3. 

Sufficiency. It follows directly from Lemma 6.3.11.3. 

□ 

Exercise 6.3.11.2 Explain this. 
6.3.12. To prove Theorem 6.3.6.1 we need 
Lemma 6.3.12.1. If w e U[l] is non-minimal then 

C(w) := {w [t] :\<t<e p }£ MIN 

It follows from Th.6.1.1.2, 2. 

Exercise 6.3.12.1 Explain this in details. 

Proof of Theorem 6.3.6.1. By Theorem 6.1.1.2, 2. J G (A) = C(Q G v). Thus Lemma 
6.3.12.1 implies that Jg(A) ^ MIN if and only if Qqv is not minimal. Thus 
Theorem 6.3.8.1 implies Th. 6.3.6.1, 1. and 2. 
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Suppose Jg(A) C HARM. Hence, Qqv = rH ((f>), where H is trigonometric. 
Inversely, Lemma 6.3.12.1 implies Jg(A) = {rH (<f>)}. □ 

Proof of Theorem 6.3.7.1. Let p(A, G) > 1. Suppose w q := gcq exists. By definition 
of p(A, G) we have w g (z) < for z £ dD(A, G). By Th.6.2.3.3 (Maximum principle 
w q < for z £ D(G,A). Also w q < for z £ T% \ D(G, A) by definition of 
-D(A, G). By Theorem 6.2.3.4 w g = and hence is minimal. So expA is complete 
by Th.6.3.6.1. If p(A, G) — 1, then the system exp A is complete for every G n 3> G, 
because of strict monotonicity of p(») (see §6.2.2) so G is the maximal domain. □ 

For proof of Theorem 6.3.7.3 we need an auxiliary assertion. We suppose that 
D is an image on T 2 p by the map (6.2.1.3) of the domain G with a smooth boundary. 

Theorem 6.3.12.2. Let D C T% and p{D) < 1. Then p{T 2 P \D) > 1, if D A ^ 

{3?z > 0}. 

For the proof we need the following assertion which was proved originally by 
A.Ercmenko and M.Sodin: 

Theorem 6.3.12.3(Eremenko,Sodin). Let V be a Jordan curve, connecting 
and oo, TV — T for some T > 1. Let D + , Z?_ be domains, into which V divides the 
plane, and let p\ , p2 be the orders of the minimal harmonic functions in D + and 
D- respectively. 
Then 

Pi P2 

and equality is attained only if T consists of two rays. 

We will give prove this theorem in §6.3.14 . 

Proof of Theorem 6.3.12.2. Let p\ — p(D), and suppose qi(z) is a solution of 
boundary problem (6.2.2.1), p2 = p(Tp \ D), q2(z) is a solution of correspond- 
ing boundary problem. Then the image of the boundary under the map A = e z 
(we denote it as T) satisfies the conditions of Theorem 6.3.12.3 and the functions 
Vi(X) := gi (log A)|A|j and %(A) := 92 (log A)|A|£ are positive harmonic functions in 



309 

D + ,D- with orders p\ and p 2 respectively. By Theorem 6.3.12.3 we obtain 

l/p(D) + l/p(T%\D)<2. 

and equality holds only if T is a pair of rays, i.e., Da = ffiz > 0}. □ 

Proof Theorem 6.3.1.3. Necessity. Suppose p(A, Ga) < 1- Let us prove that expA is 
not complete. To this end we construct an L\ -minorant of m(z, Ga, A) and prove 
that it is not minimal. 

Let D <s D(Ga, A) be a domain with smooth boundary for which p(D ) = 1. 
This is possible because of strict monotonicity p(D) (§6.2.2). Let qo be a solution 
of the problem (6.2.2.1) satisfying the condition 

< max{(7o(2) : z £ D a } < {m(z, Ga, A); z £ D } - 2e 

for sufficiently small e. By Theorem 6.3.12.2 p(Tp \ D n ) > 1. Thus the potential 

U(z) = - [ G p (z,(,DMd() 

JD 

exists and v can be chosen in such way that supp v (e Tp \ D . By Proposition 
6.2.3.6 

|^>0, zeD 
on 

Thus v can be chosen in such way that 

-— — < mm — — , z £ dD . 

on on 

Then the function 

q (z), z £ D 
U(z), z£T 2 p \D , 



q(z) 

is an Li-subfunction on Tp. 

Exercise 6.3.12.2 Explain this in details, exploiting Th.2. 7.2.1. 
The function q(z) satisfies the condition 

q(z) < m(z, Ga, A) — 2e, forallz £ Tp, 

because of negative potential. Hence, 

qi(z) := q{z)+n 

for some n > also is a minorant of m(z, Ga, A) and it is not minimal. Necessity 
is proved. Sufficiency follows from Th.6.3.7.1. □ 
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6.3.13. Now we pass to the proof of Theorem 6.3.7.4 and construction of Example 
6.3.7.2. 

Proof of Theorem 6.3.7.4. The set Tp \ D is closed. Let <p(z) be an infinitely 
differentiable function equal to zero on T 2 p \ D and positive on D . Set 

q(z) := h (y) - e<f)(z), 

where ho(y) is a t.c.f., corresponding to Go , and let e be small enough to satisfy 
Liq(z) > 0, z e Tp. It is possible, because Li/i (y) > by the condition of the 
theorem. 

Then we have 

m(z,G ,q) = ecj)(z). 

hence 

{z : m{z,G ,q) > 0} = D . 

Take 

v(X) := |A|g(logA) 
and construct an entire function <!>a for which 

Fr[$ A ] = {v [t] :l<t<e p } 

It is easy to check that the zero distribution of this function has all the properties 
demanded by Theorem 6.3.7.4. □ 

Exercise 6.3.13.1 Check this. 

Proof of (6.3.7.8). Consider the problem 

(6.3.13.1) L iq (z) = Q, q\ x=(2 n/P)y = 

Let us pass in the equation to new coordinates 

= x cos a + y sin a 
rj = — xsina + ycosa, tana = 27r/P 
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Then the equation takes the form: 



The condition of being zero on Do is 

R(£_,2nlcosa) = 0. I e Z. 
The condition of periodicity gives 

+ (P/cosa)k,ri) = Ri{£,T}), k e Z. 
We search for a solution that does not depend of £. We have 

- 2/9 sin ai?' (77) + /9 2 i?(r/) = 0, ii(0) = i?(27rcosa) = 

Further, 



It is zero on Tp \ D and positive in D , so it determined up to a constant multi- 
ple. □ 

6.3.14. We are going to prove Theorem 6.3.12.3. Actually we prove 

Theorem 6.3.14.1. Let Ti, T2, T n be Jordan curve, such that 
l.Ti, i = 1, 2, ...,n connect and 00; 



2. there exists a number T,\T\ > 1 (not necessarily real) for which TTi — 
Ti, i = 1,2, ...,n. 



R( v ) = Cle (^,sina)7^ cos((pcosa)^ ? ) + Cle^ sina)?, sin((pcosa)r/) 



Exploiting the boundary condition, we have 




The corresponding eigenfunction 



R = cxp (p min sin a)r] sin((p min cos a)r]) . 
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Let Di, i = 1,2, ...,n be domains into which the plane is divided, and let pi be 
the order of the minimal harmonic function in Di . Then 



and equality holds if and only ifTi are a logarithmic spirals (or rays, when T G R + ). 

Proof. Denote by Hi the minimal harmonic function in Di. Then Hi — ^s<j>i where 
(f>i : Di i— » n+ is a conformal map of Di to upper half plane, (f)(0) = 0. The maps 
gi := 4>i(T(j)^ 1 ) : I1+ I1+ does continued by isomorphism to C, and gi(0) = 0. 
Thus gi(z) = o~iZ, where o~i > 1. Hence, (f>i(Tz) = o~i4>i(z) or 



(6.3.14.1) 




Thi(z) = hi(o-iz), h t := <f>. 



.r 1 : n+ ^ A- 



Now we exploit the following inequality from [LevG] 



(6.3.14.2) 
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Notation 

2.1. R"\ M(f,x,e), /*(*), C+(E), C-(E), X g, Xf, ?a, F a , K, M(f, K), 

2.2. a(G), p,, G (p), supp^, M(G), fi F (E), v, M d , v+ , z/", \v\, supp 0, A 
, E, E, (i(R mi x M m ^), $! ® $ 2 , Ml ® 

2.3. (p n ^ip, a{t), a £ (x), ip £ {x), <f,ip>, <5 x ,(p>, <si n \(p>, <p,,ip>, < 
af,f >, < fi+f2,<P>, < ^f,f >, fe(x), I |g i; cosp(<^). 

2.4. A x o, £ m (x), 6 m , G(x,y,Cl), G(x,y,K a . R ) 

2.5. n(x, y u,D), G N {x,y), Il N (x,p,D), U(x,p), n(z,^), [/[ j o]cap G (i^,D), cap m (K), 
cap m (L>), cap m (£;), cap m (g), cap;(^) 

2.6. .M(x,r,u), Af(x,r,u), E e , D~ e , u e (x), K R , M(r,u), p(r,u), M(r,u), N(r,u), 
M{z). 

2.7. u(x), p x (t), E(a,a',e,n), E nM . 

2.8. a(r), p[a], a[a], p(r), a[a,p(r)], V(r), L(r), 6SH(W m ), T(r,u), p T [u], a T [u], 
a T [u,p(r)}, p M [u], a M [u], a M [u,p(r)}, p[p], A[p], A[p,p(r)], N(r,p), p N [fj], SM(M. m ). 

2.9. H(z,cosj,m), G(x,y,R m ), D k (x,y), H(z,cosj,m,p), G p (x,y,m), G p (z,(,2), 
U(x,p,p), SSH(p), n^(x,v,p-l), nf(x,j/,p), 5 R (x,v,p), 5 R (z,u,p), S R (x,u,p), 
M(r,S), A s [u,p], n[u,p(r)], T(r,X,>), T(r,A,<). 

3.1. V t , P t , SH(W m ,p,p(r)), SH(p(r)), u t (x), Fr[u, p(r), V., W»], U[p,a], U[p], 
v [t] , M(R m ,p(r)), M eAi(p(r)),%,p(r),K,R m ], Fr[p], M[p,A], M[p], u [t] . 

3.2. h(x,u), h(x,u), Z x o, x°(x), T p , Gi(<j>,i/>), n 7 (0,ds), TC P , Co n . 

3.3. A(G,p), A(E,p), A(K,p), A(E,p), Con(I), A cl (E), A cl (E), n G (e), ft K (e). 

4.1. T\ (T',M), d(;»), O(T'), C(m),0(m), A(m), T t v. 

4.2. [To, /3(z), 6 , Rev{x), Str(S), v(x\t), v(;t) 

4.3. w(»\t), 
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4.4. u, (u) t , Fr[u], U[p]. 

5.1. M(r,/), T(r,/), p T [/], Pm[/], <M/,p(r)], <r M [/,p(r)], n(K r ), n(r), p[n], A[n], 
7V(r,n), pjv [n], Ajv[n], p[n], Fr[/], Fr[n], Mer(p,p(r)), T(r,/), p T [f], a T [f,p(r)]. 

5.2. a-mcsC, Cff, C§. 

5.3. ||. 9 || p . 

5-4. Zb(0>/). /)■ 

5.5. iV(<5,A-), (X)JfdS, (X)f E fdS, S(0 F ), £> r , e , k(A-.e), A d (5, Xe ) 

5.7. ^(«), H (u), T(«), M a (u), M(u), I afj (u), I(u,g), T[f], £[/], X h, Xi, Xfo- 

5.8. K Sl , St, G(t,7,p), G(«,5i-S), (-7V)( S ). 

6.1. m(z,v,H), Q H , D H , U ind , U ind . 

6.2. 1$, P'(T|), q(z), L p , E p (.-(), E' p (. - (), q D , G p (z,C,D), H p (q). 

6.3. A, $ A (A), expA, A(G), h A (<b), G A , aG 1 +(3G 2 , 9 A , J A , , d A h G (0), m(X,G,v), 
H(X), q A (z), D(G,A), p(A,G), g G q, G G , D G , MIN, J G (A), ZMflM, m(</»,G,/i), £7(0). 



315 

List of Terms 

2.1. 2.1. upper semicontinuous regularization 
2.1. upper semicontinuous function 

2.1. lower semicontinuous function 

2.2. 2.2. measure 

2.2. mass distribution 
2.2. support of ii 

2.2. [i is concentrated on E € tr(G) 
2.2. restriction of /i onto F <G er(G). 
2.2. charge 

2.2. positive and negative, respectively, variations of ^ 

2.2. /ttZZ variation of ^ 

2.2. variation 

2.2. Borel function 

2.2. restriction of on the set E 

2.2. product of measures 

2.3. 2.3. linear space 

2.3. topological space 

2.3. linear continuous functional on V 
2.3. L.Schwartz distribution 
2.3. Dirac delta- function 

2.3. the n-th derivative of the Dirac delta-function 
2.3. regular distribution 
2.3. positive distribution 

2.3. product of a distribution / by an infinitely differentiate function a(x) 
2.3. sum of distributions f\ and fi 
2.3. partial derivative of distribution 

2.3. sequence of distributions /„ converges to a distribution / 
2.3. regularization of the distribution / 
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2.3. restriction of distribution / £ V(G) to G\ C G 

2.3. fundamental solution of L at the point y 

2.3. sequence of distributions f n converges to a distribution f 

2.3. regularization of the distribution f 

2.3. restriction of distribution f £ V{G) to G\ C G 

2.3 spherical operator 

2.4. 2.4- harmonic distribution 

2.4- Lipschitz boundary, Lipschitz domain 

2.4- harmonic measure 

2.4- spherical function of a degree p 

2.4- Green potential of fj, relative to D 

2.4- Newton potential 

2.4- logarithmic potential 

2.5. 2.5. Green capacity of the compact set K relative to the domain D. 
2. 5. Wiener capacity 

2. 5. external and inner capacity of any set E 

2.5. capacible set 

2.5. logarithmic capacity 

2. 5. irregular point 

2.5. equilibrium mass distribution 

2. 5. h -Hausdorff measure 

2.5. Carleson measure 

2.6. 2.6. mean value of u(x) on the sphere S x . r :— {y : \y — x\ = r} 

2. 6. subharmonic function 

2. 6. the least harmonic majorant of u in K 

2. 6. Riesz measure of the subharmonic function u 

2.7. 2.7. precompact family of functions 

2. 7. a sequence f n of locally summable functions converges in Li oc 
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2.7. quasi- everywhere convergence 

2. 7. a sequence of functions u n converges to a function u relative to a- Carleson 
measure 

2.7. a point x € K m (a, a', e)-normal with respect to the measure p 

2.8. 2.8. order of a(r) 

2.8. type number of a(r) 
2.8. a(r) of minimal type 
2.8. a(r) of normal type 
2.8. a(r) of maximal type 

2.8. convergence exponent for the sequence {rj} 

2. 8. a proximate order with respect to order p 

2.8. equivalent proximate orders 

2. 8. type number with respect to a proximate order 

2. 8. proper proximate order 

2.8.Nevanlinna characteristic 

2. 8. order of u(x) with respect to T(r). 

2. 8. characteristics Pm[u], om[«], crM[u,p(r)] 

2. 8. convergence exponent of p 

2. 8. upper density of p. 

2. 8. genus of p 

2.8. N -order of p 

2.8. N-type of p 

2.9. 2.9.Gegenbauer polynomials 

2.9. Chebyshev polynomials 
2. 9. primary kernel 

2. 9. canonical potential 

2. 9. zero distribution 

2. 9. canonical Weierstrass product. 
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3.1. 3.1. limit set of the function u{x) 

3.1. limit set of the mass distribution p 

3.2. 3. 2. indicator of growth of 'u 
3. 2. lower indicator 

3. 2. p- sub spherical function 
3.2.p-trigonometrically convex (p-t.c.) 

3. 2. fundamental relation of indicator. 

3.3. 3. 3. upper ( lower) density of p, 

3.3. subadditivity of~A(E,») 
S.S.superadditivity o/A(£',») : 
S.S.monotonic function of E e W n . 
3. 3. to be dense in 

3. 3. angular densities 

4.1. 4-1 -dynamical system 

4.1. (t, s)-chain from m to ml 

4- 1. chain recurrent dynamical system 

4- 1 .non-wandering point 

4-l.attractor 

4-1 .completely regular growth 
4-1. poly gonally connected set 
4-1 .periodic dynamical system 

4.2. 4- % '.partition of unit 

4.3. 4- S '.pseudo-trajectory 

4 .3. asymptotically dynamical pseudo-trajectory with dynamical asymptotics T. 
(a.d.p.t.) 

4-S.piecewise continuous pseudo-trajectory w(»\») 
4-3. to-dense pseudo-trajectory 

4.4. 4-4- su °harmonic curve 
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5.1. 5. lis an entire function of order p and normal type with respect to proximate 
order p(r) 

5.1. entire function with prescribed limit set 

S.l.meromorphic function of order p and normal type with respect to a proxi- 
mate order p{r) 

5.2. 5. 2. relative Carleson a -measure 

5.3. 5. 3. lower indicator of entire function 

5.4. 5.4-maximal interval of p-trigonometricity 
5. 4- strictly p-t.c.f. 

5.4- concordant h and g 

5.5. 5. 5. upper density of zeros of entire function 

5.5. (X) — integral with respect to a nonnegative measure 8. 

5.6. 5. 6. completely regular growth function 

5. 6. regular zero distribution 

5. 6. regular zero distribution with integer p 

5. 6. completely regular growth functions along curves of regular rotation 

5. 6. curve of regular rotation 

5.7. 5. 7. growth characteristic 

5. 7. continuity, positive homogeneity 

5. 7. asymptotic characteristics of growth 

5.7.totalfamily of growth characteristics 

5.7. non -rarefied set 

5. 7. rarefied set 

5. 7. thinly closed set 

5."/ '. independent} amily of characteristic 

6.1. 6.1. ideally complementing H -multiplicator 

6.1. entire function is of minimal type with respect to a proximate order p(r),p(r) 
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6.1. limit set of indicators 

6.1. the maximum principle for U[p] is valid in the domain G 

6.2. 6.2.automorphic 

6. 2. connected on spirals 
6. 2. spectrum 

6. 2. strictly monotonic 

6. 2. minimal v e U[p] 

6.3. 6. 3. function of exponential type 

6. 3. completeness 
6.3.maximality 

6. 3. extremal overcompleteness 

6. 3. maximal domain of completeness 

6. 3. extremely overcomplete system exp A 

6.3.trigonometrically convex function (t.c.f) 

6. 3. conjugate indicator diagram 

6.3regular set 

6.3.G\ is enclosed in G 

6. 3. enclosed with sliding 

6. 3. enclosed hardly 

6. 3. enclosed freely 

6. 3. indicator limit set 

6. 3. indicator set 

6. 3. zero with tangency 

6. 3. A is periodic 

6.3.W £ U[l] is minimal 

6.3.U C U[l] is minimal 
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